“Excellence is never an accident. It is always the
result of high intention, sincere effort, and
intelligent execution. It represents the wise

choice of many alternatives —

choice, not chance, determines your destiny.”

- Aristotle
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"Perplexity

is the beginning of knowledge.”
Kahlil Gibran




CH1 - LOGIC

In everyday use, “Go see Star Wars tonight”
might be considered a statement. Butin
logic and math, it’s not a statement because a
statement is an assertion that can clearly be
classified as either true or false (even if we
don’t know which one).

Rodin's The Thinker

O STATEMENTS AND IMPLICATIONS

“The quadratic formula works for all quadratic equations” is a
statement (and it’s true). Another statement is “2 +2 =5" (but it’s
false). Even “There are 100 billion stars in our galaxy” is a statement.
I have no idea whether it’s true or false, but I'm sure that it’s either
true or false.

Most of the results in mathematics are actually a special hooking-
together of two statements; we call these implications. An
implication is sometimes called an “if-then” statement. If p and g are
statements, then an implication can be written

If p, then q

The essence of computer

or, p implies q programming lies in the
if-then statement.
or, pPp = (q

The statement p is called the hypothesis and the statement q is called
the conclusion.

For example, the fact that the square of an odd number is odd (for
example, 5% = 25) can be written
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If n 1s odd, then n? is odd,

or nodd = n?odd.

Homework

Is the following a statement? “There are exactly 7 people in New
York City with 32,000 hairs on their heads.”

Is the following a statement? “Walk tall!”
Is the following a statement? “Arvis said, ‘Walk tall!’”

Goldbach stated many years ago, "Every even number starting
at 4 is the sum of two primes.” For example, 20 is an even
number, and 20 = 17 + 3, where 17 and 3 are prime. As of today,
this conjecture has never been proven to be true or false —
mathematicians simply don’t know. Is Goldbach’s Conjecture a
statement?

State the hypothesis and conclusion of the statement “If x is any
real number, then x2 > 0.”

State the Pythagorean Theorem in the “if-then” form.

“All dogs go to heaven” is an implication. Write it in the “if-then”
form.

Consider the implication, “I'll get an A if I study hard enough.”
State the hypothesis and conclusion.

Convert each implication into the
“If hypothesis, then conclusion” form:

a. Whenever I eat pie, I get sick.

b. The sidewalks get wet whenever it rains.

c. Iget A’sifI study.

d. The President must be at least 35 years of age.
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O NEGATION

The negation of a statement is the “opposite” of the statement, and is
denoted with a squiggle, ~, in front of the statement, although there
are other notations. For example, let p be the statement “T is a right
triangle.” Then ~p is read “not p” and is the statement “T is not a right
triangle.”

A more subtle example: Let g = “All prime numbers are odd.” Then
~q = “Not all prime numbers are odd,” meaning, “There is at least one
prime number which is not odd.” [Can you name it?]

The bottom line for negation is that if p is true, then ~p

1s false — and if p is false, then ~p is true. Can you see b ~p
that ~(~p) has the same truth value of p? What does True | False
the statement “Nobody doesn’t like Sara Lee” mean? False | True

From the implication p = g and the negation ~, we can create two
variations of the implication, described in the following two sections.

Homework

10. Let p be the statement, “The 49ers lost the Super Bowl.” Assume
that the game cannot end in a tie.

State ~p.

11. Let p be the statement “x > 0”. State ~p.

12. Let p be the statement, “Every triangle is a polygon.” State
~(~p).

13.  Simplify: ~(~(~(~p)))
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0 CONVERSE

The converse of the statement p = q is ¢ = p. We interchange the
hypothesis and the conclusion. Consider the statement, “If you live in
San Francisco, then you live in California.” Its converse is “If you live
in California, then you live in San Francisco.” The original statement
1s true, but its converse can easily be false.

What’s the converse of the statement “If a triangle has three equal
sides, then each of its angles is 60°”? It’s the statement, “If each angle
of a triangle is 60°, then the triangle has three equal sides.” In this
example, both the statement and its converse are true.

In short, the converse of a true statement may — or may not — be true.

0 CONTRAPOSITIVE

Consider the true statement above, “If you live in San Francisco, then
you live in California.” Though the converse of this statement is false,
let’s take the converse and negate each part. This is called constructing
the contrapositive. If we do this “switch and negate” maneuver, we
get the statement, “If you don’t live in California, then you don’t live in
San Francisco.” This statement makes sense. Do you agree?

Therefore, the contrapositive of the statement p = ¢q is ~qg = ~p. It
seems, at least using the above example, that the contrapositive of a
true statement is true, and indeed this is always the case.

Statement p=q

Truth value has no

Its Converse q=p relation to the truth of
the original statement.

Truth value must match

Its Contrapositive ~q => ~p | thatof the original
statement.

Ch1 - Logic



14.

15.

16.

17.

18.

19.

20.

Homework

Let p = “If it’s dark, then it’s scary.”

a. State the converse of p.
b. State the contrapositive of p.

c. Which of the two statements must have the same truth value
as p?

Let q¢ = “If angle A is a right angle, then A = 90°.” State the
converse. Is the converse true or false?

Let r =“If x = 5, then x? =25 State the converse. Is the
converse true or false?

State the converse of the Pythagorean Theorem. Is the converse
true or false?

Consider the true statement from calculus: “If f is differentiable
at x, then f is continuous at x.” State the converse and the
contrapositive of the statement. Which of the two statements
must be true?

Consider the false statement from a branch of math called
topology: “If @ isin T, then T is a topology.” State the converse
and the contrapositive of the statement. Which of the two
statements must be false?

Consider the implication r = s. State the converse and the

contrapositive of the implication. Which of the two statements
must have the same truth value as the original implication?

Ch1 - Logic



O MORE ON COMBINING STATEMENTS

AND| Another way to hook two statements together to make a new
statement 1is to place the word AND between them. The meaning

1s the same as that in English. If

both p and q are true, then the p q p AND ¢q
statement p AND q is true. But if True | True True
either p or g (or both) is false, then True | False False
the statement p AND gq 1is false. False | True False
False | False False

The statement “2 + 2 =4 AND The letter a 1s a vowel” 1is true.
The statement “2 + 2 =4 AND The letter m is a vowel” is false.
The statement “2 + 2 =5 AND The letter z 1s a vowel” is false.

OR Two statements can be linked by the word OR to create a new

statement. In this case, the logical meaning of OR may not be
consistent with the use of the word OR in English. In math, as

long as at least one of the
: p | q pORgq
statements p or q is true, then the
statement p OR q is true. In True | True True
particular, if both p and q are true, True | False True
then p OR q is true. False | True True
False | False False

Thus, the following are true
statements (since at least one part is true):

2 + 2 =4 OR Lincoln is our current president.
2 + 2 = 4 OR California is in the U.S.A.

But the following statement is false (since both parts are false):

The earth 1s cubical OR 10 + 10 = 29.

Ch1 - Logic



21.

22.

23.

24.

25.

26.

27.

7

The OR we use in logic and math —
one or the other or both —is called
the inclusive OR.

Note that our use of the word OR is not
the way your mother meant the word

OR when she said, “You can have ice
cream OR a cookie.” The OR that means one or the
other — but not both — is called the
exclusive OR.

Homework

a. What are the conditions for p and ¢ that will make the
statement p AND g¢ true?

b. What will make p AND q false?

a. What are the conditions for p and ¢ that will make the
statement p OR ¢ true?

b. What will make p OR q false?

T/F: a. “2+2=4 OR Lincoln was the 1st president.”
b. “2+2=4 OR 5% = 25.
c. “1+3=10 OR I'm 10 feet tall.”

T/F: a. “2+2=4 AND Lincoln was the 1st president.”
b. “2+ 2 =4 AND Washington was the 1st president.”

c. “California is in Idaho AND a circle is a square.”

“6 <67 is a true statement. Explain.
When is the statement p AND q AND r true?

When is the statement p OR q OR r true?
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28. [Optional] Consider the logical connective, denoted by XOR, and
defined by the truth table:

p q | pXORgq
True | True False
True | False True
False | True True
False | False False

Give an example from real life that uses this connective.

Q DEFINITIONS, AXIOMS, AND THEOREMS

There are really only two kinds of statements in all of mathematics:
those you don’t prove (the definitions and axioms), and those you do
prove (the theorems).

Consider the following definition: A right angle is an angle whose
measure 1s 90°. [The Babylonians adored the number 360, and 90 is
one of its many factors.] Is this definition right or wrong? It’s not right
or wrong — it just is. If you disagree with the definition, then you can
either accept it so you'll pass your math course, or you can define it
differently and perhaps create a new branch of mathematics!

An example of an axiom is the commutative property for addition of
two numbers: a+b = b+ a. We accept this as fact — we don’t
consider whether or not there’s a proof. Why do we accept this axiom?
Well, it seems to work for all the number systems we’ve seen in algebra
— it seems “Intuitively” clear. [Not necessarily the case in advanced
math courses.]

A theorem, on the other hand, is a statement that requires a proof.
The proof of a theorem is based on definitions, axioms, and previously
proved theorems. The Quadratic Formula is an example of a theorem,
and can be expressed as an implication:
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2
|_fax2+bx+c = 0 (where a # 0), then x = _bi\/ga_Tac'

The classic theorem is the Pythagorean Theorem:

If a and b are the legs of a right triangle and c is the hypotenuse,
then o + b2 = ¢2.

At the end of a proof of a theorem we sometimes write Q.E.D., which is

Latin for quod erat demonstrandum, which loosely translates to “as was

to be proved.”

29.

30.

31.

32.

33.

Homework

A group is a semigroup with identity. Is this definition right or
wrong?

Prove the axiom: If @ and b are numbers, then ab = ba.

The formula for slope (m = i—z) 1s not a theorem. What is it, then?

a. Why is the Distance Formula in the plane considered a
theorem?

b. State the hypothesis and conclusion.

c. What geometry theorem is the Distance Formula based upon?

State the hypothesis and conclusion of the Quadratic Formula.

0 EXAMPLES AND COUNTEREXAMPLES

2.3 5

Consider the statement: If x is any number, then x“x° = x°. Here’s an

example of this.

Let x = 2. Then,
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xZx? gives 22.23 = 4.8 = 32; and

x° gives 25 =32 v

What have we proved? Not much — just that 22 - 2% = 2°. But this in

no way proves the more general statement, x?x® =2 Ttis just an

example. It gives some credence to the general statement, but nothing
more.

Now consider the statement: If a and b are numbers, then

(a + b)2 = a? + b2 Though this statement is true sometimes, it’s
considered to be a false statement. To prove that a statement is false,
all we need 1s one counterexample: an example that runs counter

(contrary) to the statement.

Let a =3 and b = 4. Then,
(3+4)% = 7% =49,
whereas 32+42 = 9+16 = 25. ®

Therefore, (a + b)z = a? + b?% is a false statement, and it took only one
counterexample to prove that it’s false.

Homework

34. Consider the statement “x > 0.”
a. Describe the statement in words.
b. Give two different x values that make the statement true, and

don’t make both positive.

35. Consider the statement: x —y = y —x for any real numbers. Is
the statement true or false? Prove your answer.

36. Describe precisely when (a + b)2 = a? + b? is a true statement.
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39.

40.

4].

42.

43.

44.

11

37. A natural number with precisely two factors is called a prime
number. The first few prime numbers are 2, 3, 5, 7, 11, 13, 17,
19, ...

a. T/F: Every prime number is odd. Prove your answer.
b. T/F. Every odd number is prime. Prove your answer.
38. Disprove the statement: x% =2x for any real number x. Hint:

Don’t let x = 0 or 2. Explain why I’'m not allowing you to use O or
2.

Review
Problems

Give an example of a true statement.
Give an example of a false statement.
Give an example of a statement whose truth is unknown.

e o

Give an example of a sentence which is not a statement.
What distinguishes a statement from a non-statement?

A semigroup is defined to be a set with an associative binary operation.
Prove this statement.

Simplify the logic expression ~ (~ (~p)).

A true theorem from group theory states: If H is a subgroup of G, then
the order of H divides the order of G.

a. State the hypothesis of this theorem.

b. State the converse and the contrapositive of this theorem.

c. Which of the two statements in part b must be true?

Letp = “2+ 3 = 5” and ¢ = “Lincoln was the 2nd president.”
a. Is p OR q true or false? b. Is p AND q true or false?
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45.

46.

47.
48.

49.

50.

51.

52.

a. A “lemma” is a math statement similar to a theorem. Is a lemma
a statement we do, or do not, prove?

b. A “postulate” is a math statement similar to an axiom. Is a
postulate a statement we do, or do not, prove?

3+ y3 for any real numbers

Consider the statement (x + y)3 =x
x and y.

a. Give an example to give credibility to the statement.

b. Now prove that the statement is false. What did you use to

prove it’s false?

Explain why “Ultraviolet waves have a higher frequency than infrared
waves” 1s a statement in logic.

One of the axioms of a group is that there must be an identity element.
Prove this statement.

Simplify the logic expression ~ (~ (~ (~ (~p)))).

A true theorem from group theory states: If H is a subgroup of a cyclic
group G, then H is cyclic.

a. State the conclusion of this theorem.

b. State the converse and the contrapositive of this theorem.

c. Which of the two statements in part b must be true?

Letp = “2+ 3 = 9”and ¢ = “Lincoln was the 2nd president.”
a. Is p OR q true or false? b. Is p AND q true or false?

Consider the statement x/a2 +b2 = a+b for any real numbers a and b.

a. Give an example to give some credibility to the statement.
b. Now prove that the statement is false. What did you use to
prove it’s false?

Ch1 - Logic



53.
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True/False
a. p = q 1s called an implication.
b. In p = q, q 1s called the hypothesis.

~(~p) simplifies to ~p.

= 0

The converse of p = g is ~p = ~q.
The contrapositive of ~¢ = ~p 1s p = q.
x = 2 1s a counterexample to the conjecture x? = 2x.

If p is true, q is false, and r is true, then (p OR q) AND r is true.

50 O

Axioms and theorems are proved.

Definitions are never proved.

— e
.

The converse of a true implication is always true.

.
.

k. The contrapositive of a false implication is always false.

Solutions

Yes — I don’t know whether it’s true or false, but it’s certainly one or the
other.

No — It’s simply a command. There’s no possible way the sentence can
be evaluated as true or false.

Yes, this sentence is a statement. Even though it sounds like the
previous problem, it makes the statement that Arvis said something.
Either he did or he didn’t, so the statement is either true or false.

Yes — as we're learning, a statement is a sentence with a truth value of
either true or false, regardless of whether we mortals know which it is.
By the way, 100 is the sum of what two primes?

Hypothesis: If x is any real number — Conclusion: x?>0.

If a and b are the legs of a right triangle and c is the hypotenuse, then
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10.
11.
12.
13.
14.

15.
16.
17.

18.

19.

20.

21.

22.

a’ +b? = ¢2,

If you're a dog, then you’ll go to heaven.

Hypothesis: If I study hard enough — Conclusion: I'll get an A
a. IfI eat pie, then I get sick.

b. Ifit rains, then the sidewalks get wet.

c. IfIstudy, thenI get A’s.

d. Ifoneis the President, then one is at least 35 years of age.
The 49ers won the Super Bowl.

Hint: The answer is not “x < 0.”

Every triangle is a polygon.

p

a. Ifit’s scary, thenit’'sdark b. Ifit’s not scary, then it’s not dark.

c. The contrapositive always has the same truth value as the original
statement.

If A =90°, then A is a right angle. The converse is true.

If x? = 25, then x = 5. The converse 1is false (since x = +5).

If a, b, and c are the sides of a triangle and a? +b?% = ¢?, then the
triangle is a right triangle. The converse is true.

Converse: If f is continuous at x, then f is differentiable at x.
Contrapositive: If f is not continuous at x, then f is not differentiable
at x.

The contrapositive must be true if the original statement is true.
Converse: If T is a topology, then J is in 7.

Contrapositive: If T is not a topology, then & is not in 7.

The contrapositive will be false.

Converse: s=r Contrapositive: ~s = ~r

The contrapositive always has the same truth value as the original
statement.

a. Both p and ¢ must be true.

b. If either or both of them are false.

a. Either p is true, or q is true, or both are true.

b. Only if both of them are false.
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23.
24.
25.

26.
27.
28.
29.
30.
31.
32.

33.

34.

35.

36.

37.

38.

39.

40.
4].
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a.T b. T c. F

a. F Db.T d F

The statement says, "6 is less than OR equal to 6.” Since 6 is equal to 6,

and since an OR statement is true as long as one of the parts is true, the

entire statement is true.

Only when all three parts are true.

As long as any one of them (or two of them or all of them) is true.

I'm curious what you think the truth table really means.

Neither — it’s a definition.

Axioms aren’t proven — they’re accepted.

It’s a definition. (It’s not a theorem because it cannot be proven.)

a. Because it can be derived (proved).

b. Hypothesis: If (a, b) and (c, d) are points in the plane. ..
Conclusion: then the distance between them is \/(a —o)2 +(b-d)*

c. The Pythagorean Theorem

Hypothesis: Given the quadratic equation ax’+bx+c =0...

_ —bi\/bz —4ac

Conclusion: the solutions are x = 5
a

a. “x1is greater than or equal to zero.”

b. If x =17, the statement 1s true, and if x = 0, the statement is true.
False — to prove this, we take the counterexample: 7 — 2 =5, whereas
2—17=-5.

It has something to do with zero.

a. Seethe 2? b. Is 15 prime?

Let x = 5 and the statement fails. Choosing x as 0 or 2 is a lousy choice
because the statement actually works for these numbers.

a. For example, “The Harry Potter books were written by a woman.”
b. For example, “Every parabola has two x-intercepts.”

c. For example, “It took exactly 197 geeks to write Windows.”

d. For example, “Why did you break the window?”

A statement can be assigned a true/false value.

A definition cannot be proved.
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42.
43.

44.
46.

47.
48.
49.
50.

51.
52.

93.

~p

a. His a subgroup of G.

b. converse: If the order of H divides the order of G, then H 1s a
subgroup of G.
contrapositive: If the order of H does not divide the order of G, then
H is not a subgroup of G.

c. The contrapositive must be true.

a. True b. False 45, a. Prove b. Do not prove

a. Let x =1 and y = 0 and the statement is true. b. One counterexample

istoletx=2andy=3.

It’s a statement because it’s an assertion that is either true or false.

It can’t be proved; it’s an axiom, which we assume to be true.

~p

a. Hiscyclic.

b. converse: If H is cyclic, then H is a subgroup of a cyclic group G.

contrapositive: If H is not cyclic, then H is not a subgroup of a cyclic

group Q.
c. The contrapositive must be true.
a. false b. false
a. Letting a =5 and b =0, for instance, will make the statement true.
b. Letting a =4 and b = 3 will make the statement false. We used a
counterexample to prove the statement false.
a.T b. F c. F d. F e. T f. F

¢ T hF iT jF kT

"The opposite of a correct statement
is a false statement. But the opposite
of a profound truth may well be

another profound truth’
Niels Bohr, physicist (1885-1962)

Ch1 - Logic
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CH 2 — INTERVAL NOTATION

Consider all the real numbers greater than 3. One A
simple way to express this set of numbers is the A
following inequality:

x>3 [Do you see that this inequality can
also be written “3 < x”?]

But there are other ways to represent the inequality
x > 3, ways that might be easier to visualize.

O EXAMPLES

First Example: Let’s continue with the inequality stated in the
introduction:

x>3

A great way to visualize this inequality is to graph this set of numbers
on a number line:

| | | | | | | | A
[ [ [ [ [ | [ [ hd [ [

\ 4

-5 4 -3 -2 -1 0 1 2 3 4 5

Notice that we put an “open dot” at x = 3 Note that the numbers 3.01, T,
to show that the 3 is not part of the set of | 17, and 200 are part of the set;
numbers. But the arrow goes infinitely but the numbers -5, 0, 2.5, and
to the right because x > 3 is the set of 3 are not part of the set.

numbers greater than 3.

And a third way to denote this interval is called interval notation, and
for this inequality, we write:

(3, )

Ch 2 — Interval Notation
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The parenthesis next to the 3 is analogous to the “open dot” on the graph
— 1t means exclude the endpoint. And you always use a parenthesis at
the o or —0 end of an interval because o is not really a number, so you
can’t possibly include it.

Second Example: Now we consider all the real numbers less than or
equal to 1. This set of numbers can be written as an inequality like this:

x<1 Note that this inequality can also be
expressed as: 1> x

As a graph on a number line, we write:

5 4 3 -2 1 0 1 2 3 4 5

The “solid dot” is used to show that x = 1 is part of the set of numbers.
And since x must be less than or equal to 1, the arrow goes infinitely to

the left. Either as an inequality or a graph, you should see that the
7
8
and ﬁ are not part of the set.

numbers -3, —1.1, =, and 1 are part of the set, while the numbers 1.001

As for interval notation, we write
(_009 1]

The (square) bracket next to the 1 is analogous to the “solid dot” on the
graph — it means include the endpoint. And, as mentioned before,
always use a parenthesis with + o, since you can’t ever “get” to oo.

Third Example: Now it’s time for an

interval that represents all the The inequality can also be read as “all

numbers between two numbers. real numbers that are both greater than
or equal to 2 AND also less than 5.

Consider the double inequality

-2<x<5bH

Ch 2 — Interval Notation
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This can be read as “all real numbers between —2 and 5, including the
-2, but excluding the 5.”

As for interval notation and a graph, here they are:

2.5 . ©
[ ) > ;

Note that some numbers in the interval are -2, 0, /24 , and 4.9999.
But the numbers —-2.1, 5, and 2% are not in the interval.

Fourth Example: Sometimes answers to an inequality problem end up

looking something like this:
x<3 OR x>5

This means pretty much what it says: x can be less than 3, or it can be
greater than or equal to 5. As long as x satisfies (at least) one of the
two conditions, it’s part of the answer. So some x’s that satisfy the
inequality are 0, 2.9, 5, and 3n. On the other hand, some numbers that
do NOT satisfy it are 3, n, and 4.99.

The union symbol, U, just means putting all the
elements of the two sets into one big set; for
example,

How do we express this in
interval notation? Like this,
using the union symbol:

{a,b} U {a,c,d} = {a, b, c, d}
(_007 3) U [5a OO)

Note that the “overlap” of ‘a’ is listed only once
in the final set.

O

>

And as a graph, we write: <€

Ch 2 — Interval Notation



20

Can you see that the interval (—o0, ) is the same
as the entire set of Real numbers?

(_OOI OO) = [R
In fact, using the union notation, we can also write

R = Rationals U Irrationals

where the Rational numbers are all decimals that
do repeat, while the Irrational numbers are the
decimals that do not repeat. So R is simply the set
of ALL decimals.

O SUMMARY OF INEQUALITIES AND INTERVALS

Inequality Interval
x>b (b, )
x>b [, o)
x<a (=00, @)
x<a (-0, a]
a<x<b
which means x> a AND x < b, [, b]
that is, x 1s between a and b,
including both the a and the b.
x<a OR x>b (—o0, @) U (b, o)

Ch 2 — Interval Notation



21

Homework

Convert each inequality to interval notation:

a. x>2 b. x<5 c. -1<x<6 d x<-3 OR x>0
Convert each interval to an inequality:

a. [3,0) Db. (—o, -5) c. (-1, 8] d. (o0, -2] U (7, )

Prove that the statement
x<3 AND x>5

consists of absolutely nothing, the null set, &.

What is the relationship between the notation R and the notation
(_Oos 00)9

Solutions

a. (2,0) b. (-, 5] c. [-1,6) d. (-, =3) U (0, )
a. x>3 b. x<-5 c. -1<x<8 d. x<-2 OR x>7
There is no number that is both less than 3 and greater than or
equal to 5. The two sets of numbers are disjoint, and so their

Intersection 1s .

They both mean exactly the same thing: the set of all real
numbers.

Ch 2 — Interval Notation
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“Develop a passion for learning.
If you do, you will never
cease to grow.”

Anthony J- D'Angelo

Ch 2 — Interval Notation
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CH 3 — ABSOLUTE VALUE,
THE BASICS

. . THAT'S IMPOSSIBLE!
ometimes the “size” of a BLOOD T CAN'T HAVE A
X . B ANK NEGATIVE BLOOPD
number is more important

than the “sign” of the number,
that is, whether it’s positive,
zero, or negative. To measure
the size of a number (without
regard to its sign), we consider
the absolute value of that
number. There are two equivalent approaches to
the meaning of absolute value.

O Two WAYS OF LOOKING AT ABSOLUTE VALUE

1)

Geometry

On a number line, the absolute value of a number (any kind of
real number) is the distance from that number to 0 (the origin) on
the line.

-3 0 7

origin

A

v

What is the distance from the number 7 to 0? It’s 7. So we say that
the absolute value of 7 1s 7.

Ch 3 — Absolute Value — The Basics
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How far from the origin is the number —5? It’s 5 units away, and
thus the absolute value of -5 is 5.

What is the distance from the origin to 2n? The distance is 27, and
we conclude that the absolute value of 2x 1s 2x.

What is the distance between the number 0 and the origin? It’s 0;
conclusion: the absolute value of 0 1s 0.
Notes on Distance:

First, we can calculate the distance from any number to O (the
origin). In other words, the distance between the origin and any
point on the line always exists, even if it’s hard or impossible to
calculate.

Second, distance must be greater than or equal to 0; that is, it’s
never negative. If d represents distance, then d > 0.

2) Arithmetic

If a number is positive, the absolute value of the number is the
same number. For example, the absolute value of 9 is 9.

If a number is negative, the absolute value of the number is the
opposite of the number. For example, the absolute value of —3 is 3.

And the absolute value of 0 is simply 0.

Put more simply, the absolute value of a number greater than or
equal to 0 is the same number; if the number is negative, just
remove the minus sign to calculate its absolute value.

0 NOTATION

Instead of writing the words absolute value all the
In computers, the

absolute value of n
concept into symbols. To represent the absolute would be written

time, we do what we always do in math: condense the

abs(n)

Ch 3 — Absolute Value — The Basics
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value of a number, we put a vertical bar on each side of the number.
Thus,

The absolute value of 9 1s 9: 9‘ =9
The absolute value of -3 1s 3: — 3‘ =3
The absolute value of 0 1s O: 0‘ =0

Just for repetition: If a number is greater than or equal to 0, then its
absolute value is that same number. If a number is less than 0 (which
means it’s a negative number), then its absolute value is the opposite of
that number (which will then turn into a positive number). We can
write this in the following way; it looks confusing, but it’s totally valid:

If x > 0, then ‘x‘ = x This definition ensures that
the absolute value of a
If x < 0. then ‘x‘ = —x quantity is never negative.

Here are some more examples of absolute value:
17.5| = 17.5 0| =0 -13| = 13

‘TE‘ =T ‘—\ﬁ‘ = ﬁ ‘—375‘ = 3n

Bottom Line:
The absolute value of a quantity is either positive or zero:
If x is ANY quantity, then ‘x‘ >0.
In other words, the absolute value of a quantity is never negative.

For example, consider the following expression:

sinZ(1/6) —In(e —1) ‘
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Even though you may not be able to calculate it until Pre-
calculus, you should still be able to understand that the answer
to this problem — whatever it is — is greater than or equal to
zero. Equivalently, the answer is not negative.

EXAMPLE 1: Evaluate each expression:
A |7-2|=1|5=5
B. ‘32—15‘ = [9-15| = |-6| = 6
C. -[2-7=-]-5|=-5
D. |-3-4|-[10-2| = |-7|-[8 =7-8=-1
Homework

The absolute value of any number is

If x represents any number, then
a. |x[>0 b. |x|<0 c. |x[>0 d. |x[<0

3.  Which one of the following inequalities has NO solution?

a. ‘x‘>0 b. ‘x‘<0 c. ‘x‘ZO d. ‘x‘SO

4. True/False:

a. Every number has an absolute value.
b. There is a number whose absolute value is 0.
c. There is a number whose absolute value is negative.

d. There are two different numbers whose absolute value 1s 9.

Ch 3 — Absolute Value — The Basics
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Simplify each expression:

a.  |4-14 b |2-9-7] e -9 d [2°-x"
Simplify each expression:

a. ‘7%‘ b. ‘—771‘ C. ‘\/ﬁ‘ d. ‘—\/2_7‘ e. ‘03“

What'’s the best statement you can make regarding the expression

tanx —sinx

‘?
ej secx dx )

Consider the statement: ‘a -b‘ = ‘a‘ . ‘b‘
a. Give three examples where the statement is true, using

1) two positive numbers.
1) two negative numbers.
11) two numbers of opposite sign.

b. Do you think the statement is true or false?

Consider the statement: ‘x + y‘ = ‘x‘ + ‘y‘
a. Give an example where the statement is true.
b. Give an example where the statement is false.

c. So, is the statement true or false?

Consider the statement: ‘x +y‘ < ‘x‘ + ‘y‘

a. Give an example where the statement 1is true.
b. Give an example where the statement is false.
c. Isthe statement true or false?

[Hard] Try to use the previous two problems to come up with a
statement that is TRUE.

Ch 3 — Absolute Value — The Basics
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o0

o)

The absolute value of a positive number is itself.
The absolute value of 0 is 0.

The absolute value of a negative number is its opposite.

J

Solutions

“greater than or equal to 0”

OR “never negative”

1.
OR“>0"”

2. ¢

3. b.

4. a. T

5. a. 10

6. a. Tn

7.

b. Tn c. 67 d. 2.7 e. 0

If you don’t know enough algebra and trig, the best you could say is that,

whatever legal value of x you place in the expression, the result WON’T
BE NEGATIVE. That is, the expression represents something that is
GREATER THAN OR EQUAL TO 0.
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8. Although a whole slew of examples does not prove that the statement is
true, this particular statement is always true.

9. Recall that if a statement fails in just one case, it’s considered a false
statement.

10. Again, if a statement fails in just one case, it’s considered a false
statement.

11. I will not give the answer away, but it’s called the Triangle Inequality,
and is one of the most important rules in math.

Ch 3 — Absolute Value — The Basics
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“Who questions much,
shall learn much,
and refain much.”

— Francis Bacon

Ch 3 — Absolute Value — The Basics



CH 4 — GRAPHING ABSOLUTE
VALUES

A
SEVYA% Y
- Y g
It’s time to do more graphing — of course, this ¢ ‘/:§ =
time there will be absolute values in the formula. L | AR

EXAMPLE 1. Graph: y = ‘x‘

Solution:  Pick some x-values, calculate the corresponding
y-values, and plot the points:

x=-2 = y:‘—2‘=2 = (-2, 2)
x=-1= y =|-1 =1 (L, 1)
x=0= y =0/ =0 = (0,0)

x=1:>y:1‘:1:>(1,1)

x=2:>y=2‘=2:>(2,2)

We've got five points, enough to make a decent picture:

(-2,2) ) (2.2)

(1,1)

1) 4‘ y:‘x‘

9 (0.0)

Convince yourself that our graph also contains the points (165, 165)
and (-499, 499).
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EXAMPLE 2: Graph: y = |x—3|+2

Solution:  Don’t panic! Let’s just do what we did in the first
example: Pick x-values off the top of our head, calculate the
associated y-values, plot the points (x, y), and see what we get.

Setting x to 0 gives y = ‘0—3‘+2 = ‘—3‘+2 = 3+2 = 5.
We now have our first point on the graph: (0, 5).

Nowsetxto7: y = ‘7—3‘+2 = ‘4‘+2 =4+2 = 6.
Our new point on the graph is (7, 6).

One more —set x to—1: y = ‘—1—3‘+2 = ‘—4‘+2 =4+2 =6.
Our third point is (=1, 6).

We'll now construct an x-y table using the three points we've just
calculated and some additional points; it’s your job to verify the
rest of the points.

X y .

-1 ] 6 (1’6)\ (0, 5) (7, 6)
0 5

1 4

2 3

3 9 3, 2)

4 3

5 4

6 5 y = |X—3| +2

7 6
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Items of Note:

Later in your course, you will be asked what x-values are allowed
in this formula. It may not be obvious, but x can take on any
value; that is, x can be any real number.

As for y-values, the graph might show that y can’t be any smaller
than 2. That is, y has to be at least 2; we could even write y > 2.

The graph is certainly not a line; it’s in the shape of a “V.” It is
sharp at its bottom point (3, 2), not smooth and curvy like the
graph of the parabola y = x? that you may have seen before.

[
[4;]

-5

y = Ixl V= x

EXAMPLE 3: Graph: y = —‘x‘+3

Solution:  Setting x to 0 gives y = —‘O‘+3 = -0+3 = 3.

We now have our first point on the graph: (0, 3).

Nowsetxto7: y = —"7‘+3 = -T7T+3 = —-4.

Our new point on the graph is (7, —4).

One more: set xto—3: y = —‘—3‘+3 = -3+3=0.

Our third point is (=3, 0). Lok Ly
(0:3)

Plotting these 3 points gives us a 2

T
\
' s
-
S—

good idea of the graph (although
more points would be a great idea).

Lo oL
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Homework

Graph: y = x‘ 2. Graph: y = ‘x‘+3
Graph: y = x‘—4 4. Graph: y =—‘x+2‘
Graph: y = x—5‘ 6. Graph: y = —‘x+3‘—4

o0

The absolute value of a positive number is itself.
The absolute value of 0 is 0.

The absolute value of a nhegative humber is its opposite.

Solutions

ul

= [ 0J £
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“The aim of

education is the
knowledge,

not of facts,

but of values.”

— William S. Burroughs
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CH 5 - ADVANCED FACTORING

e can now factor lots of
U V quadratic binomials (like 4x% — 9) !!!Q#*'

and trinomials (like n% + 10n + 21).
Sorry to tell you this, but we’re not
done with factoring just yet. In this

chapter, we learn how to factor 4t %l\ S~

degree expressions (an exponent of 4),

and expressions containing GCFs you
might never have seen before.

O FACTORING QUARTICS

EXAMPLE 1 Factor each quartic (4t degree) polynomial:
A, c*-256
= (C2 + 16)(02 - 16) (difference of squares)
= (c2 + 16)(c + 4)(c — 4) (difference of squares again)

Note: ¢’ + 16 cannot be factored any further.

B. 9a*-37a%+4
= (9(12 — 1)(a2 —4) (factor trinomial)

Now we notice that each factor is quadratic and is the
difference of two squares. Therefore, each factor can

Ch 5 — Advanced Factoring
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be factored further to get a final answer consisting of

four factors:

Ba+1)Ba-1)(a+ 2)(a-2)

Homework

1. Factor each quartic polynomial:

a. x* -1 b. x> -x“-6

c. n*—10n%+9 d. a*-81

e. 36w* - 25w? +4 f. 9x* — 34x% + 25
g. ct-16 h. x* -8x% -9

i xt-3x2-10 i. gt-256

k. 36ut - 85u% +9 1. yt+81

O THE GCF REVISITED

EXAMPLE 2: Factor: (a + b)% + 4(a + b)

Solution:  This problem consists of two terms: (a + b)2 and

4(a + b). Notice that each of these two terms contains the same
factor, namely a + b. In other words, the GCF of the two terms is
a + b. Factoring out this GCF gives us the final factored form, a

single term consisting of two factors:

(a+b)a+b+4)

Ch 5 - Advanced Factoring

It’s a single term because
the final operation is
mulitplication.
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NOTE: The thing not to do in this kind of problem is to
distribute the original expression; if you do, you’ll be going in
the wrong direction. Check it out:

(@+b)2+4@+b) = a®+2ab+ b2+ da+4b
Do you really want to try to factor that last expression?

So, when you see an expression, like a + b in this problem, that
occurs multiple times in an expression, it’s usually best to leave
1t intact. Also, notice that we have converted a 2-termed

expression into 1 term — we have factored.

Alternate Method: Let’s try a substitution method. We might be
able to better see the essence of the problem if we replace a + b
with a simpler symbol — for example, x can represent a + b. Then
the original expression

(@+b)? + 4(a +b)

is transformed into
x? + 4x

The GCF in this form is clearly x, so we pull it out in front:
x(x + 4)

Now substitute in the reverse direction to get a + b back in the
problem:

(a+b)(a+b+4) (the same answer as before)

EXAMPLE 3: Factor: x%(u - w) — 100(z — w)

Solution: The two given terms have a GCF of u — w. Factoring
this GCF out gives

(u — w)(x? — 100)
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But we’re not done yet. The second factor is a difference of
squares. Factoring that part gives us our final factorization:

(v — w)(x + 10)(x — 10)

EXAMPLE 4: Factor: w?(x + z) — 4w(x + 2) + 3(x + 2)

Solution:  Let’s use substitution to make this expression appear
a little less intimidating; we’ll convert every occurrence of x + z to
the symbol A:

w?A —4wA + 34
Pulling out the GCF of A, we get
A@w? - 4w + 3)
Factor the trinomial in the usual way:
Aw-3)(w-1)
Last, rep}aRethe A with its original definition of x + z:

)
(@ +2)(w-3)(w-1)

Homework

2. Factor each expression:

a. (x+y)2+70x+y) b. (a-b)% - c(a - b)
c. x%(c+d)+5(+d) d. n?@-b) - 9(a - b)
e. x2(a+4)+5x(a+4)+6(a+4) f. yz(m+n)+7y(m+n)

g 2x%(a+b)+3x(@+b)-5@@+b)  h. 4x’w+2)-9w+2)
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io(w-w)?-9u - w) i. n%(@+b)-9n(a+0d)

k. (t+ r)y2 - 100(t +r) 1. 8ax? - 20ax - Ta

O GROUPING WITH FOUR TERMS

EXAMPLE 5: Factor: a? + ac+ ab + be

Solution:  Group the first two terms and the last two terms:

(a® +ac) + (ab + be)
Now factor each pair of grouped terms separately (using the GCF
in each pair) :

a(a+c)+bla+c) (notice that the GCF is a + ¢)
Even though we’ve grouped and factored, we can’t be done
because there are still two terms, and we need one term in the
final answer to a factoring question. So we continue — using our

knowledge of the previous section — and factor out the GCF,
which is a + c:

(a+c)a+b)

By the commutative property of multiplication (xy = yx), the final
answer could also be written (a + b)(a + ¢). Also, to check our
answer, just double distribute the answer and you should get the
original expression.
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EXAMPLE 6: Factor: x° —7x% - 9x+ 63

Solution:  Group the first two terms and the last two terms:
(x> —7x%) + (-9x + 63)

Now factor the GCF in each pair of grouped terms. The first GCF
is obvious: 2. Choosing the GCF in the second grouping is a
little trickier — should we choose 9 or —9? Ultimately, it’s a trial-
and-error process. Watch what happens if we choose —9 for the

GCF:

x? x—7-9x-"17) (check the signs carefully)
We now see two terms whose GCF 1s x — 7. Pull it to the front:
(x - T)(x* - 9)

All this, and we'’re still not done. The second factor is the
difference of two squares — now we're done:

(- T)(x+3)(x - 3)

EXAMPLE 7: Factor: ab + cd + ad + be

Solution:  Group the first two terms and the last two terms
(after all, this technique worked quite well in the previous two
examples):

(ab+cd) + (ad + be)

We're stuck; there’s no way to factor either pair of terms (the
GCF =1 in each case), so let’s swap the two middle terms of the
original problem and again group in pairs:

(ab+ad) + (cd + bc)
Pull out the GCF from each set of parentheses:
alb+d) +c(d + b)

Ch 5 - Advanced Factoring



37

Do we have a common factor in these two terms? Well, does
b+d = d+ b? Since addition is commutative, they are equal.
So the GCF 1s b + d, and when we pull it out in front, we’re done:

(b + d)(a + c)

EXAMPLE 8: Factor: 2ax — bx —2ay + by

Solution:  Group in pairs, as usual:
(2ax — bx) + (—2ay + by)
Pull out the GCF in each grouping:
x(2a — b) + y(—2a + b)

Problem: There’s no common factor; however, the factors 2a — b
and —2a + b are opposites of each other, and that gives us a clue.
Let’s go back to our first step and factor out —y rather than y:

x(2a — b) — y(2a — b) (distribute to make sure we’re right)

Now we see a good GCF, so we pull it out in front, and we’re
done:

(2a - b)(x~) [Check by multiplying out]

Homework

3. Factor each expression:

a. xw +xz+wy +yz b. a® +ac+ab + be
c. x°—4x®+3x-12 d. n®-n?-5n+5
e. x> +x2-9x-9 f. ac—-bd+ bc-ad
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g. xw +yz—xz—wy h. 2ac - 2ad + bc — bd
i. 6xw — yz + 3xz — 2wy i. hj—j%—hk+jk

k. ax+ay— bx— by 1. % —2x% — 25x + 50
m. xw + 2wy — xz — 2yz n. a®-a?-5a+5

0. 4tw — 2tx + 2w? — wx p. 6x> + 2x2 — 9x - 3

q. Not factorable r. 6a®—15a® + 10a — 25

0 MORE GROUPING AND SUBSTITUTION PROBLEMS

EXAMPLE 9: Factor: (w +2)2 - a?

Solution:  After some practice, you might not need a
substitution for this kind of problem, but we’ll use one for this
problem. Let n = w + z. The starting problem then becomes

n2—a2

This 1s just a standard difference of squares:
(n+a)(n-a)

Now substitute in the other direction:

w+z+a)(w+z-a)

EXAMPLE 10: Factor: x>+ 6x+9 —y2

Solution:  Grouping in pairs has worked quite well so far, so
let’s try it again:

(x* +6x) + (9 — %)

We see that the first pair of terms has a nice GCF of x, and the
second is the difference of squares:
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x(x+6)+ (3 +y)(3-y)

Good try, but there’s no common factor in these two terms. In
fact, no grouping into pairs will result in a common factor -- a
dead end. Let’s go back to the original problem and regroup so
that the first three terms are together:

(9c2+6x+9)—y2

The first set of three terms is a perfect square trinomial, and
factors into the square of a binomaial:

(x +3)% — y*

leaving us with another difference of squares (just like the
previous example), which factors to

(x+3+y)x+3-y)

Homework

Factor each expression:

a. (x+y)2—22 b. (a—b)2—c2

c. x2+4x+4—y2 d. nz—6n+9—Q2
e. (u+w)2—T2 f. y2+10y+25 e
g. a’ +2ab + b2 - ¢? h. w2—2wy+y2—49
i 4x® +4x+1- ¢ . 9% —12x+4 —y*
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O FACTORING CuBIcS USING THE GCF

EXAMPLE 11: Factor each cubic (3rd degree) polynomial:

A. 5q3 + 1()q2 + 5q

This 1s not as bad as it looks, if we remember to start with

the GCF:

5q° + 10g> + 5q (the polynomial to factor)
= 5g(g®+2q+1) (factor out 5¢, the GCF)
= 5q(q +1)(g + 1) (factor the trinomial)
= | 5g(g+1)2 (write it more simply)

B. 4x3 — x

= x(4x2 -1) (factor out x, the GCF)
= x2x+ 1)2x - 1) (difference of squares)
Homework

5. Factor each cubic polynomial:

a. x° —x b. 2n2 +6n% + 4n
c. 10a® - 5a? - 5a d. 7y3 + 70y% + 175y
e. 36w° — 9w f. 242% — 2022 — 24z
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Review
Problems

Factor each expression:

a. 10ax* - 160a b. Z*(P- Q) - 144(P - Q)

c.  50x%—75x%-2x+3 d. 12ac — 10bd + 8bc — 15ad

e. a%-2ab+b?%-c? £ xZ+2xy+y% - 144

g xt - 84x% + 225 h. x*-82%-9

i, x%—7x%+9x - 63 i. nd+3n%-16n-48

k. (a+b)?>-5a+b)+6 . x-y2+7(x-y) +6

m. (a-b)%+6(a-b)-16 n. hm-hn+km-kn

Solutions

(x2 + Dx+ Dx—1) b, (x2+2)(x2 - 3)
(n+1Dn-1)n+3)(n-23) d. (a®+9)(a+3)a-3)
Cw+ 12w -1)Bw + 2)(Bw — 2) f. (x+Dx-1)Bx+5(3x-5)
(c? + 4)(c + 2)(c - 2) h. (2 + D(x+ 3)(x - 3)
(x2 + 2)(x2 - 5) i (g% +16)(g +4)(g - 4)
Qu+3)Q2u-3)Bu+1)Bu-1) 1. Not factorable
x+x+y+17) b. (a-b)a-b-c)
(c + d)(x? + 5) d. (@-bmn+3)n-3)
(@+4)(x+ 3)(x+2) f. ym+n)Qy+7)
(@ +b)2x+5)(x—1) h. (w+2)@x+3)2x-3)
uw-w(u-w-9) j. n(a+b)(n-9)
(t+r)y+10)(y — 10) . a@Bx+1)(x-17)
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(ac2 + 3)(x — 4)

3. a @+y(w+tz2 b. (a+b)a+c) c.
d. r?-5m-1) e. x+DE+3)x-3) f (a+b)c-d
g. (x—y)(w-2) h. (Qa+b)(c-d) . Bx-y)(Qw+2)
3. (h=)G-Fk) k. (a-b)(x+y) . (x—2)(x+5)(x-5)
m. (x+2y)(w —2) n. (a2 -5)(a-1) o. (2t+w)Cw-x)
p. (2x2 -3)3x+1) q. Not factorable r. (3a2 + 5)(2a - 5)
4. a. (x+y+t2)(x+ty-2) b. (a-b+c)a-b-c)
c. (x+2+y)x+2-y) d -3+Q(n-3-Q)
e. wWrw+Du+w-17 f. (+5+x)(@y+5-x
g. (@a+b+c)a+b-o0) h. w-y+7NH(w-y-"17)
. Qx+1+H)@x+1-19) j. Bx—-2+y)Bx—-2-y)
5. a. x(x+1(x-1) b. 2n(n+ 1)(n + 2)
c. ba2a+1)(a-1) d. Ty(y +5)*
e. 9wCw+1)Q2w-1) f. 423z +2)(2z - 3)
6. a. 10a(x® + 4)(x + 2)(x — 2) b. (P-Q(Z+12)(Z-12)
c. (2x-3)bx+1)(Bx—-1) d. (Ba+ 2b)(4c — 5d)
e. (@a-b+teoa-b-0 f. (x+y+12)(x+y-12)
g. (x+5)(x—5)(x+3)(x—3) h. (% + D+ 3)(x - 3)
L @Y= . (n+Hn-Hn+3)
k. (@a+b-3)(a+b-2) . (x-y+6)(x—-y+1)
m. (a—b+8)(a-b-2) n. (m-n)(h+Fk)

Reverend Edward A. Malloy, Monk's Reflections
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CH 6 — COMPLETE FACTORING

C onsider the problem of factoring

10x2 + 50x + 60. Look at the 10. Its factor
pairs are 1 and 10, or 2 and 5. Now take a look at
the 60. It’s downright scary to consider all the pairs
of factors of that number. But watch what happens
in our first example if we deal with the GCF first, and
then worry about the rest later.

O COMPLETE FACTORING

EXAMPLE 1 Factor completely: 10x2 + 50x + 60

Solution:  As mentioned above, the secret to factoring this
quadratic expression is to utilize the GCF. The variable x is not
common to all three terms, so we’ll ignore it. However, each of
the three terms does contain a factor of 10 (since 10 divides
evenly into each of the coefficients 10, 50, and 60). Thus,

10x2 + 50x + 60 (the given expression)
= 10(362 + 5x + 6) (pull out the GCF of 10)
= 10(x + 3)(x + 2) (factor the quadratic)

Not so difficult, after all. Therefore, the complete factorization of

10x2 + 50x + 60 is

10(x + 3)(x + 2)
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The key to complete factoring
is to FIRST pull out the GCF!

Homework

1. Factor each expression completely:

a. Tx? — 35x + 42 b. 10n% - 10

c. 5a® - 30a+ 45 d. 50u? - 25u - 25

e. Tw? - 1700 £ 9n%+9

g. 5y2 - 125 h. 3x% + 15x + 12

i 14x% - 7x-17 i. 132+ 117

k. 48z% — 28z + 4 1. 24a” - 120a + 150

O REDUCING FRACTIONS

: 5a> — 45
EXAMPLE 2: Reduce to lowest terms: —%—=2-
a”+6a+9

Solution:  We need to factor the numerator and the
denominator. If we then see any common factors, we can divide
them out.

5a®>-45 _ 5@*-9) _ 5a+3)(a-3) _ 5(a+3)(a-3)
a’>+6a+9 a’+6a+9 (a+3)(a+3) (a+3)(a+3)
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Notice that factoring the numerator required two steps: pulling
out the GCF of 5, followed by factoring the a® - 9. If we hadn’t
factored out the 5, we would never have been able to divide out
anything, and we would have reached the false conclusion that
the fraction is not reducible. So we can write the reduced fraction

as %. But, assuming it’s not too much work, it’s customary

to remove parentheses. Thus, the final answer (after distributing
the 5 to the a — 3) 1s

ba—-15
a+3

Homework

2. Reduce each fraction to lowest terms:

n?—4 b 2x2 +8x+6

a. —2 . 9
n“—4n+4 ox° +18x+12

o xi—dx+l 4 10y” —30y+20
x%—dx+1 5y2 —15y +10
2x2_2 ¢ 3n2 -3n-90

e. —— . B
4x—4 3n“+30n+175

o 14x +98 h 5a% —30a-135
21x% —63x —1470 10a? —60a —270
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QO ADDITIONAL QUADRATIC EQUATIONS

Now we’ll use the GCF factoring method to solve more quadratic
equations. The following example should convince you that factoring
out a simple number first makes the rest of the factoring — and thus
solving the equation — vastly easier.

EXAMPLE 3: Solve for k: 16k = 40k + 24

Solution:  Solving any quadratic equation by factoring requires
making one side of the equation zero. To this end, we will first
bring the 40k and the 24 to the left side, factor in two steps,
divide each side by the greatest common factor, set each factor to
0, and then solve each resulting equation. (That’s a lot of steps!)

16k% = 40k + 24 (the original equation)
= 16k2-40k-24 = 0 (subtract 40k and 24)
= 8(2k*-5k-3) = 0 (factor out 8, the GCF)

2
= 8(2k"-5k=3) _ 0 (divide each side by 8)
8 8

= 2k%>-5k-3 =0 (simplify)
= @Ck+1DEk-3) =0 (factor)
= 2kR+1 =0 or k-3 =0 (set each factor to 0)
= k = _% or k=3 (solve each linear equation)

This was a lot of work — you might be thinking that the Quadratic
Formula (assuming you've studied it) would have been easier to use
than factoring, and you’re probably right! Generally, you can use
whichever method you prefer (assuming it works), but pay attention to

the method your instructor may require on an exam.
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Q CAREFuUL!'!]

Do you see the step in the preceding example where we divided both
sides of the equation by 8?7 This was legal because we did the same thing
to both sides of the equation, and we did NOT divide

by zero. Do not ever fall into the trap of dividing each A
side of an equation by something with the variable in

1t — you may unknowingly be dividing by zero, WARNING

resulting in a loss of a solution to the equation.

To 1llustrate this warning , the correct way to solve the quadratic
equation x?+x = 0 isthe following:

X+x =0
= x(x+1) =0
= x=0orx+1=20
= x=0or x=-1
We have two solutions: 0 and —1, no doubt about it.

Check: x=0: 02+0=0+0=0 v
x=-1: D2+ =1+(-)=1-1=0 v

Now let’s do it the wrong way, by dividing by the variable:

2 M:Q:x+1zo
X

x“+x =0 = x(x+1) =0 = %

= x =-1, which is merely one of the two solutions. That
1s, we lost a solution when we divided by the variable.
Since the purpose of algebra is to obtain solutions — not
throw them away — we see that dividing by the variable
was a really bad idea.
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Homework

3. Solve each quadratic equation:

a. Tx> - 35x+42 = 0 b. 10n? =10
c. ba’+45 = 30a d. 50u” = 25u + 25
e. Tw? =700 = 0 f. 180z% - 30z-60 = 0
g. 4x> +4x-24 = 0 h. 16x% = 6 — 4x
i 10x2-490 = 0 i. Thw? +48 = 120w
Review
Problems

4, Factor completely: 80q2 + 68q + 30

18x +18

5. Reduce: 5
14x° +42x + 28

6. Solve for x by factoring: 30x2 = 190x + 140
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@ To oo AND BEYOND

A. TFactor: x° — 363x+ 21,600

Hint: Use the Quadratic Formula (and your calculator) to solve the
equation x% —363x + 21,600 = 0, and then use the solutions to write
the factorization.

B. Solveforx: x*-13x>+36 =0

Hint: Factoring will take two steps, producing four solutions.

Solutions
1. a. 7(x-3)(x—2) b. 10(n + 1)(n - 1) c. 5(a - 3)%
d. 25(2u + 1)(u - 1) e. T(w + 10)(w — 10) f. 9(n? + 1)
g. 5(y +5)(y — 5) h. 3(x+ 1)(x+ 4) 1. 72x + 1)(x - 1)
i. 132 +9) k. 4(4z-1)(3z-1) 1. 6(2a - 5)>
n+ 2 xXx+3
2. a. — b 3r 16 C 1 d 2
x+1 n—=6 2 1
° T L Ts & 3x-30 h 5
3. a. 2,3 b +1 c. 3 d 1,—% e. +10
2 _1 _ 1 _3 4
f 379 g. 2,-3 h 54 1. 7 j 5
4. 2(5x + 3)(3x + 5) 5 9 6. 7. -2
' © Tx+14 S
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— Definition of

happiness

by John F. Kennedy (1917-1963)

“The full use of your

powers along lines of

excellence.”
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CH 7 — DIVIDING POLYNOMIALS

O INTRODUCTION

First we need the proper terminology. When written as a fraction, a
division problem has two parts:

dividend
divisor

When written in the standard “long division” format, we write
divisor|dividend
And we can use the “ +” symbol for division:

dividend + divisor

The result of dividing is called the quotient, and the leftover is called
the remainder. For example,

Quotient

5<
Divisor | —> 3[17 <— | Dividend
15

2 «

Remainder

We can then write the answer as 5+ 2 quotient + remainder , or as the
3 divisor

mixed number 5% when we're dealing with numbers.
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O DiIvIDING A POLYNOMIAL BY A MONOMIAL

Justas 1+2 = 2 we can work the problem < +£ by adding the

77T b b
numerators, and placing that sum over the common denominator b:

a,c _ a+c
= + = =
b b b
By reversing this reasoning, we can take the fraction ¢ +C and, if we

b

like, split it into the sum of two fractions:

a+c — a , C
bbb

This 1s the trick we need to divide a polynomial by a monomaial.

2, 2
EXAMPLE 1: Divide: @b +be +ab
Solution: Separate the fraction into three separate fractions,

keeping the denominator for all three fractions:

ab® | a’b , ab
ab+ab+ab

and then simplify (reduce) each fraction:

b+a+1
2.3 ¢.3.2 3
EXAMPLE 2:  Divide: 12X Y =8x7y"+7xy
2x"y
Solution: Split the fraction into three separate fractions:
12x2y3 - 8x3y2 7xy3

+
2x2y 2x2y 2x2y
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and then simplify (reduce) each fraction:

2 7y*
6y —4xy+L
2x

Homework

1. Perform each division problem, where the divisor (the

bottom) is @ monomial:

. ok S b 14xy + 21x%y — 28xy> c x? +3x+1
. T X . 7xy ) X

4 atb o XU ¢ ax+bx
> Y ) X

O DiIvIDING A POLYNOMIAL BY A POLYNOMIAL

Think back when you were a kid and learned long division of numbers.
Though I've seen different ways of doing this, the following method
works well in algebraic long division. It boils down to a 4-step process, a
process that is repeated until the problem is finished:

1. Divide the divisor into the first part of the dividend.

2. Multiply the part of the quotient calculated in step 1 by the
divisor.

3. Subtract.

4. Bring down the next digit.
And then repeat steps 1-4 as many times as necessary.

We use the same process for polynomial long division in algebra.
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3
EXAMPLE 3: Perform the long division: %
Solution: The first step is to fill in the missing term in the

dividend. Since there is no x> term, we 1nsert 0x2 as a
“placeholder” between the cubic term and the linear term, giving us
a dividend of 3x> + 0x2 — 5x — 2. So our long division problem is

x—1[8x% +0x% —5x -2

Divide x into 3x3; it goes in 3x2 times (since 3x% . x = 3x3):

—
.

3x>
x—1|8x% +0x® - 5x -2

2. Multiply 3x? by the divisor, x — 1:

3x2
x—1|3x% +0x%2 -5x-2
3x3 —3x2

3. Subtract; 3x3 - 8x3 = 0; 0x? —(—3x2) = 3x%:

3x2
x—13x3 + 0x% —5x -2
— (3x3 — 3x?%)

0 +3x2

4.  Bring down the next term, —5x:

3x2
x—1|3x3 + 0x2 —5x - 2
— (Sx3 —3x2)
0 +3x%-5x
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2.

3.

4.

And repeat: Divide x into 3x2:

3x2 +3x
x—1|3%3 + 0x% —5x — 2
— (3x3 —sz)
0 +3x%—5x

Multiply 3x by x — 1, the divisor:

3x2 +3x
.x—l‘Sx3 +0x%—Bx—2
— (Sx3 —3x2)
0 +3x% —bx
3x% - 3x

Subtract; 3x% - 3x2 = 0; -5x — (-3x) = —2x:

3x% +3x
x—1[3x3 + 0x% —5x — 2
—(3x3—3x2)
0 +3x%-5x
—(3x2—3x)
0 —2x

Bring down the next (and last) term, —2:

3x2 +3x
x—1‘3x3+0x2—5x—2
—(3x3—3x2)
0 +3x%—5x
—(3x2—3x)
0 —2x-2
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1. Divide x into —2x:
3x% +3x -2
x—1|3x3 +0x2 —5x -2
—(3x3—3x2)
0 +3x%—b5x
—(3x* - 3x)
0 —-2x-2
2. Multiply -2 by x — 1:
3x? +3x -2
x—1/3x3 + 0x2 —5x — 2
—(3x3—3x2)
0 +3x% —hx
—(3x% - 3x)
0 —2x-2
-2x+2
3. Subtract; —2x - (—2x) = 0; -2 - (+2) = —4
3x2 +38x-2
x—1‘3x3+0x2—5x—2
—(3x3—3x2)
0 +3x%-5x
—(3x2—3x)
0 —2x-2
—(-2x +2)
0 -4

There are no terms left to bring down in the dividend, so we write
the remainder (the —4) over the divisor and add it to the quotient.
The final answer to the long division problem is

3x2 +3x -2+ =4
x—1
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Homework

Perform each polynomial long division problem, expressing
any remainder as a fraction added to the quotient:

2 2 2
X“+5Hx+6 x“ -9 x“+2x+1
a. x+3 b. x—3 ¢ x+1
d n2+n—4 e 202 —5a + 2 £ 3w? +10
) n+b ) a+3 ) w+5
g, 6b%+b-15 L 3°-9 . 10x%+3x-7
' 2b+3 " y+5 ' 2x —1

j. X 1 Hint: x®+1 = x> +0x% +0x+ 1

K n° -8 | _a’+27
n—2 a’-3a+9

Perform each polynomial long division problem (Hint: there
is no remainder):

o 40x® +97x” + 60x +27 b 8w’ +22w” + 13w+ 2
ox +9 2w? +5w+2

. 40r° —4r% —7r—3 d 63m° +43m2 +13m +1
8r2+4r+1 7m2+4m+1
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Review
Problems
.- 4x° — 8x% +6x —10 .- x2+9
4. Divide: 5 5. Divide:
4x x—5
‘o x3-3x+8 o xt -1
6. Divide: &=—22T° 7. Divide:
x+3 x+1
o 548
8. Divide: &
n+2
Solutions
1. a. x2-x+1 b. 2+ 3x-4y c. x+3+%
d 9+1 e X 1 f. a+b
b y
2. a. x+2 b. x+3 c. x+1
n—4+-16 e. 2a-11+-32 f. Sw-15+-55_
n+5 a+3 w+5
_ -3 _ 66 : -3
g 3b 4+2b+3 h. 3y 15+er5 I. 59c+4+2x_1
J- x> —x+1 k. n?+2n+4 . a+3
3. a. 8x?+5x+3 b. 4w +1 c. 5r—3
d. 9Im+1
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9,3 5
X 2+2x 02
x2—3x+6+_—10

x+3

n2—2n+4
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“When one door closes, another opens; but
we often look so long and so regretfully upon
the closed door that we do not see the one

which has opened for us.”
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CH 8 — FACTORING THE SUM AND
DIFFERENCE OF CUBES

e’ve learned that we can

factor the difference of
squares x? — y2 into (x + y)(x — y).
We've also determined that the
sum of squares x? + y2 cannot be

factored.

Now we’re about to show that the difference of
cubes x> — y3 can also be factored — and perhaps
surprisingly — even the sum of cubes x3 + y3 can be
factored.

O DivisiON, REMAINDERS, AND FACTORS

Is 6 a factor of 161? No — divide 161 by 6 and you’ll get 26
remainder 5. Since the remainder 1s not 0, 6 1s not a factor of 161. In

other words, 6 does not go into 161 “evenly.”

Is 7 a factor of 161? Yes — divide 161 by 7 and you’ll get 23,
remainder 0. Thus, 7 divides into 161 exactly 23 times. And therefore,
161 = 7 x 23. We have factored 161 into 7 x 23 by showing that the
factor 7 divides into 161 without remainder.

These observations are the key to factoring the sum and difference of
cubes.

Ch 8 — Factoring the Sum and Difference of Cubes
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O PERFECT CUBES

We know that 2% = 8. Since the cube of 2 is 8, we say that 81s a
perfect cube. Here are some more examples of perfect cubes:

125 1s a perfect cube because it’s the cube of 5:
125 = 5°

1 is a perfect cube because it’s the cube of 1:
1=13

—27 1s a perfect cube because it’s the cube of —3:
27 = (-3)3

0 is a perfect cube because it’s the cube of 0:

0=0°
x3isa perfect cube because it’s the cube of x:
o3 =43

27y3 is a perfect cube because it’s the cube of 3y:
27y = (3y)°

8nbisa perfect cube because it’s the cube of on?:
8nb = (2n2)3

64z'%isa perfect cube because it’s the cube of 4z*:

64212 = (4zh?

(a - b)3 1s a perfect cube because it’s the cube of a — b.
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Homework

1. a. 64m’isa perfect cube because it’s the cube of

b. 216n°isa perfect cube because it’s the cube of

c. 274%isa perfect cube because it’s the cube of

d. 1s a perfect cube because it’s the cube of 722,

e. 1s a perfect cube because it’s the cube of ~3a°.

O FACTORING A SUM OF CUBES —LONG DIVISION

We're now ready to try to factor a sum of cubes; for example, what is

the factorization of

x2 + 892 [What should we multiply to get x> + 8?]

To answer this question, we should try to divide x3+8 by something
that goes into it evenly; that is, divide x3+8 by something that will
leave a remainder of 0. But what should we divide by? Since both
terms of x> + 8 are perfect cubes, let’s divide it by the binomial x + 2,
since these two terms are the cube roots of x> and 8. Maybe this will
work and maybe it won’t, but we’ve got to try something.

x2 -~ 9x+4

x+2|x% +0x2 +0x+8

x3 +2x?
—2x% +0x
—2x? — 4x
 4x+8
4x + 8
0

Here’s the division of x> +8 by x + 2. Note
that the dividend has two zeros placed in it
to account for the missing terms.

Also note that the remainder is 0. This
means that x + 2 is a factor of x> + 8 and

therefore, that x% — 2x + 4 is the other
factor.
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Now we write the results of our long division as a multiplication

problem, giving us the factorization of x5+ 8:

x3+8 = (x+2)(x% —2x +4)

Check by multiplying

O FACTORING A DIFFERENCE OF CUBES — LONG DIVISION

For our difference of cubes, let’s try to factor n® — 27. What do you
think one of the factors will be? Consider the binomial consisting of the
individual cube roots of n® and -27, namely n and — 3. This time it’s
your turn to carry out the long division. Here’s what you should end up
with:

n2+3n+9
n-3n3+0n%+0n-27

We now have our factorization:

nd-27 = (n—3)(n2+3n+9)

Again, check by multiplying

EXAMPLE 1.

A. Factor: N° -1
Divide N2 — 1 by N — 1 and you should get the factorization

N1 =W-1)(N? +N+1)

B. Factor: 8p® + 27
Divide 8p3 + 27 by 2p + 3. It should divide evenly, giving

8p3 +27 = 2p + 3)(4p2 -6p+9)
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Factor: (a + b)3 —125.

This is tricky, and it will be much easier to perform the long
division if we make a substitution first. If we let x = a + b, then
the expression to factor becomes x3 - 125. The appropriate
quantity to divide this by would be x — 5. When the long division
1s finished, the quotient is x? + 5x + 25 with remainder 0. We
therefore get the factorization

x2 =125 = (x - 5)(x% + 5x + 25)

But the original problem didn’t have any x’s in it. So we need to
substitute back the other way — when we convert each x back
into a + b, we get the factorization

(@+b)3-125 = (@+b)-5) (@ +b)? + 5(a + b) + 25),

which can be simplified to the final answer of

(a +b)3-125 = (e +b-5)(a? + 2ab + b% + 5a + 5b + 25)

Homework

In the discussion above, we arrived at the following
factorizations:

a. x5+8 = (x+2)(x2—2x+4)
b. n-27 = (n-3)(n?+3n+9)

Verify each result by simplifying the right side of the statement
so that it becomes the left side.

Factor each expression:

a. x°—8 b. n®+27 c. 2°5+1

d. 8x° - 27 e. 27y% +125 f. 64a° -1
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4, Factor each expression:
a. (x+y)°>+8 b. (a-b)® -27 c. p+ql+1

5. Factor x° + 1. Hint: Divide by x + 1.

6.  Factor A° — 32. Hint: Divide by A — 2.

7. Factor each expression:
a. w’+1 b. ¢® -1 c. y5—32
d. 25 +32 e. n®+243 f. m® - 243

8. Factor each expression:

a. x -1 b. y7+1 c. u' - 128 d. 27 +128

O CREATING FORMULS FOR FACTORING CUBES

Factoring the sum (or difference) of cubes using long division is kind of
tedious (and prone to errors). I suggest we do long division on a
“generic” sum of cubes and see if we can come up with a formula that
will allow us to factor the sum of cubes more efficiently.

Let’s start by considering the factorization of x3 + y3. If you've
understood this chapter so far, you’ll understand what I'm about to do:
Divide x® + y3 by x + y, and confirm that the remainder comes out to be
0. Then we’ll have our factorization.

xX+y x3+y3

We first have to pad up the dividend with some placeholders. What
terms to include may not be obvious, but there’s a nice pattern here:
The powers on the x’s go down while the powers on the y’s go up.
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xz—xy+y2

xX+y 9c3+0x2y+0xy2+y3
x3 +x2y
—x2y+ Oxy2
—x2y _ xy2
xy2 + y3
xy2 + y3
0v

Since the remainder 1s 0, we have our factorization:

x3+y° = (x+ ) —xy+y%)

EXAMPLE 2: Factor: a° + 8

3

a” +8
_ 3 3 _ _
= a°+2 [Here x = a and y = 2]
= (a+ 2)(a2 —a-2+ 22) [From the formula for x5+ y3]
= | (@+2)(*-2a+4) [Multiply out to confirm]

EXAMPLE 3: Factor: n® +125w3

n® +1250°
= (7%2)3 + (5w)? [Here x = n? and y = 5u]

= (n?+5w) ((n2)2 —n2(5w) + (5w)2)

= (n2 + bw) (n4 —5ncw + 25w2)
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Homework

9. Find the factorization of x> — y3 by dividing it by x — y.

10. Redo Problem #3 using our two new formulas for factoring the
sum and difference of cubes.

0 To oo AND BEYOND

A. Consider the expression x® - y6. Factor it in two ways:

1) Factor it as a difference of squares, followed by using the sum
and difference of cubes.

2) Factor it as a difference of cubes, followed by a difference of
squares.

Which method do you think is better, and why?

B. IfIasked you for the cube root of 8, you'd probably say 2. And
you're right, 23 =8. v But if you have studied imaginary numbers
(involving the number i, defined by i = \/-1), then the fact is that 8
actually has three cube roots, the real root 2 we saw above, and two
non-real roots (roots containing the imaginary number i).

Here’s how we can find them. Let x represent a cube root of 8. This
implies that x> = 8, which implies that x> — 8 = 0. We now have a
cubic equation that just might produce three solutions (Just like a
quadratic equation (degree = 2) might yield two solutions). These
three potential solutions will all be cube roots of 8. Here’s where
the factoring in the chapter comes in:

x2-8=0
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= (x—2)(x2 +2x+4) =0 (difference of cubes)
— x-2=0OR x2+2x+4 =0 (AB=0 = A=00RB=0)

The first equation (linear) is easy to solve: x = 2, which we already
knew was a cube root of 8.

To solve the second equation (quadratic) we will apply the
Quadratic Formula (or we could complete the square). Since a =1,
b =2, and ¢ = 4, we can solve for x:

2
. 2122 — 4(1)(4)

o)

_ —2+J4-16

2

_ —2+4-12
2

24231
2

(the i is not in the radical sign)

2 (—1 +.3 i)
= - (factor the numerator)

2
= -1z \/g l (divide out the 2’s, and notice that we

have two solutions)

And we now have our three solutions to the equation x3-8 = 0, which
1s equivalent to having our three cube roots of 8, as promised:

If we allow ourselves to

9 _ ) 1 @ venture beyond the real
. ~1+V3i, and ~1-3i numbers, we can find

three cube roots of 8.

If you’re up to it, verify the two complex cube roots of 8 by cubing each
one and verifying that the final result will be 8 in both cases.
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Solutions
a. 4m b. 6n c. 342 d. 3432% e —274°
a. (x+2)(x2—2x+4) = 53 -2 +dx+ 222 —4x+8 = x3+8 V
b. You try it.
a. (x—2)(x% + 2x + 4) b. (n+3)(n% - 3n+9)
c. G+DEZ-2z+1) d. (2x - 3)(4x? + 6x + 9)
e. (3y +5)(9y? — 15y + 25) f. (4a - 1)(16a® + 4a + 1)
a. (x+y+2)(x2 +2xy+y2 —2x -2y +4)
b. (@a-b-3)(a®-2ab+b%+3a-3b+09)

c. @P+qg+DP*+2pq+qg®>-p-q+1)
(x + 1)(x4—x3+x2—x+ 1)
(A-2)(A* + 243 + 44% + 8A + 16)

3 2

(w + 1)(w4 —w
b. (c—l)(c4+c3+cz+c+1)
c. (y-20*+2y% +4y% + 8y + 16)
d e+ 2)(24 — 9223 +42% — 8z + 16)
e. (n+3)n*-3n%+9n?%-27n+81)

£, (m-3)(m*+3m>+9m? +27m + 81)

+w*—-—w+1)
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(x—l)(x6+x5+x4+x3+x

2rx+ 1)

b, (y+1DO -y +y* =P+t —y+1)

c.  (u—-2)w®+2u® + 4u* + 8u® + 16u? + 32u + 64)

d. @E+2)E% -22° + 42* - 822 + 1622 — 322 + 64)
3 3 2 2

x°-y° = (x—=y)(x“ +xy+y°)

Ch 8 — Factoring the Sum and Difference of Cubes
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CH 9 — NEGATIVE EXPONENTS

he mass of a proton (the positively
charged particle in the nucleus of every

V \
atom in the universe) is written in scientific ( y \7
notation as £
4 VAy

1.67 x 10727 kilograms

How do we interpret that? Is that a really
big or a really small number? In this chapter,
we will learn exactly what a negative
exponent means.

O REVIEW OF THE FIVE LAWS OF EXPONENTS

Before we begin the discussion of negative exponents, it would be
beneficial for us to review the meaning of an exponent and the Five
Laws of exponents:

If n is a natural number (n =1, 2, 3, .. .), then we know that the
meaning of x” is based upon repeated multiplication:

" = OO @)

n factors of x

For instance, we know that x2 means x - x - x. We also learned that
=1 (as long as x itself isn’t 0). But what does something like x3

mean?

Now we recall the Five Laws of Exponents. The order doesn’t make
any difference, but I personally refer to the first one as the First Law of
Exponents.
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b = ya+b % — ya-b (xa)b — yab
X
a a
(xy)a = xaya [&) = X
Y y4

O DEVELOPING THE MEANING OF A NEGATIVE EXPONENT

Consider the following power of x:

x—3

What could it mean? To find out, let’s multiply it by x> and see what
happens:
x 3 xd = x93 =40 =

which implies that

x_3-x3 =1

3

Now, x ° is what we’re analyzing, so let’s “solve” for it (or isolate it) by

dividing each side of the equation by x5

We can do the same thing in general. Consider x~ ", where n is any

number at all:
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In short,

Ly 1 for ANY number n,
X — T assuming x = 0.

This should convince you that a negative exponent means reciprocal.

In fact, the exponent doesn’t have to be a negative whole number.

[Even things like w?'* and h_ﬂ represent reciprocals; in fact,

5/4 _ 1 - _ 1
w ——w5/4 and A ——h\/z_n.]

This fact, together with our knowledge of fractions and the Laws of
Exponents, is all we need to understand the examples in this chapter.

EXAMPLE 1.
-3 — L ] l
A 27° = 53 3
-2 _ L = L
B. 10° = 02 100
_ -4 = _l = _L
C 3 I a1
See the difference?
_ -4 = 1 = L
D. (-3) (_3)4 31
1 -1 - 1 _ 1232 _
A i
99 32
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1 _ 1 _110° _ {9 =
F e S Sl R 10° = 1000
10°
3
6 (2) - _1 _ 1 _127_27
3 23 8 1 8 8
5 27
3)
H. 07° = % =1 Undefined
0 0
Homework

1. Evaluate each expression:
a. 372 b. 27° c. 1073 d. 5% e. 1710
f. 23 o (=32 h -10* i (5t j. -62

-2 -3
1 1 1 3 1
k. = L o m. =3 n. (4) 0. (6)

2. Explain why x = 0 1s NOT allowed in the expression x .

EXAMPLE 2:
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C. X=X =x =
Y 3
Yy
1
D X - x -1 1 _ 1
o2 o2 PR 27
2,3 _ 2 1 _ a2
E. ¢°b™° =« 5 = b_3
-1lp=T _ LL = —1
F.R™T R 7 =
EXAMPLE 3:

A x+y?° = x +L5 = {y }%+% = &Jr% =X

tomakeacommon
denominator

Homework
3. Simplify each expression (no negative exponents in the
answer):
—4
a. x7? b. a3 c. I;%z d. x_2
Yy
w® m=> —-4;-5 3 -5
X n

Ch 9 — Negative Exponents
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-5
i RoZ7 I k. x+y " 1.
w
m. p_1+r_1 n. wo-z72 0. a®-q3 p.
EXAMPLE 4: Using the Five Laws of Exponents:
A. x 88 = x4 = 1
x4
Add the exponents
5\ 35
B. (N‘ ) =N
Multiply the exponents
. (@ot=atict="L L. L= 1
at vt A a*btc?
Apply exponent to
each factor
D w’ A [ 1
WP w'?
Subtract the exponents
E x 7 — x—17—(—12) e 1
: -12 B 5
X x
Subtract the exponents
5 1
F (Qj _a’ _d - 10 _b
b b—3 L (13 1 a3
b3
Apply exponent to

top and bottom
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Another way: (9) -1 -1 _b
g
b b
G. (x +y) 2

Be careful; no law of exponents applies here since the
quantity x + y consists of two terms — it 1s not a
product — so do NOT apply the exponent to each term
of the sum. Begin the problem by dealing with the
meaning of the negative exponent.

-2 _ 1 — 1 = 1
(o™ = x+y)?  @ENE+Y) x4 oxy+ 42
Homework

Simplify each expression (no negative exponents in the

answer):

b. x 2x 10 c. k10R10 d. m2w
£ (@)’ g cH?t  h o)
j. (xyz)_3 k. (x+y)t L (a—b)2
5 ~12
n. = 0. & p. Yy
z a8 y_7
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EXAMPLE 5: Simplify each expression:

A @2 8)(-5x%) = @)(-5)x %8 = —10x72 = 10/ L | = -10
x> x
4 4 4 8
o () = (b == )
Yy
-5
-5 3
a3 — (a ) _a® _ d® _ g p® | 15,20
b_4 B 5 p20 1 - 1 1 ¢
) =

Final Note: In the Introduction, we learned about the mass of a
proton. We're now in a position to see just what that number 1is:

1.67x1027 = 1.67x—L_ - 167, 1 _ 1.67

10% L1027 10%7 Shortcut:

— 1.67 Moye the
B 1,000,000,000,000,000,000,000,000,000 degmal
point 27

places to
= 0.00000000000000000000000000167 kilograms the left.

[If available, check out the chapter on Scientific Notation for all the
details and shortcuts regarding numbers like 1.67 x 10727 J

A proton certainly doesn’t weigh very much! In addition, I hope you
can appreciate why we use scientific notation (1.67 x 10_27) rather
than the number in the box.
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Homework
5. Simplify each expression (no negative exponents in the
answer):
a. (2x 1 (3x") b. (=8y73)(2y™°) c. (-4a®) (@)
-2 7 -5
d. (ugu_5) e. (w_5w_1) f. (a_zb_?’)
-9 5
3 2 -3
3 -4 X Y
e (fu) h. (22 L[
(x‘t’j y4j
-3 -5 0
j a_—2 k i 1 a’b 4
P d-> 12,2
6. Express each scientific notation number as a regular
number:
a. 2.3x 10" b. 7.11 x 1072 c. 5.09x 10710
Review
Problems
7. Evaluate: a. —274 b. (—2)_4
-3 -1
: 4 1
8. Evaluate: a. (5) b. (9)
-2 -9
9.  Simplify: a. & b. X
b~ X
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10.

11.

12.

13.

14.

15.

16.

1.

2.

Simplify:  a. a 2a”® b. a?-a3
Simplify:  a. (x10)° b. (2797
Simplify:  (3x 3y 2) H(—4x3y'0) 2
-2 5
—4 3
Simplify: a. |*X— b. [a—j
(x_(s] b4
Simplify:  a. (uw) ? b. (u+w)?
Explain why x = 0 is NOT allowed in the expression x 2.
Express as a regular number: 4.9 x 10713
Solutions
1 1 _1 1
%9 © 32 “ 000 % 623 ©
_1 1 ; _1 o1
& 727 710,000 © 5 o3 Kk
m. 125 . % 0. 216
If x were 0 in the expression x~ 8, we would have
x® =08 =L =1 whichis Undefined.
0 0
1 1 2 1
a. — — c. ab d e
9 30 xty?
1 k> 2’
g. —— = 1. == j. 1 k
aipd o0 7,5

Ch 9 — Negative Exponents
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r+p zZ°—w 1
m. n. o. 0
pr w322 P ab’c®
4. a. ot b 1 c. 1 d 1 e 1
15 mow> 510
1 12 1 1 1
f. — g. ¢ h. = 1 j
ql® b2 JER x3y323
1 1 1 9
k m. — n. z
X+ a’ —2ab +b> %8
4 2 2
o qd p % a b_4 r X g b +2b2c+c
y a Y a
t. 1
5. a. 6x b _6 C _4 d. u* e 1 f. al9p15
y8 ot 42
9
t 6 - 5 . 6,15 1
g. —= h. x 1.y j. a’b k. ——~ L
ulz Cl5d20
6. a. 23,000,000 b. 0.0000711 c. 0.0000000000509
1 1 125
7. a. 16 b. 16 8. a. 64 b. 9
b3 1 1 a-1
9 a. — b. — 10. a. — b. ¥==
a2 18 b o3
1 25 1
11. a. — b. z 12, ———
550 48x3y18
1 1520 1 1
13. a. =— b. a °b 14. a. b.
x? uw2w? u? + 2uw + w?

15. Because 072 = 1 -

02 % which is Undefined.

16. 0.00000000000049
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YA life spent making mistakes is
not only more honorable, but
more useful than a life spent
doing nothing.”

— George Bernard Shaw
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CH 10 — BEYOND SQUARE ROOTS

0 SQUARE RoOTS REVIEW

The number 9 has two square roots, 3 and —3. This is because
32=9and (—8)2 = 9. The positive square root of 9 (the 3) is

denoted /9, and the negative square root of 9 (the
—3) is written —/9. In other words, /9 = 3, and
only 3, while —\/9 = -3,

In analyzing \/% , the “principle” square root of
—25, we discover that we cannot find an answer for
this problem, since the square of a real number can
never be negative. If there is an answer to \—25, it

lies outside R, the set of real numbers.

Q HIGHER RooOTS

Sometimes the square
root radical is written

%, with a little 2
cradled in the radical
sign. The 2 refers to
the fact that taking the
square root is
essentially the

opposite of squaring.

Consider the number 8. Since two cubed is eight, 23 =8 we can say

that 2 1s a cube root of 8. In fact, it’s the only cube root of 8, simply

because there’s no other real number whose cube is 8.

We write % = 2. Perhaps a little surprising is that we can calculate

the cube root of a negative number without leaving the real numbers,

R. For example, {-27 equals —3, since

(-3)% =-27 [-3.--3--3 = —27]

Ch 10 - Beyond Square Roots
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The number 16 has two fourth roots. The positive fourth root is
416 =2, and the negative fourth root is —416 =—2. After all, both 2
and —2 raised to the fourth power result in 16. However, just like

square roots, ¥—1 is not a real number.

The fifth root of 32 is 2; that is, 32 =2. This is because 2° =39,
Like cube roots, we can calculate the fifth root of a negative number.
For example, 3§—243 equals -3, since (-3)° = —243.

Homework

1. Find the square root(s) of

a. 100 b. 15 c. 0 d. -36 e. 1

2. Find the cube root(s) of
a. 64 b. —125 c. 0 d. 20 e. 1

3. Find the fourth root(s) of
a. 81 b. 0 c. —625 d. 25 e. 1

4. Find the fifth root(s) of
a. 1 b. 0 c. —243 d. 29 e. 32

5. Evaluate each radical:

a. 169 b. /225 . 3-125
f. 4625 g h. 416 i =32 j. %0
k. 364 l. 3216 m. 364 n. -Y-1 o. 16

p. —481 q. -1 r. —4-1 s Y243 t. Jo+30

o
(VY]
=
o,
W
(\V)
J
(¢)
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O S/MPLIFYING MORE ROOTS

Assume that x and y represent non-negative numbers. Then

s = 4

The nth root of a product
is the product of the nth roots

Another useful rule for radicals is the following. If x represents a non-
negative number (x > 0), then

The nth root cancels
the nth power

[The special case of simplifying »\/x2 , where x has negative value, will
not be dealt with in this chapter.]

EXAMPLES: Simplify each radical expression:

A. 200 = J100x2 = 100 x+/2 = 102

B. 381 =327x3 = 327x 33 = 333

C. 41250 = ¥625-2 = 4625 - 42 = 542
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D. §2250 Sometimes the radicand (the 2250) is too big to
easily see if there’s a perfect cube in it. So let’s try a
slightly different approach. We factor the 2250 into primes
to get

2250 = 2-32.5°

Clearly we can take the cube root of 53 (it’s 5), but there are
not enough of the other factors to take their cube roots. So
we can write

32250 = ¥2.32.5° = 53 -2.3% = 5318

Homework

6. Simplify each radical:

a. /288 b. 354 c. 16 d. 3250
e. 432 f. 4243 g. 4162 h. 1
i. 354 j. Y-16 k. {64 1. 3486
m. 3135 n. {162 0. 3189 p. ¥96
q. §128 r. #1250  s. 3250 t. Y432
u. /320 v. 348 w. 4648 x. ¥/2673
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Problems
7. Simplify each radical:
a. 5108 b. 4405 c. Y192 d. §/-500
e. 4-32 f. ¥-486 g. 33000 h. 4567
i. 3648 j- %320 k. 3/81 1. 3250
m. 3/-56 n. 448 0. 4-405 p. 4768
q. 2128 r. Y1215
Solutions
1. a. 10 b. +/15 c. 0 d. Not real e. 1
2. a. 4 b. -5 c. 0 d. /20 e. 1
3. a. 13 b. 0 c. Not real d. +¥25 e. +1
4. a. 1 b. 0 c. -3 d. 229 e. 2
5. a. 13 b. 15 c. 2 d. 3 e. -5
f. 5 g. 1 h. Not real 1. —2 j. 0
k. 4 1. 6 m. —4 n. 1 0. 2
p. -3 q. -1 r. Not real s. 3 t. 0
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6. a. 1242 b. 332 c. 232 d. 532 e. 22 f. 343
g. 342 h. 1 i. -33/2  j. Notreal k. 232 1. 3%2
m. 335 n. 342 o. 337 p. 233 q. 432 r. 542
s. 532 t. 632 u. 2?/1_0 V. 23’/@ w. 3i1/§ x. 3811

7. a. 334 b. 345 c. 236 d. =534 e. Notreal

f. —3%/2 g 1033 h. 347 i. 633 j. 2310
k. 333 l. 532 m. —237 n. 243 o. Not real

p. 4%@ q- 2?/1 r. 3{’/5

“An educational system isn't
worth a great deal If it teaches
young people how to make a
living— but doesn't teach them

how to make a life.”

— Unknown
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CH 11 — FRACTIONAL EXPONENTS

We know what n°® means (n -n -n -n -n), and
we might know what x~3 means

(1/x3). You should also commit to memory
that w! = w for any number w, and that

yY = 1 for any number y (that isn’t zero). But

5/3

what could something like a mean...an

exponent that’s a fraction?? Stick around and

you'll find out.

O REVIEW OF EXPONENT LAWS

Let’s begin by reviewing The Five Laws of Exponents:

xaxb — xa+b
% — xa—b

X

(xa)b = pab
(xy)® = x%y4
-5

Y y¢

Ch 11 — Fractional Exponents
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Homework

1. Simplify each expression (assumes you’ve studied
Negative Exponents):

a. x°x7 b a—lo c. (2%)° d (£J9
a® Y
e. (mn)6 £ rid g a®+a* h. g6+g6
i (x+y)? j.ooatx3 k. (c3)7° 1. (ab)~*
-8 -4 -3
m. X n. 4 0 (lj P (a—b)2
x6 at w

O THE MEANING OF A FRACTIONAL EXPONENT

Now for a new kind of exponent: fractional. For example, is there any
reasonable meaning for the expression “9 to the 1/2 power”: 9129 To
determine the meaning of this number, we can give 912 3 name; call it
R. Now check out the following:

R_gl/2
2 al/2n2 .
= R*=(09"%) (square each side, just to see what happens)
1,
2 _9g2
= R*=9 (law of exponents)
= R2 = 91 (1/2 and 2 are reciprocals)
= R’=9
= R=43 (don’t forget that there are 2 solutions)

Since R is equal to both 912 and +3, it follows that

912 = 43

Ch 11 — Fractional Exponents
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But we can’t have two answers to one question, so we’ll keep the
positive 3 and ignore the negative 3, and declare that

9l/2 = g

What are we saying here? Since we know that /9 =3, we're saying
that

g1/2 simply means the positive square root of 9.

Without any more gory details, we could prove that all fractional
exponents translate to radicals:

22 = Jx X3 = 3 x4 = 4%

Examples:
9l/2 = 3 1002 = 10 2512 = 5
641/3 = 4 81/3 =9 1251/3 =5
1614 = 9 8114 = 3 256174 = 4
Summary:

Assuming n is a natural number bigger than 1:

1/n _ n/
X — X forn=2,3,4,...

Ch 11 — Fractional Exponents
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EXAMPLE 1. Evaluate each expression with a fractional
exponent:
A 2252 = 225 = 15
B. 1253 = 3125 =5

c. 81V =481 =3

D. (32" = ¥32 = -2

E. -16Y% = —Ji6 = —4

F. (-16)'2 = J-16 = Not a real number
6. -81Y% = _481 = -3

H. (—81)1/4 = 4-81 = Not a real number

Homework
2. Explain why 2512 is a real number, but (—25)1/2 1s not.
3. Evaluate each expression:
a. 3612 b. 83 c. 161/ d. 321/%
e. 62512 £o1Y3 g 0l h. 24315
i. —251/2 j. —491/2 k. 602 1. (-16)"*

m. (643 n. (15 0. =325 p. (1)'*

4. Convert each expression to radical form:

1/3 1/4

a. x b. y c. z d. w'/®

Ch 11 — Fractional Exponents
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e. (ab)''? f. ab'’? g xy!/? h. (xy)!/3

ioy+2Y2 5 (v+2)Y? k (@-®)Y? 1L Q@+R-T)V*

5. Convert each expression to exponent form:

a. Jx b. % c. Iz d. Yn
e. a+b f. Jab g. x%/} h. $ftw

LoJx+y i. 3p—q k. Ja+n 1. §x—x

6. True/False:

a. The expression M2 is always defined.

1/3

b. The expression x'° is always defined.

O MORE FRACTIONAL EXPONENTS

The previous problems each had a numerator of 1 in the fractional
exponent. What about an expression like 27 2/3 9 What could this
mean? Let’s dissect 2723 using our laws of exponents to determine the
value of this number.

2723 (the power of 27 we're analyzing)
1,
= 273 (certainly L.2 = 2)
3 3
2
= (271/3) (law of exponents: (xa)b = xab)
3 2

= ( 27) (a 1/3 exponent indicates cube root)
= 32 (the cube root of 27 is 3)
= 9 (3 squared is 9)

Ch 11 — Fractional Exponents
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Here’s another example. Let’s calculate 16574

15 5 5
1654 = 164" = (161’4) = (416) = 2° = 32

And a third example:

I
<)

1, 2
24325 = 94357 = (243”5) = (?/243)2 = 32

Homework

7. Using the three examples above as a guide, find the value
of each fractional power:

a. 82/3 b. 43/2 c. 93/2 d. 16°/2

e. 2743 £, 2723 g 16%4 h. 327/5

O THE BOTTOM LINE FOR FRACTIONAL EXPONENTS

What’s really going on here? There must be a simpler way to view a
fractional exponent, and thus a simpler way to calculate one. If you
look at the above examples and the homework you just completed, you
may have noticed that the denominator of the fractional exponent
indicated a root, while the numerator indicated a power. For example,
723 was calculated by

first taking the cube root of 27, which is 3, and then squaring that

in the first example above, we showed that 2

result to get 9.

Thus, a problem like 16°/2 is calculated quickly as the square root of
16, raised to the fifth power, which is 4°, which is 1,024.

Ch 11 — Fractional Exponents
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In summary,

EXAMPLE:
p/q q p 85/8
X — \/ X ;
= (%)
= 25
Power = 32
A/

Root

One more example for this section: To calculate 642/ 3, think cube root
of 64, raised to the second power, which is 42, which 1s 16.

Homework

8. Using the power-root idea, find the value of each fractional

power:
a. 8*/3 b. 412 c. 9°/2 d. 1632
e. 2723 £ 2743 g. 16°/ h. 326/°
i 8%/3 j. 432 k. 93/2 1. 16%/2
m. 2743 n. 12523 0. 163/ p. 3275

Ch 11 — Fractional Exponents



98

0 NEGATIVE FRACTIONAL EXPONENTS

Since a negative exponent indicates a reciprocal, we can combine

negative exponents (assuming you’'ve studied them) with the fractional

exponents we're learning now. Recalling that x™ = Ln , we can work

the following examples. *

EXAMPLE 2: Evaluate each expression:
-1/2 _1 = L = l
A 9 N gl/2 \/g 3
-1/3 - _ 1 _ 1 _ 1
B. 27 7 Ty T 3
c g3 - 1 _ 1 _ 1 _

E. _16—8/4 — 1 — 1 —

F (-16)732 = 13/2 = 1 5 = Not a real number
167 ()
G _8)2/3 = 1 — 1 -1 _1
(-8) (_8)2/3 (%)2 (_2)2 4

Ch 11 — Fractional Exponents



Homework

9. Evaluate each expression:

a. 9732 b, 2772/3 c. 843 d. s1/3
e. 16724 £ 81714 g 81734 h. 32715
_8—4/3 J (_25)—3/2 k (_64)—2/3 1 (_32)—6/5

1.

10. Convert each expression to radical form:

a. x2/3 b. y5/4 C. 21/7
d. (a+b)?? e. (x—y)*3 £ (y)¥®
g. uw?’3 h. x+ y4/5 1. (ab+ 0)5/6

11. Convert each expression to exponent form:
a. 3t b. ¥z c. Yab
d =¥y e. (va) £ @)
g ({w) b (Yavd) i (o)

L THE LAwS OF EXPONENTS

The same five laws of exponents we’ve used with all the previous
exponents still work just fine with fractional exponents.

EXAMPLE 3: Simplify each expression:

A gt2ql/3 = GU/2+UB — B/6+2/6 _ 56

(add the exponents)

Ch 11 — Fractional Exponents
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12.

JU2YU2 = 24172 1 oy

(add the exponents)

712
(x3/4) = LBI9(1/2) - 218
(multiply the exponents)

5/6
n>> _ 5/6-2/3 _ 5/6-4/6 _ 1/6

n2/3
(subtract the exponents)
(ab)t'® = a5 pt/5

(raise each factor to the 4/5 power)

5/3
a)” _ d®?
b b33
(raise top and bottom to the 5/3 power)

1/2

w4/5 = /2-4/5 — 5/10-8/10 _  -3/10 _ 31/10
w w
(subtract the exponents) (LCD) (a negative exponent

means reciprocal)

Homework

Simplify each expression:

4/5 1/2 7
a. x/2x?/3 b. _y1/5 c. _w2/3 d. (a2/7)
y w
3/8 2/5
_j £ 45,13 . (k5/2) h. (wz2)?'?

Ch 11 — Fractional Exponents
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EXAMPLE 4: Simplify each expression:

A 12,208 - 1/2-2/3 _ 8/6-4/6 _ T/6 _ 71/6
X
nt/2 1/2— (-4/5) 1/2 + 475 5/10 + 8/10 13/10
B. =n =n =n = n
v
“1/4
c 213 _ @31y _ 16 -1
176
X
D. (xy)"2/3 :x—2/3y—2/3 -1 1 _ 1
FETERNCTE RN T TE
473 1
- vy 47
c P _g | g g gt pans
: h 473 1 473 <1 i3
h BATS 8 g
Homework

13. Simplify each expression:

-2/3
q x4/5,73/5 b. y1/3y_5/3 .. (a—1/2)
—2/5 ~1/2
d. (abC)_3/4 e. (&) f n—2/3
> -
n
-3/2
a3 . x : 72 —4/3
8 “5/2 © T 3/3 :
a X

Ch 11 — Fractional Exponents
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14.
15.
16.
17.
18.
19.
20.
21.

22.

23.

24.

25.

Review
Problems

Convert 4/x +y to exponent form.
Convert ab?’? to radical form.

Convert (a + b)5/ 2 to radical form.

Convert »\fa3 — x> to exponent form.

Evaluate: a. 9'/2 b. 64173 ¢ 81t 4q.
Evaluate: a. 823 b, 2743 ¢ 3225 4.
Evaluate: a. —-9Y2 b. (<92 c. (=83 d.
Evaluate: a. 9°/2 b, 843 c. 12574/3
1/3
Simplify: a. xH 245 b. & c.
a2/5
217 3/5
Simplify: a. [%j b. (x2/3) c.
1/3
Simplify: a. y'/2y71/2 b, = c.
n
-7/10 5/6
Simplify: a. (%j b. (p_2/3) c.

Ch 11 — Fractional Exponents
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Solutions

9
x_9 e. mbnb
Y

f. Asis g. Asis h. 2g6 i oxZ+ 2xy + yz

a. «x b. a° c. 2z d.

. 15 1 1 1
. X k. ¢ L. m. — n. —
a’p? x> a®
3
0. w—3 p. Assuming you've learned how to multiply binomials, the
u

answer 1s a2 — 2ab + b2

2512 = \J25 = 5, areal number. But (—25)1/2 = {25, not a real

number.

a. 6 b. 2 c. 2 d. 2 e. 26 f 1 g. 0 h. 3 1. =5

j. =7 k. Not real 1. Not real m. -4 n. -1 o. -2

p. Not real

a. Jx b. §/§ c. 4z d. Yw e. Jab

f. ab g. 3y  h 3y L oy+dz  j. fy+z

k. fa-b 1 4YQ+R-T

a. x'/? b. y1/4 c. 213 d. nt'® e. ab'’? f. (ab)l/2

g. xy1/4 h. (tw)ll3 1. (3c+y)1/2 . (p—q)l/3 k. (a+n)1/4 1. 0

a. False;if x = -9, for instance, then (—9)1/ 2 = V-9 which is not a real

number, which means that x"? is undefined in this class when x = —9.
1/2

In fact, x™'“ is undefined whenever x is a negative number.

b. True; since x/3 = % , and since the cube root is defined whether x

1/3

1s positive, zero, or negative, x ' ° 1s always defined.

Ch 11 — Fractional Exponents



104

10.

11.

12.

13.

— e
.

e o p

1o 2
8 c. 27 d. 1024 e. 81 f. 9 g. 8

7/5 L 15\ _ (525) 7
327/5 = 395 :(32 ) =(32) = 97 = 128

84/3 is the cube root of 8, raised to the 4th power: 24 = 16
2
9%/2 is the square root of 9, raised to the 5th power: 3% = 243
64 e. 9 f. 81 g. 32

32/ is the fifth root of 32, raised to the 6th power: 2% = 64

4 j. 8 k. 27 1. 1024 m. 81 n. 25 o0. 8 p. 128

L l 1 _L 1 L L
9 h. 2 1. 1 ]J. Not real k. 1 1.

N B R Vorr N )
(5xy)4 g. u(%)Z h. x+F ( ab+c)

(13 b, /5 .. (ab)1/4 d. xy1/3 o 32
2/3 5/4 317 3 10/2 _ 5
D g w h. (a+d)" "1 (x—y) = (x—-y)
76 b y3/5 c 11/6 d a?
w

3/8
p £ 17715 s k h, w2/3,2/3

3/8
q

1/5 1 1/3 1

X b. —— c. a d.

y4/3 34374314
2/5
z ¢ 1/6 1 5/3
. n g. h. «x
w2'? oi1/2
c
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14.

16.

17.

18.
19.
20.

21.

22.

23.

24.

25.

2
(3c+y)1/4 15. a(%)
5
(«/a+b) or «}(a+b)5
(a3_x3)1/2
a. 3 b. 4 ¢c. 3 d. 2
a. 4 b. 81
a. -3 b. Not real
1 1
a. 57 b. 16
13/10 1
a. x b. W
217
a 215
a. bz—/,? b X
a. 1 b. n?/3
7/10
w 1
a. b. ——
x7/10 p5/9

Ch 11 — Fractional Exponents
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-2

1

625

G TPl

a13/12

1

23213
P=°Q

As 1s

d. 8
d. Not real

d.

1

3
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“If you limit your choices only to
what seems possible or reasonable,
you disconnect yourself from what
you truly want, and all that is left

is @ compromise.”

- Robert Fritz

Ch 11 — Fractional Exponents
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CH 12 — ADDING AND
SUBTRACTING FRACTIONS, PART I

A prior chapter, Algebraic Fractions,
an Introduction, showed us that to
add or subtract fractions, we must
ensure that the denominators are the
same. So, even though the fractions in
this chapter are a little more challenging

than we’ve seen before, the same rules
and techniques apply.

O MORE ADDING AND SUBTRACTING

2

EXAMPLE 1: Add: 4v-21 , u
u+'" u+'1

Solution:  We are adding fractions with the same denominator
(u + 7), so all we have to do 1s add the numerators. The common
denominator becomes the denominator of the sum:

Ay — 21+ u?
u+'7

We've added the two fractions so that it’s now a single fraction,
but all fractional answers need to be reduced — we’ll rearrange
the terms in the numerator so it’s easier to factor:

u2 +4u—-21
u+'7

Ch 12 — Adding and Subtracting Fractions, Part I
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Factor the numerator and divide out the common factor:

w+NDw-3) _ \w+DHw-3) _ [, _3
u+7 11/4—/71

EXAMPLE 2: Subtract: 122x—10 - 121x—12
x“-2x—-8 x“—-2x-8

Solution: Remember that both addition and subtraction of
fractions require a common denominator. The fractions in this
example already have the same denominator, so there’s nothing
to worry about here.

The tricky part is subtracting the numerators. We must subtract
the second numerator (all of it!) from the first numerator — this is
where parentheses come to the rescue:

120210 _ _1llx-12 1,6 original problem)

x> —92x—8 x> —92x—8

(12x-10) - (11x-12)

= (one numerator minus all of the other)

x2-2x—-8
= 12x _210 —11lx+12 (remove the parentheses, carefully)
x“—2x—8
= f;z (combine like terms)
x“—2x—8
= x +3§ )"i f ) (factor the denominator)
ek
= M( 1 (divide out the common factor)
x —
1
1 .
= 4 (note that the numerator is 1)

Ch 12 — Adding and Subtracting Fractions, Part I
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EXAMPLE 3: Subtract: % - £

Solution: The denominators are different, so we can’t subtract
the fractions yet. To make the denominators the same, the
second denominator (az) needs to be built up to match the first
denominator (a6). We ask, what should we multiply a’ by to get
a%? Since a? is two factors of a, and a® is six factors of a, we
would need four more factors of a to make them match. So we’ll
multiply the second fraction, top and bottom, by al.

10 7
6 a2
. 10 _ 7xa*
a6 a2 X a4
_ 10 _7d*
a6 a6
same
denominator
_ 10-7a*
a6

EXAMPLE 4: Add: 2L3+%
Xy Yy =z

Solution:  This problem also requires a common denominator.
To make the denominators the same, we notice that the first
denominator needs four more factors of y (so that there will be
seven of them) and a factor of z; the second denominator needs an

x2 factor in it. Here’s how we do it:

2 + 7 (the original problem)

20 iz

Ch 12 — Adding and Subtracting Fractions, Part I
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22 E Zx 5 (build to an LCD)
XY ey =z y'Zex

23’42 7x

9 7 + 9 7 (simplify tops and bottoms)
x“y'z x“y'z

same denominator

Now the denominators are the same, so we add the numerators

and put that result over the common denominator:

EXAMPLE 5:

Solution:

2y4z +Tx?

x? y72

6k+4 2k+3

Subtract: 3 5

The least common denominator (LCD) is 6, so we'll

multiply the top and bottom of the first fraction by 2 and the top

and bottom

6k+4

of the second fraction by 3:

2k +3

3

2(6k+4) 3(2k+3)

B (the original problem)

(create the LCD of 6)

2(3)

12k +8  6k+9

3(2)

6

3 (simplify tops and bottoms)

Notice the Parentheses!

(12k + 8) — (6% + 9)

(combine into a single fraction)

6
= 12k+ 86— 6k—9 (distribute)
= 6k—1 (combine like terms)
6

Ch 12 — Adding and Subtracting Fractions, Part I
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Homework

Add or subtract:

o 4 d+72 b 8p+l  2p-2
d-9 d-9 p>—-6p-27 p?-6p-27
.. n’ _n-6 g 16x+63
n-=6 n-=6 x+7 x+7
e -w—-9 __ —2w-5 £ —-6a-11 —Ta+1

w? +8w—-48  w?+8w—48 a?-10a-24 a?-10a-24

Add or subtract:

8 3 3 9 2 7
a. —— -2 b. =2 4+ = c. =+
5w’ 2w? b®  5b3 k2 4kP
4 -1 __ 4 e, 2 . 5 g 1 _ 7
9w2 5w 5r2 4rt 23 626

Add or subtract:

2 3 4 2 5 5
a + b - c +
CZ 2 m2w6 a505 0602 a3b2 b5m5
2 6 o. 5 + 5 £ 6 4
b3h?  h3x?* a’c®  ctst B3t 508

Ch 12 — Adding and Subtracting Fractions, Part I
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4. Add or subtract:

2z-9 2z2-9 8+6 6b-—8
a. 3 + 5 b. 6 5
-9m -9 —-5m—9 4s5—-9 58 —3
. - d.
“ 9 7 3 "3
—Tu+9 4u—1 -2k -5 9%k +1
. - f.
® 75 6 M
1. a. d+8 b. _1 c. n-1
p-9
1 1
. + . .
d. x+9 © w+12 f a+2
2 3 3
2 4 16—156w b. 15+Zb . 8k ;7
10w 5b 4k
2 2 3
d. 5w —f6 o. 8r +425 £ 6z 57
45w 20r 6z
3 a 2uw5 +3c2 b. 4cv? - 2a° c. 56°mP +5a°
Zmuwb a®cbv? a’b®mP®
d 2hx* —6b° o 5¢2s% +5a° £ 6tv° — 4k3
. b3h3xt ' aScts® E3tPy8
26z —-117 -5b+15 —2m +2
4. a. =0 b. —3 C. —
—62u +59 26k —-21
. -4 L f. 2222
d. 3s © 30 20

Ch 12 — Adding and Subtracting Fractions, Part I
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CH 13 — ADDING AND
SUBTRACTING FRACTIONS, PART I

We continue our analysis of
algebraic fractions. Now
the fractions will have more
stuff in their numerators and
denominators, but the basic rule
still applies: To add or subtract

fractions, we must have a
common denominator.

O MORE ADDING AND SUBTRACTING

7 3
+3 x—2

EXAMPLE 1. Subtract:

Solution:  The two denominators have no factor in common.
(Yes, they both have an x, but this is a term, not a factor.) The
LCD is the product of the two denominators: (x + 3)(x — 2). So
we’ll multiply the top and bottom of the first fraction by (x — 2),
and multiply the top and bottom of the second fraction by (x + 3):

73

x+3 x_9 (the original problem)

7 [x—.?}_ 3 [x+3}
= x+3|x-2| x-2|x+3 (build up to the LCD)
= =1

Ch 13 — Adding and Subtracting Fractions, Part II
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T(x—2) . 3(x+3)
(x+3)(x—-2) (x—2)(x+3)

~

Same denominator!

(the bottoms are the same)

T(x—2)—3(x+3)

= (combine the two fractions)

(x—2)(x+3)
= I —214 —3x—9 (distribute)
x“+x—6
_ 4x — 23 b Lik
= xg x—6 (combine like terms)
EXAMPLE 2:  Add: 5 + 3

m?+5m+6 m+2

Solution:  This is a tricky one. To add these fractions, we have
to multiply tops and bottoms by factors that will result in the
LCD. But to know what factors to multiply by, we have to know
what factors are already in the denominators. So, we factor the
denominators:

5 L 3 = 5 L 3
m2+5m+6 m+2  (m+2)(m+3) m+2

Now we can easily see the factors in the denominators. To make
the denominators the same, we need to multiply the top and
bottom of the second fraction by m + 3. Then we can add the

fractions:
5 L .3 |m+3| _ 5 L 3(m+3)
(m+2)(m+3) m+2\m+3 (m+2)(m+3) (m+2)(m+3)
5+3(m+3) _ 5+3m+9 _ 3m+14
(m+2)(m+3) m?+5m+6 m? +5m+6

Ch 13 — Adding and Subtracting Fractions, Part II
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EXAMPLE 3: Subtract: —; 8 - — 7—5u
u”+3u-—-4 u” —3u-28

Solution:  First factor all the denominators:

8 _ 7-5u
(-1 (u+4) (u+4)(u-"7)

Now build up the fractions so that the LCD is created:

_ 8 [u—q __ 7-5u [u—l}
w-Dw+4)|u-"17 wu+dHw-7u-1
8(u—"17) _ (T-5w)(u-1) Notice that the
w-Du+4)w-7 (w-4)(u-7(—-1) denominators
8uw-7) — (T-5u)u—1) are the same.

= (subtract the numerators)

(u-D)(u+4)(u-"7)

Notice the parentheses.
_ 8u-56-(Tu-T7-5u +5u)4ft bute)
w-Dw+4)u-17) srbue

8u—56 — (—bu’ +12u—7) o
= (combine like terms)

(- (u+4)(u-"7)

Su—56+5u”-12u+7
(- (u+4)(u-"7

(distribute the minus sign)

= pu’ —4u—49 (combine like terms)
(u-DWw+4)(u-"7)

You may wonder why we left the denominator in factored form.
It’s just a matter of opinion, but many teachers figure that the
problem’s hard enough without multiplying out those three
binomials.

Ch 13 — Adding and Subtracting Fractions, Part II
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Homework

1. Perform the indicated operation:

6 —4
. b. —
& d+1 " 6d+5 Bh—2  4h-1
6 . 3 i .3 _ -6
q+1 5q+4 2t +5 2t +1
2. Perform the indicated operation:
3 1 -3 3
a. + b. —
z-3  224192z+32 uiu-72 u+9
-2 2 d. 4 -5

+
h+7 h? +11h +28

C. —
w? -19w+90 w-10

3. Perform the indicated operation:

7 3b-1 -6 —ba+3
a. — + — b. 5 5
b +5b-6 b —4b-60 a“ —-16 a“ —-ba+4
-1 _ 6s—"7 d. 9 + 20+1

C.
v2-9 12 +130+30

s2_-5-42 s%_4s5-21

Ch 13 — Adding and Subtracting Fractions, Part II
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32d + 26

—49h +16

or
(d+1)(6d +5) 6d” +11d +5

—27q-21
(g +1)(5q +4)

322 +372+93
(z+4)(z+8)(z-3)

—2w+16
(w-10)(w-9)

362 +3b-69

(5h —2)(4h 1)

18/ +33

2t +5)(2t +1)

—3u+21

(u+9)(u-8)

4h+11

(b-1)(b+6)(b—-10)

—6s” —30s + 39
(s+6)(s—T7)(s+3)

(h+T)(h+4)

5a% +11a—6

(a+4)(a—4)(a-1)

202 +4v+87

-3)(v+3)(v+10)

Ch 13 — Adding and Subtracting Fractions, Part II
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“The illiterate of the
21st century will not
be those who cannot
read and write, but
those who cannot
learn, unlearn, and
relearn.”

— Alvin Toffler

Ch 13 — Adding and Subtracting Fractions, Part II
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CH 14 — MULTIPLYING AND
DIVIDING FRACTIONS

EXAMPLE . @k o’k
ub? u2b

475 314
= ¢ gk 2a 2k (multiply tops and multiply bottoms)
u“b“u“b

4 31514
= aa"kk” (rearrange the factors, top and bottom)
2212
u“u"b°b

_ a'k?

(simplify by adding exponents)
utp?

4.6 4
EXAMPLE 2: ku’ ws”

ws®  kSu
4.6 4
= kuz—ws (multiply tops and multiply bottoms)
ws?kSu
2.5
SU .
= 12 (reduce the fraction)

Alternate solution, with factoring and cross-canceling:

kb ws?
ws®  kbu

E*ulu ) ws’s®

ws® kR

Ch 14 — Multiplying and Dividing Fractions
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- u’s?
k2
x2 4
EXAMPLE3: X+ Y
< X z
2 6.5
= % X i (multiply by the reciprocal)
< Yy
8.3
= X g (cross-cancel z’s and y’s)
Yy
2
EXAMPLE 4:  Multiply: % -9 . x+2
x“-6x+9 x"+5x+6
Solution:
x?-9 x+2 -
5 C (the given problem)
x“—-6x+9 x“+5x+6
_ (x+3)(x-3) x+2

(x-3)(x-3) (x+2)(x+3) (factor everything)

_ @R (x-=3)  x%2
(x-3)(x=3)  (x+2)(F+3)

(cancel)

= (x — 3 1s on the bottom)

Ch 14 — Multiplying and Dividing Fractions



EXAMPLE 5:

Solution:

a.

a.
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Divide: —X+10 . _ x—12
x> +6x—17 x®—13x+12
2x +10 + — x—12 (the given problem)
x“+6x—-17 x“ —=13x+12

x+10  x®-13x+12

x% +6x -7 x—12
x+10 . (x-D(x-12)
(x+7(x-1) x—12

x+410  (=D(E=12)

(invert and multiply)

(factor everything)

= 1
(x +7)(x=T) =12 {Eancel
= x+10
x+7
Homework
1. Multiply or divide:
x2k . 44,0 b 7648 . rtat c w?r? . Ex®
tut k3 u vu® ESx w?r?
r°z°  b%n o utw . uw® £ ku® o%u®
b2nt 624 v2m? vom 0w kAP
2. Multiply or divide:
c—2 ¢ +4c b m ) m? —m—42
c2 c+4 ) m2 —-92m—35 m+6
c-2 . c-3 d v N v+10
c2 c2 —4c v2 +4v-21 v2 —2v0-63
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q+6 . ¢ | ¥ -20-3
> +6q q°+6q v —v-6 v+1

3. Multiply or divide:

a m-—6 N m+5
m2-21m+108 m?—4m—-45
b. c+7 .c2—60—40
c? —18¢ +80 c+4
. z-1 2242224
2% _15z+44 z+6
d. z+4 N z—4
22+82+7 22—32—4
e. m+8 . m+3
m?+22m+120 m2 +18m+80
£ u—38 . u—10

W2 —6u-7 u?-9u-10
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t"u

zb*
rn

Solutions

(@)
+
N

o
|
oo

m2 +16m + 64

m? +15m + 36

123

w4r10

c2-6c+8

2 —3c

v—1

v+2
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“Education is the power to think clearly,
the power to act well in the world’s work,

and the power to appreciate life.”

— Brigham Young

Ch 14 — Multiplying and Dividing Fractions
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CH 15 — FRACTIONAL EQUATIONS

Afractional equation is an equation with one or
more fractions in it. Since any fraction is really
a division problem, it seems reasonable that we
could solve such an equation by multiplying each
side of the equation by something. What should
that something be? The LCD (Least Common
Denominator) of all the denominators in the
equation works perfectly.

O SoLVING FRACTIONAL EQUATIONS

EXAMPLE 1 Solve forz: 2+6 _ z+4 _ 2
4 6 3
Solution:
First step: Determine the LCD; it’s 12. Reason: All three

denominators, the 4, the 6, and the 3, divide
into 12, AND 12 is the smallest number that
does this.

Second step: Multiply each side of the equation by the LCD.
[If this is done correctly, all denominators will be

eradicated.]

Third step: Distribute, cross-cancel, and solve the equation.

Ch 15 — Fractional Equations
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Multiply each side of the equation by 12, the LCD:
2+6 _z+4) _ 2
12( 6z j 12@
Distribute (and write 12 as % if you'd like):
12(z+6) _ 12(z+4) - 12(2
1\ 4 1\ 6 113
Cross-cancel, thus removing all fractions from the equation:

)R

3(z+6) - 2z +4) = 4(2)

Now solve for z in the usual way:
3z+18-2z-8 = 8
z+10 = 8

z=-2

CHECK: Let z = -2 in the original equation. Do NOT do any
algebra; just do simple arithmetic on each side:

z+6  z+4 2
4 6 3
-2+6  -2+4

4 6
4_2
4 6

_1
1 3
2 v
3
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Homework

1. Solve and check each equation:

m. . m _ 6 b b _1
574 5 b 976" 3
n_n _ r_r_1
C. 379 1 d. 573 3
2. Solve and check each equation:
m-4 , m+6 _ b-4 b+6 _
a. 6 + e 2 b. 5 4 3
c+3 c+5 _ 1 k+4 k-4 _
¢ T3 T2 T3 d = 5 -~ !

EXAMPLE 2: Solve for x: %+% = w

Solution: The LCD is xz (remember, the w can be written % ).
Therefore, we shall multiply each side of the equation by xz:

2 + Y = w (the original equation)

X <
= Xz (% + %) = xz(w) (multiply each side by xz, the LCD)
= x < (%j +X X (%J = X2(w) (distribute and cross-cancel)
= 2z+xy = wxz (simplify)
= Xxy-wxz = -2z («’s to the left; the rest to the right)
= x(y-wz) = -2z (factor out the x, the GCF)
= x = _—2z (divide each side by y — wz)

y—wz
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Homework
. a_Xx — .Y, c - u
3. Solve for x: b a c 4, Solve for y: ; + g ”
5. Solve for n: £ +%¥ = b 6. Solveforz: &-% =
h n X zZ n
7. Solve for c: b +2 = 8. Solveforn: ¥+ = (g
m c w n t
EXAMPLE 3: Solve ford: 7--9%_ = _1

d-2 d-2

Solution: The LCD is d — 2, so this is what we’ll multiply each
side of the equation by:

ety =)

= (d-2)(T) - (d~2) ( d/géj = (M)( 1 j(distribute)

1 \d=2
= 7d-2)-6 =1 (cross-cancel)
= 7Td-14-6 =1 (distribute)
= 7d-20 =1 (simplify)
= 17d = 21 (add 20)
= d=3 (divide by 7)
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7 _
’7 _
7 _
7 _
1
EXAMPLE 4.
Solution:
u2:

129

Put 3 in for d in the original equation:

_6_ 1
-2 d-2
_6 1
-2 3-2

L

1

1

v

The sides balance, so d = 3 is the solution.

U

O R Y

Solve for u: == 420 =
u 2

The LCD is u?. Multiply each side of the equation by

2

uZ(l_mﬁj = 120)
u y

() - u? (%) +u? (@] = 42(0) (distribute)

2
u? - 16u+28 = 0 (cross-cancel)
w-14)w-2) =0 (factor)
u—14 = 0or u—-2 =20 (set each factor to 0)

u =14 or u = 2

You should check these two potential solutions to ensure that
both work in the original equation.
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EXAMPLE 5: Solve form: —™M_ + 8 = _—9

m+9 m+9

Solution:  We begin as usual by multiplying each side of the
equation by the LCD; in this problem, it’s m + 9:

[m+9](m"}_9+8j - [m+9](m_—39)

=  [m+9]- 2 +[m+9]8:[m+9]m_—39

m+9
m _ -9
+m+9|8 = —

> [mr] g+ [meole = [mas] 25
= m+8m+72 = -9
= I9m+72 = -9
= 9m = -81
= m=-9

(distribute)

(cross-cancel)
(combine like terms)
(subtract 72)

(divide by 9)

Now for the check; put -9 in for m in the original equation:

m -9
m+9+8 m+9
-9 -9
_9+9+8 -9+9
-9 -9
ot 0

Hold it right there!! We have zero on the bottom of both
fractions. Continuing with this calculation is meaningless, since
we have two undefined fractions. We've reached the end of our
check. Does this mean we made a mistake in solving the
equation? Absolutely not! We did everything according to the
rules, so the equation must be inherently flawed. Thus, our only
candidate for a solution, -9, has failed to be a solution. We have
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no choice but to admit that no number will make the original
equation true. Our conclusion:

(Some teachers would write
this as the null set: &)

No solution

EXAMPLE 6: Solve for x: 5 _ 3 -4
x+1 x+3

Solution:  Multiply each side of the equation by the LCD:
(x + 1)(x + 3). Then distribute, cross-cancel, and solve the
resulting quadratic equation by factoring.

Multiply each side of the equation by the LCD, (x + 1)(x + 3):

(x+1)(x +3)(ﬁ -x—ig) = (x+1)(x +3)(4)

Distribute the LCD, and then cross-cancel:

(x+T)(x +3) (ﬁj —(x+1)(@+3) (ﬁj = (x+1)(x +3)(4)

5x+3)—3(x+1) = 4(x+ 1)(x + 3)
Distribute on the left and double distribute on the right:
5x+15—3x—3 = 4(x* + 4x + 3)
Combine like terms on the left, and distribute on the right:
2x+12 = 4x* + 16x + 12
Since we have a quadratic equation, bring all terms to one side:
0 = 4x” + 14x
Turn the equation around and factor:
2¢2x+T7) = 0
Set each factor to 0:
2¢ =0 or 2x+7 =0

Ch 15 — Fractional Equations



132

Solve each linear equation:

DO~

x=0o0or x = -

CHECK: I'm tired; you check both solutions.

EXAMPLE 7: Solve for y: z; = y+7

Solution:  Multiply each side of the equation by the LCD:

<y+1><y—8)(4;—:‘fj = (y+1)<y—8>[§fgj

Cross-cancel the common factors on each side of the equation:

M(y‘S)(ﬁj = (MDNB\J@]

And simplify: Notice that this equation
/ can be found directly
-8 -2) = 0+DHO+7

from the original

Double distribute on each side of the equation: ~ €duation by “cross-

multiplying.”
y2—10y+16 = y2 +8y +7
Subtract y2 from each side of the equation:
-10y+16 = 8y + 17
Finally, solve for y in the standard way:
_18y+16 =7 = -18y = -9 = y:_—_%:%

DO|—

y:
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.oy-2 y+7
CHECK: 27 | 374
1 1
5 2 9 +7
1 1
9 +1 9 8
3 15
_2 _2
3 15
2 2
o o v
Homework

Solve and check each equation:

& x4—xS+1 - x?S b. ﬁjL% - %

¢ 1—%—% =0 d. g+24 = -10

e Hr-70s=2 f. ;2 —pog =3
¢ ST B

. %_Z_O =1 ! g_fl B gSfl_
kéll_aJr%:% ! m%—8 ma—6:1
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O ELECTRONICS

The electrical circuit shows a voltage

source along with two resistors wired in
parallel. The TOTAL resistance,R,,,in -

R1 R2

—"
the circuit 1s related to the resistors R1 -
and R, by the formula
1 _ 1 n 1
R,ORR,
EXAMPLE 8: A parallel circuit contains two

resistors, one with a resistance
of 82 and the other with a
resistance of 5Q. Find R, the
total resistance in the circuit.

Solution:  Using the formula we can write

1 _1.,1
— = =4 =
R, 875

Resistance can be
measured in a unit
called the ohm,
(named after Georg
Ohm) and abbreviated
using the Greek capital
letter omega, Q.

The LCD is 40R,,, the product of the three denominators.

Multiplying both sides of the equation by the LCD gives

1 1 1

= 40 = 5R, +8R,

= 40 = 13R,
_40
= Rp=13

= | R, ~ 3.08Q
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Alternate Solution:

1 1.1
— = =4 =
RT 8 5
1 _ 13 :
= RT = 10 (add the fractions)
- R,=4%0 (take the reciprocal of each side of
T = 13 ake the reciprocal of each side o
the equation, giving the same answer)
EXAMPLE 9: Solve the total resistance formula for R, .

Solution:  We start, of course, with the given formula:

1 1 1

—_— = = 4=

R, " KR,

The LCD is the product of all three denominators, which is
R,R R,, so we multiply each side of the formula by the LCD,

which clears out the fractions:

3] - [rrm] ) (]

2

Now simplify by cross-canceling:

RR, = RR,+ R R,

= Rle — RTRI = RTR2 (bring all R 's to the left side)
= R(R,-R;) = R;R, (factor out our unkown R, )
RZRT

(divide each side by R2 - RT)

" R,-Ry
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14.

15.

16.

17.

18.

Homework

10. A parallel circuit contains two resistors, one with a resistance of
5Q and the other with a resistance of 0.2Q. Find R, the total
resistance in the circuit.

11. The total resistance in a parallel circuit containing two resistors
1s 8Q). If one of the resistors has a resistance of 10Q, find the
resistance of the other resistor.

12. Solve the total resistance formula for RT )

13. Solve the total resistance formula for sz'

Review
Problems
.ox—2  2x-1 _ 4
Solve for x: 5 6 15
Solve forx: 4—-%2 = @
y x b
Solve for a: 1—&+@ =0
a g2
._X 3 - _3
Solve for x: x—3+ 5 poe
. _2 3 -3
Solve for x: P ] 5
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12.

14.

16.

a. m = g b. b=1 c. n=-6
a. m=4 b. b=-106 ¢ c=—%
x = abc—a® _ a®—abc 4. y = dtu —ctw
-b b dw
_ —hxw _ hxw _ _an
T cx—bh bh —cx 6. = mn+Xx
— _—mwz _ _mwz — _tu
= bw-mn mn —bw 8. n dt —m
a x=% b. n=3 c. a=16,-4
d g=-4,-6 e. t=0,-5 f. b=3,-5
g x=—27 h. ¢g=-1,7 1. x=5,-14
j.  No solution k. a= :1))—3 . m=-4,-7
R, ~ 0.192Q 11. 400
R R
R, = o 13. R, folty
R+ E, R R
__15 = _byz
X 4 15. x ab—ay
a=10, 15 17. No solution 18. x=5,%
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“We cannot hold a torch
to light another's path

without brightening our own.”

— Ben Sweetland
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CH 16 — RATIOS AND
PROPORTIONS

There are two major ways to compare two things. If
Joseph is 40 years old and Ellie is 10 years old, we
can say either:

1) Joseph is 30 years older than Ellie, or
2) Josephis 4 times as old as Ellie.

The first way is found by
subtacting: 40— 10 = 30.

The second way is found by
40 _ 4
10

It’s this second way, using

dividing:

division, that is very powerful in

explaining many of the numerical relationships we
see in the world. When we compare two things by
division, we’re creating a ratio.
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O PROPORTIONS

Since a ratio is calculated by division, a ratio is basically a fraction. A
proportion, however, is a statement that two ratios are equal. An

example of a proportion is

16 _ 8 Each fraction is a ratio.

12 6

These ratios are equal because both fractions could be reduced to é, or
if you prefer, they both equal 1.333....

O SOLVING SIMPLE PROPORTIONS

Example 1:  Solve the proportion; that is, solve for x:

D - X
13 1287

We can use basic algebra to isolate the x by multiplying each side of
the equation by 1287. It might be useful to write 1287 as a fraction
with denominator 1:
5[1287] = «x |1287
131 1 1287

1

This simplifies to

6435 _

13 x,orx = 495

Example 2:  To solve the proportion
18 _ 30

n 17

we notice that the variable n is on the bottom of the first ratio — we
have to get it to the top so that we can solve for it. So first we’ll
multiply each side of the equation by n:
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18 - 30

n n] = 17 7]
As before, we’ll write each of the n’s that we've put into the problem
as a fraction with denominator 1. Thus, we can write

4] - 8[7]

which simplifies to

_ 30n
18 17

Now multiply each side of the equation by 17 (or % if you’d prefer):

18[17] = 3% [19],

which (after flipping around the equal sign) leads to the equation
30n = 306

Now divide each side by 30:
30n _ 306

30 30

and we have our solution: n = 10.2

Homework

1. Which of the following statements are true proportions?
[Try reducing fractions or converting fractions to decimals.]

60 — 1 37 _ 10 4_5
720 ~ 2 b- 71 = 30 “ 57 6
1_2 336 _ 68 14 _ 7
d. 7 =13 © 84 T 17 L% =2
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Solve each proportion (leave answers rounded to 2 digits):

779 b % T 20 “ 7275
100 _ 2.3 e - 1 14 _ 14
d 91~ % “ 937 11 £ 7

d%Z%S e.%:% f%:%
g %_ 7 h.%Z—% 1 %:% [2 answers]
m.%:% n'%:g:—gi 0. %=%[2answers]
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O SOoLVING MORE PROPORTIONS

I'm now going to show you a “shortcut” to solving proportions. Take the

proportion:
a_c
b d
Multiply both sides of the equation by the LCD, In short, we can take
which 1s bd: the proportion
a _C a_c
lbd]=7bd] =g

“cross-multiply,” and
end up with the

Now a little canceling,

a _c _ _
E[‘B ] T d [bd] equivalent equation
which simplifies to ad = bc
ad =bc
Example 3: Solve for x: 3x5— 9 - 2x4+ 7

This proportion looks more complicated than the previous ones,
but you know what? We can use our new “cross-canceling”
shortcut to solve it. Let’s begin by writing the original problem:

Sx—9 - 20+7 (the original equation)
5 4
4(3x—9) = 5(2x +7) (cross-multiplying)
12x — 36 = 10x + 35 (distributing)
2x— 36 = 35 (subtract 10x from each side)
2% = 71 (add 36 to each side)
x = % (divide each side by 2)
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Homework
4. Solve each proportion (leave your answer in fractional
form):

x—-1 _ 2x+3 n _5-n
75 4 b3 = o
. B3a+9 _ 2a 4 .3 - 5
10 3 " m-2 m+12
. 2 _ -6 e T~ -1
“u-7 9-u © -3y+7 2-3y

w+d - 7 20-1 _ 2-a
& w-3 8 h 75 5
.2 de-1 . 5 _ 3
T3 4c+l okl T 2-3x

2y +1 x+3 - x+1
k 3y—4 8 L x—-5 x-1
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a, b, and e are true

a. x=1.56
e. ¢=2.09
a. a=1.17
e. u=>5.65
1. a=19
m. z=22.14
19
a. x= 5
d. m=23
g. w=-61
- .13
j. X = 9

b.

f.

b.

f.

j.

n.

Ch 16 — Ratios and Proportions

Solutions
a =280 b=1.39 d.
y =37
b =322 n=96 d
k=0.2 x=-35 h
x=0.43 y=2.94 1
a=0.1 X =26
15 27
b. n 13 c. a 1
15 _1
e u=- f.y 3
_11 _5
h a—13 1. C 4
_3 __1
k. y=5 l. x 3

u=0.21

z=1.73
n=-21.25

w=0.71
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“Only the curious will learn and
only the resolute will overcome
the obstacles to learning. The
qguest guotient has always
excited me more than the
intelligence quotient.”

Edmund Wilson
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CH 17 — MORE OPERATIONS ON
RADICALS

he chapter on fractional exponents showed
us that x to the power 1/n is equal to the
nth root of x:

1
xn = %
This way of expressing radicals using exponents

allows us to prove a pair of rules we previously took
for granted.

O PROVING THE THEOREMS ABOUT RADICALS

THEOREM. Assume that x and y represent non-negative
numbers. Then

ey = N Ay

The root of a product
is the product of the roots.

Proof: Our technique will be to convert the left side of the
formula to exponent form, use a law of exponents, and then
convert back to radical form to arrive at the right side of the
formula.
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oy

= (xy)l/n (definition of fractional exponent)
= xlln ylln (law of exponents)
= x % (definition of fractional exponent)
THEOREM. If x represents a non-negative number (that is, if
x 2 0), then
n..n
X =X

The nth root cancels
the nth power.

Proof: = Our method of proof is similar to the previous theorem.

A
a = @) = X" = xl =«

O ADDING AND SUBTRACTING RADICALS

We have a simple radical multiplication rule which states that

JaJb = Jab. How about a rule like \Ja +/b = Ja+b ? Seems

reasonable; let’s perform an experiment. Let a =16 and b = 9.
Left side: Ja+b = J16+9 = 4+3 = 7
Right side: Ja+b = J16+9 = 25 = 5 ®

We got two different results; we thus conclude that Ja +b # Ja+b.
[Of course, if a = 0 or b = 0, then 1t does work; but if it doesn’t always
work, it’s not a rule. It’s considered a false statement.]
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So maybe we can’t add /7 and /11 together, but we can add 2./7 and
37 together. This is simply the combining of like terms. After all, we
may not be very comfortable with a number like /7, but certainly 2 of
them plus 3 more of them should total 5 of them: 2.7 +37 = 57.

Alternatively, we can apply the distributive property to the sum
27 + 37 by factoring out the GCF: /7(2+3), again giving 57 .

Thus, to add (or subtract) radicals, we can use either the concept of like
terms or the idea of factoring.

EXAMPLE 1 Simplify each radical expression:

A, 3J11+511 = 811

They’re like terms, so we can add them up, just like
3x + 5x = 8x.
Or, factor out the GCF: \/1_1(3 + 5) = 811

B. 18310-20310 = -2 310

C. J3 +/6 cannot be worked out. They’re unlike terms, and
no amount of simplification will turn them into like terms.

D. 3420 +10+/45 It might appear that these terms cannot be
combined, but don’t jump to conclusions — a little
simplification first will actually yield an answer:

3420 +10./45
= 3J4-5+10/9-5
= 3.-25+10-35
= 65 +30./5 [Like Terms!]

= 365
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1.

E.

J7 +3[7 can’t be simplified. Even though the radicands
(the 7’s) are the same, the roots are different, and therefore
they are unlike terms and cannot be added together.

Homework

Simplify each radical expression:

a. 2Jx +10x b. 3J7-2.2 c. 103n+33n
d. 6x —23x e. 98+10.50 f. 324 +381
¢. 380 —5.45 h. 108189 + /56 i 322 19322
i J12+2{75 k. 220 +2./45 1. 24275 -3.99

O MULTIPLYING RADICALS

Using the formula %x -7y = n/xy, we can multiply “like roots.”

EXAMPLE 2: Simplify each radical expression:

A.

B.

D.

B = 9
GiF = 3 = 1
U7 < 45 - Y51

VBE = 6 = 4
Alternate Method: /2./8 = ﬁ(%ﬁ) = Z(ﬁ)z =22 =4

JTA\E = 38 = VA7 = VA7 = 27
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EXAMPLE 3: Simplify each radical expression:

A. ﬁ(1+\/§) = J2+242 = J2+2
B. JB(\I0-+/6) = V61066 = 60 -6 = 2156

C. (ﬁ+1)(ﬁ—5) = JB33-53+1J3-5
=3-4J3-5=-2-43

D. (1+ﬁ)2 = (1+\/7)(1+ﬁ) = 1+J7T+J7+7 = 8+27
E. (3+410)(3-+10) = 9310 +310 - 1010

=9-10 = -1

Homework

2. Find the product:

a. 146 b. ¥3x¥9 c. 2417
d. V171171 e. 1442 f. {10325
¢ Y248 NN = i Y2

3.  Find the product:
a. Jr(1+n) b (x+3)e-yp) o (2+43)
d. (Jp-a) . (WT-2JV7+2) £ (x—va)
g (Va+ve)(Va-ve) h. 2(B+d) NN
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O DIvIDING RADICALS

Just as the square root of a product is the product of the square roots

(Jab = Ja/b), the square root of a quotient is the quotient of the
square roots.

THEOREM. Assume a and b are positive real numbers. Then

@ _a
b~ b

1/2
= (%j (convert radical to fractional exponent)
al/ 2
= —bl /9 (a law of exponents)
Ja .
= ﬁ (convert back to radical form)

Before we get to the heart of dividing radicals, let’s recall the little
formula (’3/;)]1 = x. Check out the following examples:

3

(Vu) = (¥w)” = w (4 xy)4 = xy
Jee = (Vo) = ¢ JITxIT = (JI7) =17

Now consider the number . Tt’s just a fraction, and a calculator

J2
gives an approximate value of 0.707106781. But now consider the

scenario where you have no calculator, but you need a decimal version
of the fraction. Even if you could look up the positive square root of 2
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somehow — and find that it’s about 1.414213562 — you’d still be stuck
with the following long division problem:

1.414213562 | 1.000000000

This i1s a killer long division problem — it would take a really long time
to get just a few digits of the answer.

But now watch this trick: I'm going to take the fraction 1 and

Ne)
N

multiply it by the fraction ﬁ (which, of course, equals 1). Here we go:
1o 1 (V22 V2 2
ETE G T RET

=1

We've shown that 1= ﬁ [Double-check with your calculator.]

J2 2
What'’s the purpose of all this? Consider the long division problem

2

created by the second fraction, 5

211.414213562

This is much simpler to carry out than the previous long division
problem, and yet it yields the same answer. This is the historical
reason why students, especially in the sciences, would convert 1 into

N

g. It made calculations much, much simpler.

Are you going to perform this kind of . _
Ill let you in on a little secret:

If you take Calculus, there will
be problems where you will

maneuver — removing radicals from the
denominator of a fraction — in your Algebra

course? Yes, and for two reasons. One is want to leave radicals in the
historical; it’s been done like this for denominator. Indeed, you
centuries. As Tevya from Fiddler on the will actually remove radicals
Roof might say, “We do it because it’s our from the numerator.

tradition!” A second reason: It’s a lot easier
when we look up answers in the “back of the book” if we can all agree
on what form to leave our answers in.
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We thus have a basic agreement in math: Do not leave

radicals in the denominator of a fraction. Converting a

fraction with a radical in the denominator into an equivalent

Some trig
books will
leave answers

. . . . . . ||ke i SO be
fraction without a radical in the denominator is called \/5 ’
rationalizing the denominator. prepared.

EXAMPLE 4:

Rationalize the denominator, which is a monomial:

x
=1

Rationalize the denominator, which is a binomial:

L2
5-410

For this example, the trick is in figuring out what, exactly, we

should multiply the top and the bottom of the fraction by.

2 2 {5+@} _ 52420 _ 524205

5-J10 5-410|5+10|  25-10
=1
Notes: Many students try multiplying top and

bottom by /10, figuring that it would remove the
J10. Try it and you’ll see this procedure fail.

Other students think they’re more clever and
multiply top and bottom by 5—+10. Go for it; you'll
still have radicals in the bottom.

The quantity 5+ /10, which does eradicate the
radical from the bottom, is called the conjugate of

5-4/10.
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Homework

4. Simplify so that there are no radicals in the denominator:

a. 2 b. ﬁ c 3 d. \/;+\/§
V8 Jx 5+/2 Jx =y

1 6 8 Jx

e. = £ o g = h. Y&

B 9 2 NG

i _5 LoleV2 T X

1++5 1-42 32 nx
LT Loatb g b 7+4/103
1447 " a-+b N - 7+4/103

5. Two of the following are valid, while two of them are bogus.
Which are which?

a. Jaib = Ja+b b. Ja—b = Ja b

. \ab = Jab @ f2 -2
Review
Problems

a. Find the two fourth roots of 256.
b. Find all the cube roots of —1000.

c. Find all the square roots of —121.
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10.

11.

Simplify each expression:

Sl

d. J7-5

£ J28+J175 g (Jﬁ+7)2 h. (3—42)2

a. J7\5 b. J7+5 c.
e. 2+§/§
Simplify so that there are no radicals in the denominator:
a1 b, Ya-vb
J35-5 Ja ++/b

Simplify each expression:

a. 188 b. JT-7 ¢. L
o 3 ¢ Ja+b o 3
- J28+5 " Ja-b - 25
Let r, = 3+411 and r, = 3_\/ﬁ.
4 4

P]fovear+r:§ b, rxr = -1

1T g 9 17 3
True/False:
a. 36 has two square roots.
b. 49 = 7

c. Ifx<0, then /x is not a real number.
d. 64 has exactly one cube root.

e. —320 is a real number.

f. Ja+b = Ja+b Assumea, b>0

g. Jab = Ja /b Assume a, b>0

h. 318 = 3{2

i. J20+5 =5

. N20+5 =35

C. —
J9+3

“The wisest mind,
has SOWW
yet to learn.”

George Santayana (1863 - 1952)
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O To oo AND BEYOND

A. Show that \/gzﬁ = “2—;J§.

Note: A calculator gives good evidence, but it’s not a proof.

2
r / 2 r? _ 2
B. ShOW that Zﬁ r 2 r

1. a.
f.
k.

2. a.

3. a

(ﬁ+%) = a+b+2Jab
fos

1 _An-1
ﬁ+1  n-

Solutions

12Jx  b. Asis c.

533 g. =35 h. 3237 i 33z°
106 1 11

J84 = 2421 b. 327 =3

171 e. 28 = 27

il/ﬁ =2 h. xXyz

Jn+n b. x%-x y+x\f§—y=x2—y

4+43+3 = T+43

133n  d. Asis

157

e. 682

o
R
S

mr)
($Y]
iy
DO
at
[l
ot

=
w
=
I
(\)

b ([-a(F-d) = p-2a5 s

7T-4=23 f. x?-2xJn+n

a—c¢
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2 (VB _ 28 _ 42 _ 2

4, a ﬁﬁ} 3 =8 — 9 b x\/;
. 3 |5-+2|_15-3J2 _15-32 g TrZJywy+y
© 542|542 25— 2 23 ' xX—=Y

e. N3 f. 2 g. 42 h. @

5 |1-\5|_5-56 _5-5/6 _ 5- 5f _5J5-5
1+\EL—\E}_ 1-5 = 4 [—1}_ 4

The last step is optional. It was done just to remove the

negative sign from the bottom of the fraction.

—_—— V272 _ 12 Jx

.o —3-22 3f{f_32 5 L

m, TT-7 n @ r2afb+b o, @l b
6 a?-b bc

5. c.and d. are valid — a. and b. are bogus.

6. a. t4 b. -10 c. None

7. a. 35 b. Asis C. g d. Asis

e. Asis f. 7J7 h+14Jh +49 h. 9-6t +t
8. a 2V36+10 9:2&@@1@ 5
.oa. 5 . Wb .
9. a 12 b. 0 c. */77” d. 32

2
e. 2J7-5 f. a+2le§2+b g. -1
a_

10. Do the arithmetic and it should work out.

11. a. T b. F c. F d T e. T f. F g T h. F
1. F j. T k.T 1L F m. T n F
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CH 18 — SQUARE-ROOT
EQUATIONS

A- n equation such as Jx —4 —5 = 0, with the

variable inside the square-root sign, is called a

square-root equation (or, in general, a radical X

equation). Just as subtraction in an equation is
removed by addition, a square root is removed by
squaring.

Here are the major steps to solve a general radical
equation:

1. Isolate the radical (if necessary).

2. Raise each side of the equation to an appropriate power
(squaring in this chapter).

3. Solve the resulting equation for potential solutions.

4. Check every potential solution in the original equation.

O EXAMPLES The key to solving a

square-root equation is

EXAMPLE 1. Solve forz: z =17 the fact that, assuming
x=0,
Solution:  The radical is already isolated, so (&)2 = x

on to step 2. Since the radical is a square
root, we will square each side of the equation:

\jg =7 (the original equation)
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2
= (\/;) = 72 (square each side of the equation)

= (squaring undoes square rooting)

Put 49 back into the original equation, and
you’ll see that we have a valid solution.

EXAMPLE 2: Solve for x: x-4-5 =0

Solution:  Our plan is to isolate and square.
Start with the original equation: x—4-5=20
First, isolate the radical: x—4 =5

Second, to remove the square root sign,

2
square each side of the equation: ( X — 4) = 57
Simplify each side of the equation: x—4 =25
Now solve for x: x =29

Now it’s time to check our solution. Let’s put our candidate, 29,
into the original equation and perform the arithmetic separately
on each side of the equation:

J29-4-5 0
J25-5

5-5

0 v

So 29 checks out; therefore, the solution is | x 29
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EXAMPLE 3: Solve for a: «/a2 +15+10 = 2

Solution:  We isolate the radical, square each side, solve for a,
and then CHECK the solutions.

Ja® +15 +10 = 2
= x/a2+15 = -8
2
- («/a2+15) = (-8’

-~ a?’+15 = 64

= a?-49 =0

= (a@+TNa@-7 =0

= a+7=0or a-7=0

= a =

-7 ora=1717

(the original equation)
(isolate the radical)

(square each side

(simplify each side)
(subtract 64 from each side)
(factor)

(set each factor to 0)

(solve for a)

These are two possible solutions, 7 and —7. Let’s check out the 7:

J72 +15+10
J49+16 +10

J64 +10

8+ 10
18

2

X

The two sides of the equation do not balance; therefore, 7 is not a
solution of the radical equation. Using —7 for a will result in the

same calculations, indicating that —7 is also not a solution. So,

what do we have here? We solved an equation and got two potential
solutions, 7 and -7, but neither of them panned out (they are called

extraneous solutions). That’s it — it’s over — nothing works.

No Solution
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EXAMPLE 4. Solve for x: 11-x+5 = x

Solution: To isolate the radical, we need to subtract 5 from
each side of the equation:

J1l-x = x-5

Since we now have a square root to undo, we will square each
side of the equation:

2
(«/11 — x) = (x - 5)2 Notice the parentheses around the x — 5.

Now we simplify each side of the equation:

11-x = x> - 10x+ 25 Careful when squaring x — 5.

Recognizing this equation as quadratic, we’ll put it into standard
form by adding x to each side and subtracting 11 from each side:

0= x2—9x+14 You’re welcome to switch
the sides and write

Factoring produces 5
X“—9%+14 =0

0 =((-TNkx-2)

Setting each factor to 0 and solving gives us two candidates for a
solution:
x=7 or x=2

We now check each potential solution in the original equation:

x =17 x =2
J11-7+5 7 J11-2+5 2
J4+5 J9+5
2+5 3+5
7 v 8 X

What does all this mean? Easy — the 7 works while the 2
doesn’t. So, even though we got two solutions when we

solved the radical equation, only one actually worked out.
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The 2 we obtained but failed to work in the original
equation is called an extraneous solution. (By the way, just
because one solution failed to work does not mean we made
any mistakes when solving the problem.) Therefore, the

final solution of the equation is

Homework

Solve and check each equation:

1. Jx =10 2. Jy=5

3. Jt=0 4,  Ja = -3

5. Jx+1 =3 6. c—5 =10

7. Jx+5-2=3 8. 2y-1+3=6

9. J8-n-4=0 10.  f7z+100+10 = 20

11. Bx-1 = J7x-25 12.  Jx+2 = «x
13. Jyn+1+3 = n-8 14. J2x-11+x = 13

Q To oo AND BEYOND
A. Solveforx: {ffx—9 =2 B. Solveforx: +x+40 = 4+.x
C. Solve for y: «3f(y—2)2 =4
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Solutions

1. x=100 2. y=25 3. t=0 4. No solution
5 «x=8 6. ¢c=105 7. x=20 8. y=5
9. n=-8 10. z=0

11. Square each side: 5x—1 = 7Tx—-25 = x=12;check it in the original
equation, doing just simple arithmetic on each side separately. You
should find that x = 12 works.

12. Isolate the radical and square each side, leading to the equation
x? - 5x+4 = 0, whose solutions are 4 and 1. Only the 4 works; the

value 1 is called an extraneous solution. The final answer is x = 4.

13. Isolate the radical and square both sides — when simplified, you’ll have
the quadratic equation n? -23n+120 = 0. Only n = 15 works.

14. The two candidates for a solution are 10 and 18. The 18 is extraneous
and the final answer is x = 10.

“Jhe only person whe is educated is the
one whe has learned fow to learn . . .
and cﬂcmge.” - Carl Rogers, Psychologist
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CH19 —THE PYTHAGOREAN
THEOREM, FINDING A LEG

O RECALLING THE PYTHAGOREAN THEOREM

90°

b

The 90° angle is called the right angle of the right triangle.
The other two angles of the right triangle are called the
acute angles, because each of them must be less than
90°. The legs are a and b, and the hypotenuse is c.

EXAMPLE 1 One leg of a right triangle is 7, while the
hypotenuse is 25. Find the length of the other

leg.
Solution:  Prior to this chapter we were always given the two

legs and asked to find the hypotenuse. This problem throws us a
curve, but we now have the skills needed to solve it. Since the
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sum of the squares of the legs must equal the square of the
hypotenuse, we start with the Pythagorean Theorem,

2

a2 + b2 =c a and b are legs; c is the hypotenuse

Putting in a leg of 7 and a hypotenuse of 25, the formula becomes

a? +172% = 252 (the leg can be either a or b)
= a? +49 = 625 (square the numbers)
= a? +49-49 = 62549 (subtract 49 from each side)
= a? = 576 (simplify each side)
= a = 24 (calculator or guessing)

We conclude that the other leg has a length of | 24

Check: If we're claiming that a right triangle can have legs of 24 and
7 and a hypotenuse of 25, then these three values had better satisfy
the Pythagorean Theorem. Let’s see if they do:

(Ieg)2+(leg)2 =? (hypotenuse)2
22472 2 52 \/ A_\
576+49 = 625 /<
625 = 625 v

EXAMPLE 2: Find the hypotenuse of a right triangle whose

legs are 5 and 7.

Solution:
a2 + b2 = 62 (the Pythagorean Theorem)
52 + 72 = 2 (substitute the known values)
95 + 49 = ¢2 (square each leg)
74 = ¢? (simplify)
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Is there a whole number whose square is 74? No, because

82 = 64, which 1s smaller than 74, while 92 = 81,
which is bigger than 74. We see, therefore, that
the solution 1s somewhere between the

consecutive numbers 8 and 9; but where between
8 and 9?

82 =64 vV
what? = 74 ??
92 =81 v

Finding a number whose square is 74 is the kind of problem that

has plagued and enticed mathematicians, scientists, and

philosophers for literally thousands of years. They’d really be

mad if they knew that we can find an excellent approximation of

this number using a cheap calculator. Enter the number 74

followed by the square root key (or the other way around,

depending on the calculator), which is labeled something like \/E .

Thus, the hypotenuse is J74 (read: the positive square root of
74), and your calculator should have the result 8.602325267, or

something close to that.

But your calculator doesn’t tell the whole story.
The fact 1s, the square root of 74 has an infinite
number of digits following the decimal point,
and they never have a repeating pattern (very
similar to the number ©). Thus, we’ll have to
round off the answer to whatever’s appropriate
for the problem. For this problem, we’ll round to
the third digit past the point.

The hypotenuse 1s 8.602

The number

J74 is called

irrational, due
to its infinite,
non-repeating
decimal
expansion.

Notice that 8.6022 = 73.994404, which 1s quite close to 74.
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EXAMPLE 3: The hypotenuse of a right triangle is 15 and one
of its legs is 4. Find the length of the other leg
(rounded to 3 digits).

Solution: Let’s get right to it:

a?+b% = ¢?

4% + % = 15>

16 + b2 = 225

b2 = 209

b = | 14.457 | (approximately)

U

This result was found using a calculator; if no calculator is
allowed, then you’d write the answer like this:

The leg is between 14 and 15.

Homework

1. In each problem, one leg and the hypotenuse of a right
triangle are given (I = leg and h = hypotenuse). Find the
other leg — NO calculator.

a. l=3; h=5 b. I=5; h=13 c. [=6; h=10

d. /=9, h=41 e. [=12; h=13 f. 1=24; h=25
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In each problem, one leg and the hypotenuse of a right
triangle are given (I = leg and A = hypotenuse). Use your
calculator to find the other leg, rounded to 3 digits. If no
calculator is allowed, tell what two consecutive whole nhumbers
the answer is between.

a. [=3; h=10 b. =2, h=9 c. [=5, h=6
d. I=4; h=20 e. =7, h=19 f. 1=13; h=55

A triangle has sides of 6, 10, and 8. Prove that it’s a right
triangle. Hint: See the Check in Example 1.

A triangle has sides of 5, 9, and 7. Prove that it’s not a right
triangle.

[Note: Whether you’re trying to prove that a triangle is — or is not — a
right triangle, logic dictates that you must assume that the longest of the
three given sides is the hypotenuse.]

Review
Problems

The hypotenuse of a right triangle is 65 and one of its legs is 60.
Find the other leg.

Use a calculator (if allowed) to find the leg of a right triangle if its
hypotenuse is 89 and one of its legs is 1. Round to the 3rd digit.

Verify that a triangle with sides 24, 10, and 26 is a right triangle.
Is a triangle with sides 15, 12, and 8 a right triangle?
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Solutions
1. a. 4 b. 12 c. 8 d. 40
e. b f. 7
2. a. 9.539 b. 8.775 c. 3.317 d. 19.596
e. 17.664 f. 53.442

3. Verify that 62 +82 = 102

4. Show that 52 + 72 # 92. Notice that even though the 9 was listed
second in the list of the three sides of the triangle, we used the 9 as the
potential hypotenuse.

5. 25 6. 88.99
7. Verify that 102 + 242 = 262,

8. No; be sure you assume that the hypotenuse would be the 15.

“It is possible to store the
mind with a million facts and

still be entirely uneducated.”

— Alec Bourne, M.D.
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CH 20 — THE PYTHAGOREAN
THEOREM WITH RADICALS

he last time we studied the Pythagorean

Theorem we may have used our calculator to
round off square roots that didn’t come out whole
numbers. But rounding off square roots is not
always a good idea in the real world.

After we’ve done some applied
mathematics, we may give the results
to an engineer. Suppose we’ve
rounded to the hundredths place
(good enough for business) but the
engineer is designing the Core 9 Quad
microprocessor, and she needs all the
digits of the calculations out to the billionths place.
We haven’t done her any good at all by rounding off
for her. The safest thing to do is to give her the
exact results and let her round off according to her
requirements.

We’re now going to work with the Pythagorean
Theorem again, but this time we’re going to leave
our answers exact. To this end, we need to review
the key concept regarding square roots.
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Q AN IMPORTANT FACT ABOUT SQUARE RoOOTS

If we square the square root of “something” (that’s not negative), we get
the “something”:

(25)% = 5% = 25
(/34)?

Q

(5.830951895)% ~ 34

And we can write the general formula:

We assume x > 0, lest we take

2 x the square root of a negative
(\/E) B number, resulting in a non-
real number.

Squaring Undoes
Square-Rooting

Another skill we’ll need for this chapter is the ability to simplify an

expression like (5\5)2. Recall one of our five laws of exponents:
(@b)® = a®b”.

This rule means that we can simplify (5\/§)2 as follows:
(543)%2 = 52({3)? = 25-3 = 75

Homework

1. While it’s the case that (ab)2 = a2b?, is this rule true for
addition? That is, does (a + b)%2 = a? + b2?
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2. Simplify each expression:
a. (J7) b. (/29)? c. (V2332 4. (J101)?
e. (2437 £ (55 g (9V2®  h. (12J7)

3.  Example: /200 = \100-2 = 100-/2 = 102

Simplify each radical:

a. 144 b. 225 c. J1 d. /o
e. J-49 f. J14 g. /200 h. /45
i. 98 j. /841 k. f48 1. 112

O SOLVING RIGHT TRIANGLES

Recall the Pythagorean Theorem:

a?+b% = ¢

90°
-

EXAMPLE 1 The legs are 6 and 10. Find the hypotenuse.

a2+b?>=¢2 = 62+10%2 =¢2 = 36+100 = ¢?

— ¢2 =136 = c = /136 = J4-34 = 234
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Notice that ¢ = 136 is a quadratic equation, and there-
fore probably has two solutions; in fact, the solutions are
+4/136, or iZ\/3_4 . But in this problem we’re talking
about the hypotenuse of a triangle, whose length must be
positive. So we immediately discard the negative solution

and retain just the positive one.

EXAMPLE 2: One leg is 20 and the hypotenuse is 30. Find the
other leg.

a?+b2 =2 = 20%+b% = 302
— 400+ b2 = 900 = b2 = 500

= b = /500 = 100-5 = 105

EXAMPLE 3. The legs are 2/7 and 3.13. Find the

hypotenuse.

a?+b% =% = @S2 +B13)? = ¢

= 284117 =¢2 = ¢? = 145 = ¢ = 145

EXAMPLE 4: The hypotenuse is \72 and one of the legs is 8.
Find the other leg.

a?+b% =2 = o?+8% = (\/72)2 = a’+64 =172

= a*=8 = a=.8=42=22
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EXAMPLE 5: One of the legs is 3./2 and the hypotenuse is
J42. Find the other leg.

2+b2 = 2 = o2+ (V2 o (J42)?

— g2+18 =42 = a?2 =24

= a=+24 = 26
Homework

Calculate the EXACT answer to each Pythagorean problem:

4, The legs of a right triangle are 8 and 12. Find the hypotenuse.
5. The legs of a right triangle are 6 and 9. Find the hypotenuse.

6. Find the hypotenuse of a right triangle given that its legs have
lengths of 5 and 7.

7. One leg of a right triangle is 15 and the hypotenuse is 20. Find
the other leg.

8. The hypotenuse of a right triangle is 18 and one of its legs is 10.
Find the other leg.

9. One leg of a right triangle is 5 and the hypotenuse is +/43. Find
the other leg.

10. Find the missing leg of a right triangle if the hypotenuse is /18
and one of its legs is 3.

11. The legs of a right triangle are 2«/@ and 32 . Find the
hypotenuse.

12. The hypotenuse of a right triangle is 5\/7 and one of its legs is
2\/§ . Find the length of the other leg.

13. A legof a right triangle is 2\/§ and its hypotenuse is 10. Find
the length of the other leg.
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14. The leg of a right triangle is 5 and its hypotenuse is 4. Find the
other leg.

Review
Problems

15. In each problem, two of the sides of a right triangle are given
(I = leg and h = hypotenuse). Find the third side.

a. 1 =17 1= 10 b. 1 =1;1=

c. l=4,1=686 d. 1 =8 1=2/2
e. 1 =4;1=10 £ 1=42;1=14
g. | =5 h =12 h. 1 =5 h =23
i 1=6 h=5/2 i 1=7;, h =31
k. I =2, h =25 1. 1=5h=4J5
m.l =42 1=.7 n.l=17h=38

o. 1 =5; h =13 p. 1 =5 h =26
q. [ =10; h = 41 r. 1 =11; h =
s. 1=413;1=13 t. 1=51=.6

y. 1 =5, h = 21 z. 1= 3J2; h

20
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Solutions

NO! You should know quite well that
(@+b)? = (@a+ba+b) = a®+ab+ba+b? = a®+2ab + b*

a. 7 b. 29 c. 233 d. 101
e. 12 f. 125 g. 162 h. 1008
a. 12 b. 15 c. 1 d. O

e. Nota Real Number f. 14 g. 1042 h. 35
i 72 5.0 29 k. 43

._
N
5

413 5. 3J13 6. J714 7. 5J7 8. 414 9. 32
3 11. 30  12. 163 13. 2|17

This scenario is impossible, since the hypotenuse of a right triangle must

be longer than either of its legs. Here’s a mathematical proof:
a®+b? = ¢*

a2 + 52 =4 2 (presuming that the leg is 5 and the hypotenuse is 4)

=

= a®+25 = 16

= a2 = -9 (subtract 25 from each side of the equation)
=

a = +-9, which is not a number in this class. And even if it
becomes a number in a later class, it still couldn’t be
considered the length of a side of a triangle.
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£ 4 g. J119 h. 7 i, Ji4 i 26
k. 32 1. 58 m. 3 n. 15 o 22
p. 1 q x/ﬁ r. x/% S. \/% t. x/ﬁ
u. 3 4 \/§ w. 2 X 2\/§ y. 4
z. /382

“He who opens a school

door, closes a prison.”

— Victor Hugo
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CH 21 — INEQUALITIES

‘- 7 ou must score between 80% and 89%
to get a B in your math class.

You must be at least 18 years of age to
vote.

You can be no taller than 48 inches to play
in the park.

These are all examples of quantities being greater
than something or less than something (or between
two somethings). Since they are not equalities, they
are called inequalities.

O NOTATION

We know that 5 is bigger than 3, which we can write as “6 > 3.” The
symbol “>” can also be read as “is larger than” or “is greater than.”

But, of course, the fact

that 5 is larger than 3 is > means “is greater than”
the same as the fact that
3 1s smaller than 5. This < means ”is |ess than"
1s written “3 < 5.”
The symbol “>” can read 2> means “is greater than or equal to
“1s greater than or equal e ”
,,g a < means “is less than or equal to
to.” For example, 9> 7

because 9 1s indeed

greater than or equal to 7. (Actually, it’s greater than 7, but that
doesn’t change the fact that it’s greater than or equal to 7.)
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Believe it or not, 12 > 12 is also a true statement — after all, since
12 equals 12, it’s certainly the case that 12 is greater than or equal to
12.

The symbol “<” is read “is less than or equal to.”
A couple of examples are 6 < 10 and 8 < 8.

Homework
1. True/False:
a. 7>3 b, —2<1 c. 13>13 d. -9<-9
e. 12>9 f. —18<-20 g. m>0 h. -J/2<0

2. Express each statement as an inequality:

a. Your age, a, must be at least 18 years.

b. Your height, A, can be no taller than 48 inches.

c. Your years of experience, y, must exceed 10 years.

d. The number of driving tickets, ¢, must be fewer than 5.
e. The mean, p (Greek letter mu), must be at least 75.

f. The standard deviation, ¢ (Greek letter sigma), must be no
more than 10.

g. The energy, E, must be more than 100.

h. The mass, m, must be less than 3.7.

O THE BAsiIc PRINCIPLE OF SOLVING INEQUALITIES
To solve an inequality such as —2x +7 = —4, we have to perform the

operations necessary to isolate the x. We will accomplish this goal by
using the standard do the same thing to each side rule, but since we'’re
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talking about an inequality — not an equation — we have to be very

careful. The following experiment should illustrate the potential

problems, and give us the techniques to overcome these problems.

Let’s perform six experiments on a given inequality. Consider the true

statement

4 <6

i. Add 10 to each side:

ii. Subtract 3 from each side:

iii. Multiply each side by 5:

iv. Divide each side by 2:

v. Multiply each side by —-3:

vi. Divide each side by —2:

4+10<6+10
= 14<16 vV

4-3<6 -3

= 1<3 VvV

4(5) < 6(5)
= 20<30 vV

4(-3) < 6(-3)
- -12<-18 X

-2 -2
= 2<-3 %X

What can we deduce (conclude) from these six calculations? The first

two show that adding the same number to each side of an inequality, or

subtracting the same number from each side of an inequality, are both

things we can do without any issues; they lead to a true inequality.
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Calculations iii. and iv. indicate that multiplying or dividing each side
of an inequality by a positive number leads to an inequality which 1is
just as valid as the original one.

Unfortunately, the last two cases — multiplying or dividing by a
negative number — have led to false statements. So in these two
scenarios, we must reverse the order of the inequality sign (flip it
around) in order to maintain a true statement. Problem solved!

These numerical experiments, by no means a complete proof of the
principle we are about to state, are convincing enough for me.

The Basic Principle of
Solving Inequalities

Only if you multiply or divide each side of
an inequality by a negative number,
must you reverse the inequality symbol.

EXAMPLES: Solve each inequality:
A. Solve the inequality: x+3 >4
Subtract 3 from each side x>1

Note: The inequality symbol was not reversed.

B. Solve the inequality: -2n-9 < 13

Add 9 to each side: —2n < 22
(The inequality symbol was not reversed.)

Divide each side by —2: n2-11
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This time the inequality symbol was reversed, since we

divided each side of the inequality by a negative number.
Solve the inequality: %+ 3 <-4
<=7

Subtract 3 from each side:

Multiply each side by 5: u<-35

Neither operation required reversing the inequality.

Homework

Solve each inequality:

a. x+7 > =10 b. 3 <5 c. 2x > 14

x J—
d. -3x < —-42 e. % > -3 f.
Solve fory: 6(y-5)—-(y+1) < 12y + 21
Solve for u: -2(7+3u)- (1 -u) > 2u—-10

-3x+5

a. Solve for x: +9 > 16 Note: The process is more

important than the answer. Do you know what this means?

b. Solve for a: Ta-5_19 <19

c. Solve for y: 9=y 5> _9

~14-2n _ _4

d. Solve for n: D
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00 UNDERSTANDING DOUBLE INEQUALITIES

Suppose Edwin wants to take part in a political poll. The pollster only
cares about voters whose age, A, is between 25 and 40 (including the 25
and the 40). Here’s one way to write this requirement using algebra:

A>25 and A<40 (a double inequality using and)

By the way, the word and between the two inequalities is crucial;
Edwin must be at least 25 and at most 40. Do you see that
replacing the and with or would change the meaning entirely?

Here’s the other way to write that double inequality — we sandwich the
variable A between the lower limit (25) and the upper limit (40):

25<A<40
This can be read in two equivalent ways:

1. A>25 and A<40 [Note that 25 < A is the same as A > 25.]

2. Ais between 25 and 40, including the 25 and including the 40.

For a second example, the phrase “x must be between 0 and 10, but not
equal to either 0 or 10,”1s written

0<x<10

Homework

7. True/False:
a. 7 satisfies the double inequality: 0 < x < 9.
b. 0 satisfies the double inequality: 0 < x < 9.
c. 10 satisfies the double inequality: -5 < x < 10.

d. O satisfies the double inequality: 0 < x < 7.
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e. 27 satisfies the double inequality: 0 <x < 7.

100 satisfies the double inequality: 100 < x < 101.

8. a. Name the only solution of the double inequality
23<x<23
b. Find all values of x which satisfy the double inequality
50 <x <50

9. Express each situation as a double inequality:

a. The weight, w, must be between 20 Ib and 50 1b, including the
20 and the 50.

b. The score, s, must be between 100 pts and 300 pts, excluding
the 100 and the 300.

c. The commission, C, must be between $2000 and $5750,
inclusive of the endpoints.

d. The distance, d, must be between 123 m and 250 m, exclusive
of the endpoints.

Q To oo AND BEYOND

A. Determine the values of a which satisfy the compound inequality:

a>25 or a<40

B. Marty was trying to solve the inequality
ax+b>c
for x, and wrote the following:

ax+b > c

= ax > c—b

c-b Explain the fallacy (faulty logic)

= x> == : :
a in Marty’s reasoning.
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Solutions

1. a T b. T c. T d. T e. T f. ¥

g T h. T
2. a. a=>18 b. h <48 c. y>10 d t<5

e. u=75 f. o<10 g. E>100 h. m<3.7
3. a. x>-17 b. x<8 c. x=>17

d. x>14 e. x>-24 f. x<-50
4, y> _52

’ “Do not judge
5 u<-2
T me by my
6. a. x>22 b, a<-%
7 SUCCESSES.

c. yz5 d. nz-1 Judge me by
7. a. True b. False C. True hOW many times

d. True e. True f. True I fell down and
8. TI'd like to know what you think. gOt back up
9. a. 205w<50 b. 100 <s <300 again,”

c. 2000<C<5750 d. 123<d <250

— Neleon Mandeta
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CH 22 — EQUATIONS AND
INEQUALITIES VIA DESMOS

Some equations, like3x—4 = 7x+9,
are not too hard to solve. Others can
be very difficult, if not impossible, to solve ™~

using algebra. For example, | have no idea b é :
how to solve the simple-looking equation N 4

2% = 8x-1

using algebra. But we can find good (if not perfect)
solutions using GRAPHING, as you’ll see in the next
example.

O OBTAINING SOLUTIONS FROM GRAPHS
EXAMPLE 1. Solve the equation 2* = 3x — 1 graphically.

Solution: I’'m going to give you the graph of each side of the

equation on the same grid:

4 /

|1

From your knowledge of graphing
lines, you should see that the red
straight line is the graph of
/1 y = 3x — 1, the right side of the
— ?( —— equation. And so the curvy blue

= graph is the graph of y = 2%, the left
Z side of the equation.
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Now, the equation 2% = 3x — 1 is a statement of equality — we
want to know what values of x will make each side of the equation
result in the same number. To do that, we find any points of
intersection of the two graphs. Looking at the graph, a point of
intersection seems to be (1, 2). That means that when x = 1, both
graphs have a y-value of 2, which also implies that when x = 1, both
sides of the equation are equal (they’'re both equal to 2). In short,
the solution of the equation 2* = 3x — 1 (as far as the graph is
concerned) is

x=1

Two Caveats (things to watch out for):

1. How do we know that there’s only one solution? Perhaps the
two graphs cross somewhere higher up in Quadrant I, or
maybe down in Quadrant III — using the graph we have, we
can never know. [By simple substitution, you can show that
x = 3 1s another solution of the equation. But are there
others?]

2. It may appear that the point of intersection is (1, 2), but a
graph is just a rough picture — no graph can be perfectly
accurate. So maybe the true value of x at the point of
intersection is 0.999997, or maybe 1.0000203. If it IS one of
those, the graph will NEVER tell us that. So the graphing
method 1s not an exact method, but if the equation can’t be
solved using algebra, a graph may be the best we can get — and
may be quite useful for applications both inside and outside of

mathematics.
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EXAMPLE 2: Solve the equation x3 —x = 3/x graphically.

Solution: For this problem, I'm not going to even bother telling you
which graph goes with which side of the equation. Just know that
each side of the
equation has been
Jbeot’ graphed. Your job

. 1s to pick out any
points of
| : intersection (which

are, remember, just
approximations).

,* The x-values of
those points of

sy

o P ® ' intersection will be
the solutions of the

equation.

First, do you see three points of intersection? There’s one in
Quadrant I, there’s one in Quadrant III, and it also appears that
the origin, (0, 0), is a point of intersection. Second comes the
guessing part: The x-values of the three points of intersection are
approximately —1.3, 0, and 1.3. So these are our best shots at the
solutions of the equation:

x=-1.3 x=0 «x=1.3

For the rest of this chapter (after the following homework section), you
must graph the given equation yourself before you find the point(s) of
intersection.
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Homework

Solve each equation by using the associated graphs:

1 % = 9% -1 2. J16-x% =3
al \ |/

\ T~

o
N/
=
-
o
[=y
—|
[S]
W
™~
5]
=
~
[#2]
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O ABSOLUTE VALUE EQUATIONS

EXAMPLE 3: Solve the equation ‘x‘ = 3 graphically.

Solution:  We graph each side of the equation separately and
look at any points of intersection we might find. To help us keep
track, we'll call the left side of the equation y, and the right side

Yo

N = ‘x‘ Yo =3

Now use Desmos to graph each Yo = 3[4 (3, 3)

equation on the same grid. It

appears we have two points of
intersection: (-3, 3) and (3, 3). 1 Y= ’x’_
Thus, if x = -3 or x = 3, the two
sides of the equation balance,

meaning we have two solutions

to our equation:

x=3 or x=-3 [We could also write x = +3]
Check: x=3: x| 3
3|
3 v
x=-3 x| 3
-3]
3 v
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EXAMPLE 4. Solve the equation ‘x—Z‘ = 4 graphically.

Solution: Let Y = ‘x—2‘ and y, = 4. Graphing y, and y, on
the same grid gives the following graphs:

L
Yo = 4

[#)]

(5]

It looks like y, and y, intersect at the points (-2, 4) and (6, 4).
Therefore, the two solutions of the equation ‘x — 2‘ = 4 are

X =-2o0rx =26
Check:
x=-2: ‘x—2‘ 4
-2-2|
-4
4 v
X =6: ‘x—Z‘ 4
6-2|
4]
4 v
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EXAMPLE 5. Solve the equation ‘2x + 4‘ = 0 graphically.

Solution: Let ¥ = ‘2x+4‘ and y, = 0. Noting that the graph
of y, = 0 1sjust the x-axis, we graph y, and y, on the same
grid:

\ /

/

= |2x+4‘

L%}

S

L)

[

W)
I

\/ 1 5 = 0 (the x-axis)

The two graphs intersect at one point, (-2, 0). Thus, each
formula has the same value (0) when x = —-2. Thus, the only
solution of the given equation is

x = -2

Check: 2x +4| 0
2(-2) +4
~4+4|

0
0 v
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EXAMPLE 6. Solve the equation ‘3x—2‘ = —3 graphically.

Solution:  Let’s graph y; = 3x-2 and y, = —3:

Look at the two graphs. Notice 5 / 3y 9
that y, and y, have no point of \ ) / N~ ‘ - ‘
Iintersection. This means that \9
y, can never be equal to y,. \ /

2
What’s our conclusion? The 1

given equation has

No solution >
3 y2 =3
4
Homework
5. Solve each absolute-value equation graphically:
a. ‘x‘ =2 b. ‘x‘ = -3 c. ‘x+1‘ =3
d. |x-3[=0 e. |2x-2| = 4 f. |2x+4] =-1
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O LINES AND CURVES

EXAMPLE 7: Solve the equation x2-3 =x+1 graphically.

Solution:  Let’s graph y = x2 -3 and Yy = x+1 on the same
grid, and then check out if there are any points of intersection.

The formula y, = x+1 is just a straight line, covered in the
previous chapter. But the formula y, = x? —3 might require a
little more work. Let’s make a table of x-y values:

\
X Y \ 4
-3 6 \ z / Confirm
-2 1 \ / these graphs
-1 -9 \ 1 / with
0 -3 = 00 1/ — Desmos.
1 -2 !
2 1 2
3 6

Now we try to determine where the line and the curve intersect.
It appears (although there’s no guarantee) that the points of
Intersection are (-1.5, —0.5) and (2.5, 3.5). We can therefore
estimate the two solutions of the original equation as

x=-1.5 or x=2.5

Note: The solutions we obtained in this problem are NOT the
actual solutions — they are simply the best we can get from the
picture. Later in the course, we’ll have a couple of ways to find the
exact solutions.
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Homework

Use DESMOS| to approximate the solutions of each equation:
6. x2-2 =x+4
7. x%-1=2x-2

8. x2+92=4x-1

Use DESMOS| to prove the following assertions:

9. The quadratic equation 2x% — 8x + 41 = 0 has NO solution in
R.

10. The quadratic equation 25x% — 26x + 6.76 = 0 has ONE
solution in R.

11. The quadratic equation 5x2 + 97x — 168 = 0 has TWO
solutions in R.

12. The equation e* =lnx has NO solution in R.

O INEQUALITIES

An inequality is quite different from an equation. Whereas an equation
usually has one or a couple of solutions, inequalities tend to have
infinitely many solutions. Here’s an example:

Solve forx: 5x—3 > 12

We're seeking any and all values of x which make the statement true.
Suppose x = 6. Then 5(6) -3 = 30-3 = 27, whichis > 12. Thusx=6

1s a solution of the inequality; but it’s “a” solution, not “the” solution.
Why? Because there are others; x = 5 will work; x = 3.7 will work.
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But will x = 3 work? Let’s see: 5(3) -3 = 15-3 = 12, which is not
greater than 12. So x = 3 fails to satisfy the inequality. What about
x=0? 5(0)-3 = 0-3 = -3, which is certainly not greater than 12.
Let’s summarize: 0 and 3 failed, but 3.7 and 5 and 6 worked. Our best
guess at this point is that any number greater than 3 will work. Our
solution is therefore x > 3.

EXAMPLE 8: Solve the inequality 2x + 4 < 6 graphically.

Solution: We employ the same technique we used for all the
previous equations in this chapter, except we will take into
account the “less than” sign after we construct our graphs. Let
Y, = 2x+4 and y, = 6, both of which are lines.

e I I | / ) '
Yo = 6 ¢ / First we note that the two lines

=

-~
o

appear to intersect at the point (1, 6).

L%

But remember, we're trying to solve

S

the inequality 2x + 4 < 6, so here’s

[#3)

the question: For what values of x is
the quantity 2x + 4 smaller than 6?
Equivalently — and here’s the key

¥ = 2x+4 )

7 3 72 .1 b = =2 3 question — where on the graph is 52

1 below y,? By looking at the graphs of

2 the lines, we see that y, 1s below y,

to the left of the point of intersection, (1, 6). In other words,
whenever x is smaller than 1, it will follow that 2x + 4 is less than
6. That is, whenever x < 1, we can conclude that 2x + 4 < 6.

We have found the solution of the inequality 2x + 4 < 6:

X <1 | which can be written (=00, 1)
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EXAMPLE 9: Solve the inequality 2x + 3 > x + 5 graphically.

Solution:  Graph ¥ = 2x+3 and y, = x+5 on the same grid.

y = 2x+3
We're looking for where y, 5
1s greater than or equal to 11
10 Yy, = x+5b
Yy Clearly, y, and y, are . 2
equal to each other at the g
point of intersection, (2, 7). 7
Also, y, >y, wherever the E
graph of y, is above the 4
graph of y,. This occurs to
the right of the point (2, 7); 1
that is, y, >y, whenever _i3 :q?-il N A

x> 2. In short, y, >y,
whenever x > 2. Thus, the solution of the inequality
2x+3 > x+51s

x > 2 | and in interval notation: [2, o)

Homework

13. Solve each inequality graphically. When you get tired of

graphing, use DESMOS]:

a. x+3 < 6 b. x-1>5
c. 2x+1 < 5 d. x+5 > 3x-1
e. 2x—-1 < x+2 f. 3x+1 < 2x-3
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Review
Problems
Solve the equation In(x +3) = —x+4
by using the associated graphs: >
2 e
1 /’f
//0’
1 0 1 2 3 5
-1
AN

Solve the equation 5sinx = lnx

by using the associated graphs: /)

Solve the equation

Solve the equation

Solve the equation

Solve the equation

2x—3‘ = 3 graphically.
x+1‘+3 = 3 graphically.

x—1‘+2 = 1 graphically.

x4 =2x-3 graphically.

Solve the inequality 2x — 2 < 4 graphically.

Solve the inequality 2x + 3 > x — 2 graphically.
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Solutions

Remember that these solutions are approximations; as long as
your estimation is close to mine, you have the correct answer.

1. x=0.8 2. x=2.6,-2.6 3. x=1.7,-0.7 4, x=2.1,5.6
5. a. x=2 or x=-2 b. No solution c. x=2 or x=-4
d. x=3 e. x=3 or x=-1 f.  No solution

6 7. 8

//
e = e S N T I O
|
[y
]

x = -2,3 x=0.5 No Solution
9. 10. 11. Graph each side of the equation, noting that y, =0 is simply the
x-axis. This means that the number of solutions is given by the number
of points of intersection between the parabola on the left side of the
equation and the x-axis on the right side.

12. The graphs should prove to you that the equation has NO solution.

13. a. x<3 b. x>6 c. x<2 d. x<3
e. x<3 f. x<-4

14. x = 2.3 (or anything reasonably close)
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15. There are three points of intersection shown on the graph; the x-values
are roughly 2.9, 6.7, and 9.

16. 17. 18.
5 T — 7 B —)
\ o .
5
2 3 —2
1 +
1
2 -1 o 1 2 3 4 |5 R e -1 o 1 2 3 4
1 T T 1 -1
) 1
x=20,3 x = -1 No solution

19. x=-0.4 or x=2.4 (or anything reasonably close)

20. 21.

9

L)

W

@0 ~ g
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“The first step to getting the things
you want out of life is this:
Decide what you want.”

- Ben Stein
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CH 23 — FROM GRAPH TO
EQUATION

In this chapter, I’'m going to give you a graph, but
only a small portion of it, generally

around the origin. We will first analyze
points we can actually see (for instance, |

will ask what y-value is associated with a

certain x-value). Then | will ask you what e

y-value is associated with an x-value that \}
you can’t even see on the graph! How
will you do this? You will use the given
graph to create an algebraic formula to describe the
graph, and then use that formula to predict y-values
from any x-value | care to give you.

Q LINES

EXAMPLE 1. Consider the following graph:

<2

%] N

r) B

The point (1, 4) is one
of infinitely many
points on the line.

-6 -5 4,3 -2 -1 |0 1 2 3 4 X

(78] N -
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a. Calculate the y-value when x = 100.
b. Calculate the y-value when x = 2.7.

C. Calculate the x-value when y = 1000.

Solution: We certainly don’t want to extend (draw) the graph
all the way to x = 100. So our approach, described in the
Introduction, will be two-fold:

1) Determine the equation of the given graph by analyzing the
relationship between x and y.

2) Use that equation to deduce the y-value for the given
x-value.

The first step will be to create an x-y table by reading the
coordinates off the graph. For example, on the given graph, we
see that when x = 1, y = 4; thus the point (1, 4) is on the graph.

X |-4|-3|-2|-1/0]1]¢2
y |-1[0|1|2|3|4|5]686

Remember that the arrowheads on the graph indicate that the
graph (the line) goes forever in both directions. It then follows

that x can be any number at all. For . o,
Guessing certainly isn’t very

. accurate, and that’s even when
see from the graph, if we choose xt0 | we have a graph to look at. It

be 1.5, it can be guessed that y =4.5. | would be even more difficult to
Similarly, we could let x = © and find points on the line if we had
then see that y would be a little to extend the graph ourselves.
This is why it’s so very
important, when possible, to
Now let’s examine the equation of create an equation from the
the line. Looking at the x-values given graph. Assuming that we

and y-values in the table, we might end up with the right equation,
we are guaranteed exact

y-values for any given x-value.

example, although it’s not easy to

bigger than 6.

see that the y-value 1s always 3

more than the x-value. We are
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therefore led to the formula
y =x+3

Check this formula against all the x-y pairs in the table and you
will see that it really works. Now we can answer the three
questions:

a. If x=100,theny = x+3 = 100+ 3 = 103.
b. Ifx=27,theny = x+3 = 2.7+3 = 5.7.

c. Be careful here; note that y is given and we want to find x.
y =x+3 (the formula for the line)
= 1000 = x+3 (et y = 1000)
= 1000 -3 = x+3 -3  (subtract 3 from each side)

= 997 = «x (solve for x)

In summary, the following three points lie on the line:

(100, 103) (2.7,5.7) (997, 1000)

Homework

=
o

1. Given the graph, create a formula and
then use that formula to answer the
questions:

a. Whenx=3,y=__.

b. Whenx=0,y=__.

c. Whenx=-4,y=__.

d. Whenx=278 y=__.
e. When x=-900,y=__.

H NN B N0 WD

oL N
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f. Whenx=18n,y=__ .
g. Wheny=10,x=__ .

h. Wheny=250,x=__ .
1. Wheny=22n,x=__ .

EXAMPLE 2: Consider the following graph:

Y

[7%)

)

a. Calculate the y-value when x = 1200.
b. Calculate the y-value when x = -123.

Calculate the x-value when y = -25mn.

Solution:  Again, the points in which we're interested are not
visible on the graph, so let’s create a table based on the graph,
and then use that table to construct a formula.

x |4|-3[-2|-1|0]|1]|2]|3
y |4|3]|2|1|0|-1]-2]|-3

We see that the y-value is simply the opposite of the x-value:

y =
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Notice that when x = 0, y = -0 = 0 (which yields the origin);
therefore, 0 has an opposite, namely 0. We conclude that every
number has an opposite. We can now answer the three
questions:

a. If x =1200, theny = —x = -1200.

b. If x=-123,theny = -x = —(-123) = 123.

c. As in the previous example, the y-value is given and we're
asked for the x-value. So let’s begin with the formula, plug
in the given value of y, and then solve for x:

y = (the formula for the line)
= 26 = —«x (let y = -25n)
= 26 = x (divide or multiply each side by —1)

Therefore, the following three points lie on the line:

(1200, — 1200) (=123, 123) (25w, —257)

Homework

The graph of y = —x lies within Quadrants __ and ___ and at the
origin.

What is the opposite of each number?

a. 17 b. 0 ¢ -35 d. 8t e. —/2

a. T/F: Every number has an opposite.
b. The opposite of 0 is .

c. The opposite of a negative number is always
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d. The opposite of a positive number is always

Consider the formula y = -x + 5. Calculate the y-value
for the given x-value:

a. 8 b. 99 ¢ -10 d. -5 e 0 f.n g. -1

Given the graph, create a formula and then use that formula to
answer the questions:

i a. Whenx=2,y=__ .
; b. Whenx=0,y=___.
1 c. Whenx=-4,y=__.
-4 -3 1 ot 23 d Whenx=25y=__.
. e. When x=-200,y=__.
3 f. Wheny=32,x=__ .
4 g. Wheny=-300,x=__ .

O BEYOND LINES

EXAMPLE 3: Consider the following graph:

Y 4
\ e
\ > /
12
\\ 11 //
10 /
\ : /
\ : /
; /
N : /
1
-4 | -3 | -2 | 17: C_)/ 1 2 3 4 X
| | | |
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a. Calculate the y-value when x =1,000.
b. Calculate the y-value when x = 1.2.

c. Calculate the x-values when y = 625.

Solution:  This graph is much different from the previous
graph. It passes through the origin, and the rest of the graph
resides only in Quadrants I and II. Let’s try to read off some
ordered pairs from the graph:

x |—4|-3|-2|-1]0|1|2]|3]4
y |69 4|1 /0[1]4)9]16

Now, how is the y-value related to the x-value? When x =0, y = 0;
this is rather useless, as 1s the pair (1, 1). But look at the ordered
pairs (2, 4), (3, 9), and (4, 16). There’s something going on here —
it appears that the y-value is simply the square of the x-value:

y = «?
Lest we jump to conclusions, let’s double-check the rest of the
pairs in the table. For example, is the square of —4 equal to 16?
Yes. Is the square of —1 equal to 1? Yes. Is the square of 0 equal
to 0? Yes. Our formula y = x? is looking better and better.
Notice that even though x can be any number at all, the y-value is
never negative; the y-values start at 0 and go toward positive
infinity. Now to answer the original questions:

a. Ifx=1,000, then y = x% = 1,000 = 1,000,000.
b. If x=1.2, theny= x?=1.2%=1.44.

c. Notice that this part of the problem asks for the x-values,
plural. I guess this means that a y-value of 625 might have
two x-values associated with it. This seems reasonable
from the table — if, for instance, given a y-value of 9, we
notice that both 3 and —3 are x-values that yield a y-value
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of 9. In other words, if y =9, then x = 3 or -3. So, what two
numbers, when squared, would yield a result of 6257 Well,
252 = 625, and of course (—25)2 = 625.

In short, the following four ordered pairs lie on the curve:

(1000, 1000000) (1.2, 1.44) (25, 625) (-25, 625)

Homework

7. The graph of y = x? lies within Quadrants ___and ___ and at the
origin.

2

8. Using the formula y = x“, answer each question:

a. If x=50,theny=__.

b. If x=-25,theny=__.

c. Ifx=0,theny=__.

d. Ify=49,thenx=__or__
e. Ify=144,thenx=__or_
f. Ify=-9,thenx=__.

9. Ify = 2x% — 8x — 1, then what is y if x = -5?
Recall: The Order of Operations requires that exponents be done
before multiplication, which is to be done before any adding or
subtracting.
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10. Consider the graph at the right: 5

a. Fill in the following x-y table. \\ ; //
x |3[=2[-1]of1]2]s3 V]
J R T N

b. Find a formula that relates x and y. \ : /
Hint: There’s an x” in the formula. ;

c. Whenx=100,y=__. *

d. Whenx=-20,y=__.

e. What is the lowest point on the graph?

f. How many y-values are associated with the x-value 1,000?

g. How many x-values are associated with the y-value 1,000?

h. Ify=-3,thenx=__or__

1. Ify=96,thenx=__or__

j. Ify=221,thenx=__or_

k. Ify=-6,thenx=___

EXAMPLE 4: Consider the following graph:

L

~

LJ
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a. Calculate the y-value when x = 239.
b. Calculate the y-value when x =-777.

C. Calculate the x-values when y = 250.

Solution: It’s not a line and it’s not curvy, so what is it? As
usual, we begin with a table whose entries are read from the
graph:

x |-4|-3|-2|-1|0|1]2]|3]4
y |43 |2|1/0|1]2]|3]4

How is the y-value connected to the x-value? Well, when x is O or
positive (x > 0), the y-value is the same as the x-value. But when
x 1s negative (x < 0), the y-value is the opposite of the x-value.

Though the graph is straightforward (it’s just the shape of the
letter “V”), there’s no simple, recognizable formula for the
relationship between x and y, or is there? You might have
learned about the notion of absolute value; we say that

y is the absolute value of x, and we writey = ‘x‘ :

Therefore, the vertical bar symbol around the x means “compute
the absolute value of x,” which means:

1. IfoO,then‘x‘:x.
The absolute value of a positive number or O is the
number itself.

2. If x <0, then ‘x‘ = —X.
The absolute value of a negative number is the
opposite of the number (thus making it positive).

We should now be ready to answer the following questions:
a. Forx=239, y = |x| = [239| = 239.

b.  Forx=-777, y = |x| = |-777| = 777.
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c. We are asked for the x-values (plural) when y = 250. In
other words, we have to solve the equation 250 = ‘x‘,
which asks: What numbers have an absolute value of 2507
Well, since [250| = 250 and |-250| = 250, the two
x-values are 250 and —250. We conclude that the following
four points lie on the graph:

(239, 239) (777, 777) (250, 250) (=250, 250)

Be sure you can visualize the location of these four points on the
graph.

Homework

The graph of y= ‘x‘ lies within Quadrants _ and ___ and at the

origin.
Find the absolute value of each number:

a. 72 b. —99 c. 0 d n e -n f =2
Evaluate each expression:

a. [17-17| b. |3-25| c. |2(3)-6(1)|  d. [2n+3n|

Using the formula yZ‘x , answer each question:

a. f x=33,theny=__ .
b. If x=0,theny=___ .
c. Ifx=-25,theny=__.
d. Ify=17,thenx=___ or

e. Ify=0thenx= .
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f. If y=-5,thenx= .

EXAMPLE 5: Consider the following graph:

a. Calculate the y-value when x = 50.
b. Calculate the y-value when x =-1/10.

C. Calculate the y-value when x = 0.

Solution: We have another curvy graph, but this one consists of
two distinct pieces. The most important characteristic of this
graph is that x 1s never 0; that is, the graph never touches the
y-axis (even though it does get infinitely close!).

As in the two previous examples, the questions asked of us
cannot be answered by looking at the graph — we must find a
formula using the points we can see on the graph, and then use
that formula to predict the y-values for the given x-values. To
find some points on this graph, you’ll have to trust me to a
certain extent, because it’s not easy to read fractional numbers
from such a rough picture. See if you can agree with the
following claims:
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When x =1, it’s pretty clear that y = 1. When x = 2, y looks like
1t’s about 1/2 (or 0.5). And trust me, when x =3, y = 1/3, and
when x =4, y = 1/4.

Now let x = 1/2; do you see that y = 2? How about when x = 1/3,
then y = 3? This quite nicely analyzes the first quadrant. Note
again that x cannot be 0, because if you start at the origin (where
x = 0), you can go up or down the y-axis as far as you'd like and
never run into the graph. It’s time for a summary:

x |U3|U2| 1| 2]|3]4
y |8 |21 |2 us

What is going on here? Using the point (3, 1/3) as a guide, we
conjecture that the y-value is found by dividing 1 by the x-value;
in other words, flip over the x-value to get the y-value:

1
-1 -1_1_13_3y,
X 3:>y po 1 1%7 3
3

Now for a check of a negative x-value. Consider x = —3; the
formula gives

y = %3 = —%, yielding the point (=3, —1/3),

which seems very reasonable from the graph. We are now
convinced that we have the right formula: y = % We call this
the reciprocal formula, and we’ll use it to answer the original
questions:

=1 oro.02.

a. If x =50, then y = 50’

K|

Ch 23 — From Graph to Equation



216

15.

16.

17.

b. Ifx=—1/10,theny—§————><___ _

1

C. If x=0,then y = el %, which 1s undefined. Notice

that this is perfectly consistent with the earlier observation
that x can never be 0 on the graph, and we see here that y
can never be 0 in the formula, either.

Homework

The graph of y= % lies entirely within Quadrants __ and

As x grows larger and larger, y is always (positive, negative), but
getting (larger, smaller).

Using the formula y = % , answer each question:
a. If x=14, theny= .
_ 2 _
b. If x= g,theny—
c. Ifx=-99, theny= .
__5 _
d. Ifx= Z,theny— .

e. Ifx=0,theny= .
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Review
Problems

18. Consider the following graph:

a. Whenx=3,y=
: b. Whenx=99,y=
1 c. Whenx=-45y=__

Tt PPt 4. Wheny=132,x=__
e. Wheny=-33,x=__

19. What is the equation for each graph?

)

=
(@]
o,

-
&
o
N
&
o
=
o
@
E
—- [ ] - un [+ - oy L]
ES
w
N
A
N =
=
N

=3 -2 -1 0 4 2 3

e

20. Lety = x?.

a. Ifx=17,y= b. Ifx=-13,y=___
c. Ify=16,x= d. Ify=0,x=___
e. fy=-9,x= f. fx=my=__

g. Find the points on the graph where the two coordinates match.
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21. Consider the graph:

1

a. Ifx=0,theny=

b. Ifx=10,theny=

() N =

S

c. Ifx=-12,theny=

\ d. Ify=-225,thenx=

] 0 ~l )} Ul

e. Ify=9, thenx=

22. Evaluate: a. ‘17‘ b. ‘—n‘ C. ‘O‘

23. Evaluate:

24, Ity = 1
1. a. 6

f. 36n
2. ITand IV
3. a. -17
4. a. True

E?

\—7\+1\7\
273
and if x = %, what is y?
Solutions
.0 c. -8 d. 556 e. —1800
.5 h. 125 i 11n
.0 c. 3.5 d. -8 e. 2

. 0 c. positive d. negative
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12.

13.

14.

15.

16.

17.

18.

a. -3 b. -94

e. b f. -n+5
a. —4 b. -2

e. 198 f. -34

I and II

a. 2,500 b. 625

15

.mTt+5

298

c. 0

. 10

d. -27

d. 7,-7

219

e. 12,-12

f. No answer (no real number squared could be negative)

64

a. 5 0 -3 4 -305

d. 396 e. (0,4 f 1

j. 15 =15 k. No answer

ITand II

a. 72 b. 99 c. 0

a. 10 b. 22 c. 0

a. 33 b. 0 c. 265 d. 17,-17
I and IIT

positive; smaller

a ﬁ b. % C. —%
a. b5 b. 101 ¢ -43 d. 130

e.

f. No answer

x2 — 4
h. -1
T
51
0

_4
d. 5

e. =35

e. Undefined
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19. a.y=% b.yZ‘x‘ c.y=x2 e.y = —x
20. a. 289 b. 169 «c. #4 d. 0 e. Does not exist
f. n? g. Hint: There are two such points.

21. a. 0 b. =100 c. —144 d. £15 e. Does not exist

22. a. 17 b. w c. 0

03, 84 24. 10

“The greatest use of life is
to spend it for something
that will outlast it.”

William James (the father of modern psychology)
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CH 24 — LINEAR MODELING USING
GIVEN INFORMATION

Q INTRODUCTION

Sometimes it’s not too hard to create a formula from words. For
example the phrase density is the quotient of mass and volume

translates to the formula d = % But this method of

formula creation is useful only if we comprehend the
words that need to be translated into Algebra. r

More often, we're given a situation that needs <

translation. For example, if we buy 12 lbs of cashews at

a unit price of $14/1b, and we wish to determine the total cost, we have
to understand that multiplication does the trick; no one’s going to tell
you that — you have to reason it out yourself. So the total cost is

12 1bs x $14/lb = $168

That’s fine for one or a few calculations. But if you need to program a

calculator, or perhaps a spreadsheet, or maybe a programming
L0 language, you need to teach the machine what to do,

// /LSS _ and that can only be done with variables. So in the

o | mam |~ cashew problem above, we could let @ stand for the

Z|[E /s quantity # of pounds) of cashews, let P be the unit

2 EX price (the price of 1 pound) of the cashews, and let C

7/ // / be the total cost. Again, if we understand that the key

to the formula will be multiplication, we can write a

formula that can be entered into a computer (using *, the computer
symbol for multiplication):

C=PpP%* Q [Cost = Unit Price times Quantity]
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O JOINING THE CLUB

EXAMPLE : To join the Model Railroad Club, a ﬁ

member must pay an up-front fee of

$25 to join, and then pay $10 per
month for each month in the
club.

a. Find the total cost for someone to be a
club member for 8 months.

b. Find a formula for someone to be a club
member for m months.

C. Use your formula to calculate the total to

be in the club for 36 months.

Solution: Let’s begin with a simple table that shows the cost of
membership for various months:

Months 0 1 2 3 4 5 6 7 8
Cost $25 | $35 | $45 | $55 | $65 | $75 | $85 | $95 | $105

a. The cost, C, is $25 plus 8 months at $10 per month:
C = 25+10(8) = 25+80 = 105
Therefore, the cost of 8 months is $105.

b. Just change the 8 in part a. to the variable m:

C =25+10m,or C = 10m + 25
c. Using the formula in part b., we get a cost of

C = 10m + 25 =10(36) + 25 = 360 + 25 = $385
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Homework

a. It costs $2 per mile to take a taxi. If m
represents the total miles traveled, write a

¢

formula for the total cost, C.

b. Use your formula to calculate the total cost

b

of a 20-mile trip.

Sprint offers a monthly phone plan that has a base fee of $20,
plus $0.25 for each minute of use. Write a formula for the
monthly cost, C, if you used the phone for m minutes in a month.

a. It costs $3 for the first mile of a taxi ride, and $2 per mile for
each additional mile. Calculate the total cost of a 21-mile taxi
ride.

b. It costs $3 for the first mile of a taxi ride, and $2 per mile for
each additional mile. If m represents the total miles traveled,
write a formula for the total cost, C.

c. Use your new formula from part b. to calculate the total cost of

a 15-mile trip.

It costs $7 for the first mile of a taxi ride, and $4 per mile for each
additional mile. If m represents the total miles traveled, write a
formula for the total cost, C.
The ultimate question on the taxi ride:
Let C = the total cost of the taxi ride
f = the cost of the first mile
a = the cost of each mile after the first
m = the total miles traveled

Write a formula for the total cost of a taxi ride.
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a. QRS, Incorporated sold 5000 widgets last month at a unit
selling price of $45/widget. Calculate the revenue obtained.
Hint: Revenue is the total amount of money obtained.

b. STU, Inc. sold w widgets last month at a unit selling price of
$p/widget. Create a formula for the revenue, R, obtained.

a. WXY, Inc. produced 600 widgets last quarter, and it costs $50
to produce each widget. ($50/widget is called the unit cost). In
addition, fixed costs (rent, utilities, salaries, etc.) totaled
$2,400 last quarter. Calculate the total cost of producing the
600 widgets last quarter.

b. Let w = the number of widgets produced
¢ = unit cost to produce one widget
f = fixed costs (rent, utilities, salaries, etc.)
E = total expense to produce the w widgets

Create a formula for the total expense, E, of producing w
widgets.

Ernie earns a base salary of $2000/month and
a commission of $50 for each 1Pad he sells.
Find Ernie’s total salary during a month in
which he sold 75 iPads. Construct a formula
which would give Ernie’s total salary, S,

during a month if he sold i iPads.

Andrew wants to place a classified ad in the Chronicle to sell his
old iPad .

a. The first 12 words cost $7.50, and each additional word costs
$0.30. Find the total cost of an ad containing 20 words.

b. The first 15 words cost $9.75, and each additional word costs
$0.40. Construct a formula to calculate C, the total cost of an
ad containing w words. [Assume that w 1s at least 15.]
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A tole painter buys a piece of wood for $w, paints it, and then sets
the selling price at 4 times the cost of the wood. If the painter
gets 75% of the selling price (the rest goes to the salesperson),
find the tole painter’s NET profit (money earned less expenses).

Review
Problems

a. Suppose that the Foothill Middle School library
currently has 7000 books, and is buying 150 more
books per year. How many books will the library
have 4 years from now?

b. Write a formula that will give the number of
books, B, that the library will have y years from now.

You must pay $75 up front to join the Painting Club, and then
pay $35 per month for each month that you’re a member of the
club. Create a formula that will give the total cost, C, to be in the
club for m months.

It costs $7.50 for the first mile of a taxi ride, and $3.25 per mile
for each additional mile. If m represents the total miles traveled,
write a formula for the total cost, C.

The Speedy Car Rental Co. charges $35/day and $0.15/mile to
rent a car. Let d represent the number of days you rent the car,
and let m represent the number of miles driven. Find a formula
for C, the total rental cost.
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0 To oo AND BEYOND
Placing a Classified Ad
The first n words cost $I, while each additional word costs $A. Find

the total cost, C, of an ad containing w words. You may assume
that w > n.

Solutions

1. a. C=2m b. C = 2m = 2(20) = $40
2. C = 20+025m [or,C = 0.25m + 20]

a. 3+2(20) = 3+40 = $43
b. C=3+2m-1),orC = 2(m-1)+3
c. C=2m-1)+3=2015-1)+3 = 2(14)+3 = 28+3 = $31

4. C=T7+4m-1) or C = 4(m-1)+7

5, C=f+am-1)or C =a(m-1)+f

6. a. $225,000 b. R = pw

7. a. 600(50) +2,400 = $32,400 b. E=cw+tf

8. $2000 + $50(75) = $5,750
In general, S = 2000 + 50(i), or S = 50i + 2000

9. a. $9.90 b. C = 9.75+0.40(w - 15)
10. 0.75(4w) —w

11. a. 7000 + 4(150) = 7600 books
b. B = 150y + 7000 or B = 7000 + 150y
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12. The cost would be $75 plus $35 for each month in the club.
That’s $75 + $35 x the number of months in the club.
That’'s C = 75 + 35m, which could be written C = 35m + 75

13. C

7.50 + 3.25(m - 1)
14. C

35d + 0.15m
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“Never daubit that a

small group of thoughtful,
change the weodld;
that ever has.”

Margaret Mead, Anthropologist
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CH 25 - SLOPE = Ay / Ax

run’
two points and counting the squares to

determine the rise and the run works fine only when
it’s convenient to plot the points and
you’re in the mood to count squares.
Indeed, consider the line connecting =
the two points (7, 2000) and "
(3w, —5000). Certainly these points
determine a line, and that line has
some slope, but plotting these points is not feasible.

I i‘inding the slope, m = rise of 3 line by plotting

We need a simpler way to calculate slope.

O A NEw VIEwW OF SLOPE

Recall Example 1 from the chapter Slope = Rise/Run,

We plotted the points (4, 3) and (1, —3) and
then counted squares (as we moved from

left to

3, giving us a slope of

m

How can we get the numbers 6 and 3
without referring to the points on the 7
graph? Notice that if we subtract the -9

y = 2x—-5

right) to get a rise of 6 and a run of

_rise_6_2

run 3

y-coordinate of one point from the
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y-coordinate of the other point, we get

rise = 3-(-3) =3+3 =6

Similarly, if we subtract one x-coordinate from the other, we get
run = 4-1 =3

Now, dividing the rise by the run gets us our slope of 2. We can now

think of our m = ﬁl—sg formula as

change in y

m = :
change in x

The only issue we need to worry about is that we are consistent in the
direction in which we do our subtractions. For example, using the
same two points, (1, —3) and (4, 3), we can subtract in the reverse order
from above, as long as both subtractions are reversed.

_ change in y _ -3-3 _ -6 _ 2
change in x 1- -3
the same value of slope we calculated before.
EXAMPLE 1 Find the slope of the line connecting the points

(-7,-13) and (12, -10). Calculate the slope again
by subtracting in the reverse direction.

Solution:  Subtracting in one direction computes the slope as

_ changeiny _ -13-(-10) _ -13+10 _ -3 _ 3

change in x -7-12 -7-12 -19 19

Reversing the direction in which we subtract the coordinates:

_ changeiny _ -10-(-13) _ -10+13 _ 3

change in x 12-(=7) 12+ 7 19
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Either way, we get the same slope; thus, the order in which you
subtract is entirely up to you, as long as each subtraction (top
and bottom) 1s done in the same direction.

New Notation

We're just about ready to find the slope of a line using the points
mentioned at the beginning of this section: (rr, 2000) and (3w, —5000).
But first we introduce some new notation.

The natural world is filled with changes. In slope, we’ve seen changes
in x and y in the notions of rise and run. In chemistry, there are
changes in the volume and pressure of a gas. In nursing, there are
changes in temperature and blood pressure, and in economics there are
changes in supply and demand. This concept occurs so often that
there’s a special notation for a “change” in something. We use the
Greek capital letter delta, A, to represent a change in something. A
change in volume might be denoted by AV and a change in time by At.
And so now we can redefine slope as

Ay Slope is the ratio of
m = — the change iny to
AX the change in x.

which 1s, of course, just fancy notation for what we already know.

EXAMPLE 2: Find the slope of the line connecting the points
(%, 2000) and (3w, —=5000).
Solution: A simple ratio calculation will give us the slope:

m = Ay _ 2000-(-5000) _ 7000 _ 2 -3500 — 3500
T— 3T -2 -2 T

g
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In the last step of this calculation, we used the fact
that a positive number divided by a negative
number is negative. Also, we could obtain an
approximate answer by dividing 3500 by 3.14, then
attaching the negative sign, to get a slope of

about —1,114.65.

Notice that there’s no need to plot points and count squares on a
grid. We've turned the geometric concept of slope into an
arithmetic problem. Try reversing the order of the above
subtractions to ensure you get the same slope.

Why use delta, A, to represent a change in something?
Because “delta” begins with a d, and d is the first letter of the
word “difference,” and difference means “subtract,” and
subtract is what you do when you want to calculate the
change in something. (And it’s the logo for Delta Airlines!)

Homework

1. Use the formula m :% to find the slope of the line

connecting the given pair of points:
a. (2,3)and (4, 7) b. (-3, 0) and (0, 6)
c. (1,-3) and (-2, 5) d. (2,2)and (7, 7)
e. (-3, -3) and (0, 0) f. (-1, -2) and (3, -5)
g. (1, 1) and (-2, 3) h. (1, 4) and (0, 0)
1. (-3,-2)and (1, -3) j. (-1, 3) and (1, -3)
k. (-4, 5) and (0, 0) (-1, -1) and (4, -2)

—
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O THE SLOPES OF INCREASING AND DECREASING LINES

Looking back at

.
&

E Example 1 from

2 the chapter \
0

2 —1-1p 1 3 4 5 & Slope -
-2 .
3/ Rise/Run, let’s 0
—4 . —1 0 1 2
-5 | ) make a quick
Y ncreasing
7 sketch of the -1|| Decreasing
- line. We can call

this an “increasing” line because as we move from left to right, the line
1s rising, or going up, since the y-values are getting bigger. Now notice
that the slope of this line, as calculated before, was 2, a positive
number.

Referring to Example 2 from that chapter, we find that its graph,
unlike the previous one, is falling as we move from left to right — that
1s, we have a “decreasing” line. And this is because the y-values are
getting smaller. Next, we note that the slope was calculated to be the

negative number —l.

2

This connection between the “increasing/decreasing” of a line and the
sign of its slope is always true. Our conclusion is:

An increasing line
has a positive
slope, while a

decreasing line
has a negative
slope.

Ch 25 - Slope = Ay/Ax
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Homework

2. First find the slope of the line connecting the given pair of points.
Then use that slope to determine whether the graph of the line is
increasing or decreasing.

a. (=10, 7) and (-12, -8) b. (12, -10) and (8, -5)

c. (12, 3) and (-3, 10) d. (1,3)and (10, 5)

e. (-8,10) and (12, 8) f. (-9,1) and (-10, 11)

g. (-2,-1)and (1, 5) h. (6,-1) and (-12, -1)

1. (4, 6)and (9, -5) . (3,-3) and (12, 6)

Solutions

1. a. 1 b. 2 c. —2 d 3 e. -3 f. -1

_1 2 ; .3 _2 3

g. 5 h. 3 . 3 g k. = 1 1
2T R

2. If the slope is positive, the line is increasing; if the )'p

slope 1s negative, the line 1s decreasing. But what 3;4
about part h. of this problem?

“Education

a. 125 inc b. —%; dec C. 175 dec breeds
g | 1 confidence.
d. 5 inc e ~1g dec f. -10; dec Confidence
. .11 breeds hope.
g. 2;inc h. 0;??? L% dec Hope l)/'()()([s

I)(’(l( €.

j- 1;inc \V’x& CCCCCCCCC
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CH 26 — THE EQUATION OF A LINE,
y=mx+Db

O INTRODUCTION

Given an equation like y = 7x + 3, we’ve learned F

that its graph is a line with a slope of 7 and a
y-intercept of (0, 3), and we certainly could find
other points on the line. In this chapter we turn
the tables: Given some information about the line,
we try to seek the equation of the line. For you CSI
fans, it’s like using blood and hair samples to
determine the identity of the killer.

(Q FINDING THE LINE GIVEN SLOPE AND Y-INTERCEPT

EXAMPLE 1. Find the equation of the line which has a slope
of -3 and whose y-intercept is the point (0, 9).

Solution:  This is the easiest possible problem asking us to find
the equation of a line. Here’s why: The slope-intercept form of a

line we’ve learned 1s
y = mx+b

where m is the slope and (0, b) is the y-intercept. To “fill in the
blanks” of this equation, we need m and b. Now look at what’s
given to us in the problem: the slope and the y-intercept. That is,
we're told that m = -3 and b =9. We're done!

y = -3x+9

Ch 26 — The Equation of a Line, y = mx + b
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(0 FINDING THE LINE GIVEN THE SLOPE AND A POINT

EXAMPLE 2: Find the equation of the line which has a slope
of 7 and which passes through the point (-5, 3).

Solution: The line equation we are using is y = mx + b, where
m 1s the slope and (0, b) 1s the y-intercept. In this example, we
are given the slope of 7. That’s good.

And so the line equation y = mx+b

becomes y =Tx+b (putting the 7 in for slope)

But did the problem give us the y-intercept? No; instead, we are
given a point on the line, but I know that it’s not the y-intercept.
(How can I be so sure?) So now our goal is to find the value of b.

Consider that the problem tells us that the point (-5, 3) is on the
line. Therefore, the point must work in the equation we just
wrote, y = 7x+ b. So we plug —5 in for x and plug 3 in for y:

y = Tx+b (our line with the slope plugged in)
- 3 ="7-5)+b (since (-5, 3) lies on the line)
— 3=-35+b (multiply)
= b = 38 (solve for b)
Now we put it all together. The value of V
m 1s 7 (given in the problem) and the 40

value of b is 38 (we just calculated it). (O, 38)
We get our final answer:

(=]

y = Tx+ 38

Ch 26 — The Equation of a Line, y = mx + b
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Homework

1. Find the equation of the line with the given slope and
passing through the given point:

a. m=-3; (8 -16) b. m=4; (-1,-11)
c. m=2; (0,-10) d m=-3; (3,-2)

e. m=9; (2,18 f. m=-1; (-3,11)
g m=1; (5,5) h. m=7; (0, 10)
1. m=-8; (-2,29) j. m=1; (10,-89)

O FINDING THE LINE GIVEN TWO POINTS

EXAMPLE 3: Find the equation of the line passing through
the points (-1, 3) and (8, —-15).

Solution:  This problem will really test our deductive skills.
Let’s begin with the slope-intercept form of a line:

y = mx+ b [we need the slope and the y-intercept]

Did the problem tell us what the slope 1s? No. Did the problem
give us the y-intercept? No. This is not good — how can we
possibly solve this problem? Well, even though the slope was not
handed to us on a silver platter, we can use the two given points

on the line to calculate the slope, using our m = 2_3; formula. So,

using the given points (-1, 3) and (8, —15), we find the slope:

Ch 26 — The Equation of a Line, y = mx + b
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Ay _ 3-(-15) _ 3415 _ 18 _ _,
Ax -1-8 -1-8 -9

m:

We can now write our line as

y=-2x+b =
How do we find b? The same way we did in 4
the previous example: Plug the coordinates of \ 3
one of the original points in for x and y — 2
either point will do the job, since each of them
lies on the line. Let’s use the point (-1, 3). 0
y=-2x+b 2 -1_ PN\l 2
= 3 =-2-1)+> 5
= 3 =2+0D 3
= b=1 —4

Putting the values of m and b into the
formula y = mx + b gives us the line which passes through the
two points:

y = —-2x+1

v/ Check: Let’s check our final answer. If y=-2x+ 11is really
the line passing through the two given points, then obviously
each point should lie on the line. That is, each point should
satisfy the equation of the line.

y = 2x+1 Is this the right equation?

(-1, 3): 3=-2-1)+1 = 3=2+1 = 3=3 VY
(8,-15): -15 = -2(8)+1 = -15=-16+1 = -15=-15V

Ch 26 — The Equation of a Line, y = mx + b
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Homework

2. Find the equation of the line passing through the two given
points. Also be sure you know how to check your answer:

a. (3, 13) and (-1, 5) b. (1, -9) and (-5, 39)
c. (0,-1)and (2,9) d. (1,-11) and (6, -1)
e. (1,-8) and (-2, 31) f. (0, 0) and (-5, 35)

g. (7,7) and (-3, -3) h. (0, 17) and (-17, 0)
1. (-5,—-4) and (2, -11) j. (1, -3) and (-4, —-38)
k. (2,-30) and (-1, -3) l. (-4, -23) and (-1, 7)

m. (25, —43) and (-10, 27) n. (1, -13) and (-13, -97)

EXAMPLE 4: Find the equation of the line passing through
the points (2, 5) and (-1, -3).

Solution:  This is the same type of question as in the previous
example, except that fractions will be involved. In order to utilize
the slope-intercept form of a line, y = mx + b, we need to know
the slope and the y-intercept. Since neither one of these was
explicitly given in the problem, we’ll have to calculate them
ourselves.

First we find the slope:
_ Ay _5-(3) _5+3 _ 8

T A T 2-(-1) 241 3
Our line can now be written as y = §x+b.
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Second we find the value of b. To accomplish this, we can place
either point from the problem into the equation we just wrote —
let’s choose (2, 5):

_ 8 _16 15_16 _ ——
5—3(2)+b:>5 3+b:>3 3 b = b

o [

Putting it all together, the equation of the line is

Homework

3. Find the equation of the line passing through the two given
points:

a. (10, 9) and (7, -7) b. (-4, -5) and (-8, 0)
c. (-2,4)and (1, -6) d. (-2, 10) and (-7, =7)

e. (7,5) and (-4, -3) f. (-8, 4) and (-2, —4)

Review
Problems

4. Find the slope and y-intercept of the
line —28x + 4y = 16 by converting the
line to y = mx + b form.

Ch 26 — The Equation of a Line, y =mx + b
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Find the equation of the line which has slope 5 and which passes

through the point (6, 30).

Find the equation of the line which passes through the points

(2, 15) and (-2, -9).

Find the slope and y-intercept of the line —45x — 5y = —15 by

converting the line to y = mx + b form.

Find the equation of the line which has slope —4 and which

passes through the point (-5, 22).

Find the equation of the line which passes through the points

(-2, —-6) and (7, 3).

= -3x+8 b. y=4x-17 c. y=2x-10
= 3x+7 e. y=9% f. y=—-x+8
= x h. y="7x+10 1. y=-8x+13
= x-99
= 2x+7 b. y=-8x-1 c. y=5bx-1
= 2x—-13 e. y=-13x+5 f. y=-Tx
= x h. y=x+17 . y=-x-9
= Tx-10 k. y=-9%-12 1 y = 10x+17
= 2x+7 n y=6x-19

16, 133 _ _D5,_

3 3 b. y e 10
_ 10, _38 _ 17, 84
= -gx—g d vy 5x+ =
_8,._1 __4,_20
BT Ey=-3%-3
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4. m =T, y-int: (0, 4) 5. y = bx
6. y=6x+3 7. m=-9; y-int: (0, 3)
8. y=-4x+2 9. y=x-4

“Thaven't failed, o 1 p
I've found 1,000 -
ways that don't

work.”

Thomas Edison

Ch 26 — The Equation of a Line, y =mx + b
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CH 27 — PARALLEL AND
PERPENDICULAR LINES

he chapter title says it all, so let’s get to work.
First, it’s time we revisit our friend, the slope-

intercept equation of a line: "

y=mx + b
/ \

SLOPE y-INTERCEPT

To be precise, b is not the
y-intercept; b is the y-coordinate
of the y-intercept. The
y-intercept is properly written
(0, b).

O PARALLEL LINES

Let’s begin by assuming that throughout this chapter we will never be
referring to horizontal or vertical lines — these kinds of lines are
covered in detail in the chapter Special Lines.

Let’s graph the two lines y = 2x + 1 and
y = 2x — 3 on the same grid:

LJ

[Is it clear which one is which?]

Ch 27 — Parallel and Perpendicular Lines
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Notice that the two lines appear to be parallel (and they really are).
Now, what do the equations of the two lines have in common? The
formulas for the lines show that each line has a slope of 2. Since slope
1s a measure of steepness, is it reasonable that if two lines are parallel,
then they are equally steep, and therefore they must have the same
slope?

Parallel lines have
the same slope.

For a simple example: Suppose Line 1 has a slope of -9, and that
Line 2 is parallel to Line 1. We can then deduce (conclude by logic) that
the slope of Line 2 is also —9, without even graphing it.

EXAMPLE 1: Find the slope of any line that is parallel to the
line 7x - 5y = 2.

Solution:  Any line that is parallel to the line 7x — 5y = 2 must
have the same slope as the line 7x — 5y = 2. So, if we can
compute the slope of this line, we will have the slope of any line
parallel to it. The easiest way to find the slope of the line is to
convert it to y = mx + b form:

Tx—5y =2 = by =-Tx+2 = y =

O1EN|

_2
*~5

The slope of the given line is %, and so we conclude that any line

that is parallel to the line 7x — 5y = 2 must have a slope of

7
5

Ch 27 — Parallel and Perpendicular Lines
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NOTE: The examples that follow are solved using the y = mx + b form of
a line. However, if you've learned the point-slope form of a line,
Y=Y = m(x —xl), then you might want to use that form instead.

EXAMPLE 2: Find the equation of the line that is parallel to
the line 3x +y = 5, and that passes through the
point (6, 2).

Solution: We're looking for an unknown line
y = mx+b

The slope of our unknown line was not given to us, but we know
that it’s the same as the slope of the given line, since the two
lines are parallel. Solving the given line for y yields the line

y = =3x + 5, whose slope is clearly —3. So the slope of our
unknown line is also —3. At this point in the problem we can
write our line as

y=-3x+b
Plugging the given point (6, 2) into this equation allows us to
find b:
2 = -36)+b
= 2 =-18+b
= 20 =0

and we’re done; our line 1s

y = =3x+ 20

Ch 27 — Parallel and Perpendicular Lines
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Homework

1. a. A given line has a slope of 7. What is the slope of any line that
is parallel to the given line?

b. A given line has a slope of —%. What is the slope of any line

that is parallel to the given line?

2. a. What is the slope of any line that is parallel to the line

_ 3
= 3x-99
y =S

b. What is the slope of any line that is parallel to the line
bx+ 2y = 9?
3. a. Prove that the lines 2x — 4y = 5 and 3x — 6y = 1 are parallel.

b. Prove that the lines 3x —y = 4 and 5x + 2y = 10 are not
parallel.

4. Find the equation of the line that is parallel to the given
line, and that passes through the given point:

a.y = 3x+4; (3,-5) b. y = %x—5; -1, 7
c. 3x+y =17, (1,9 d. 2x—-y = 8; (-5, -4)
e. 2x—3y = 1; (2,-5) f. 3x+4y = 10; (8, 0)

0 PERPENDICULAR LINES

Parallel lines have the same slope — certainly perpendicular lines do
not. But is there some relationship, some connection, between the
slopes of perpendicular lines? Let’s see if we can discover one with an
example. In the following grid, Line 1 is perpendicular to Line 2, and

Ch 27 — Parallel and Perpendicular Lines
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points have been labeled so that we can easily calculate m; and m,, the

1
slopes of the two lines.

Line 1
R
;\(2, 4)
Line 2 g /
—_ (3,0)
ARRSS
0,-2) \\’\
\Z 9, -2) —

First we compute the slope of Line 1:

:& = —4_(_2) :ﬁ =
™ T A 2-0 5 =3

Next let’s compute the slope of Line 2:

There are two things to note regarding these two slopes of the two
perpendicular lines. First, one slope is positive while the other is
negative. This makes sense because as we move from left to right,
Line 1 is increasing while Line 2 is decreasing.

Second, the slope of Line 1, m, 1s kind of a big number (the line’s
pretty steep), while the slope of Line 2, m,, (ignoring the minus sign) is
a relatively small number (the line’s not very steep).

Specifically, the two slopes have opposite signs, and they are also
(ignoring the minus sign) reciprocals of each other. In other words,
when looking at the slopes of two perpendicular lines, each of the
slopes 1s the opposite reciprocal of the other.

Although we have shown this relationship (opposite reciprocal) for just
this example, it can be proved that this relationship always works for
perpendicular lines.

Ch 27 — Parallel and Perpendicular Lines
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Perpendicular lines have slopes
that are opposite reciprocals of
each other.

For example, if a line has a slope of %, then any perpendicular line

4

must have a slope of —=.
7 Some books say that the

slopes of two perpendicular
lines are negative reciprocals
of each other.

And consider the liney = —5x + 1. Since

its slope is —5, it follows that the slope of
1

any perpendicular line must be T

Alternative: We’ve learned that the slopes of two perpendicular lines
are opposite reciprocals of each other. But some books
say that two lines are perpendicular if their slopes have
a product of —1. Do both of these statements mean the
same thing? Yes — assume that the product of their
slopes is —1:

which says that one slope is the opposite reciprocal of the
other.

Ch 27 — Parallel and Perpendicular Lines



249

Homework

5. A given line has a slope of —g. What is the slope of any line that
1s perpendicular to the given line?

6. Prove that the lines 7x — 2y = 10 and 4x + 14y = 23 are
perpendicular.

7. Prove that the lines 3x + 2y
perpendicular.

10 and 2x+ 3y = 9 are not

8. Prove that the lines 5x — 3y = 10 and 5x+ 3y = 17 are not
perpendicular.

9. Find the slope of any line that is perpendicular to the given

line:
a. y = —Tx+9 b. y = %x+10
c. 2x+7y = 10 d. 3x-2y = 0

EXAMPLE 3: Find the equation of the line that is
perpendicular to the line 2x — 5y = 15, and that

passes through the point (1, 5).

Solution:  We're looking for an unknown line

y = mx+b ¥
7
The slope of our unknown line was 8| \ : .
not given to us, but we know that j kthe given point |
1t’s the opposite reciprocal of the 3 |\
slope of the given line, since the two 2 the unknown line
lines are perpendicular. To ; \ _
determine the slope of the given 210t PR B s Tk
line, we solve for y: 2 | the given line
-3
2x -5y = 15 = \
_ \
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= -by = -2x+15

—b5y _ —2x+15
-5 -5

= y=%x—3

=

telling us that the slope of the given line is % So the slope of our

unknown line is the opposite reciprocal of that, which is —%. At

this point in the problem we can write our line as

5
= ——x+b
Y 295

Plugging the given point (1, 5) into this equation allows us to
find b:

__5 5 _ _ 15
= 2(1)+b = 5+2 b = b 5

and we're done; our line 1s

= _ 15
y X+

][y

Homework

10. Find the equation of the line that is perpendicular to the
given line, and that passes through the given point:

a.y = 3x+4; (3,-5) b. y = %x—t’); -1, 7)
c. 3x+y =17, (1,9 d. 2x—-y = 8; (-5,-4)
e. bx—-3y = 1; (2,-H) f. 3x+4y = 10; (8,0)

Ch 27 — Parallel and Perpendicular Lines



11.
12.

13.

14.

15.
16.
17.

18.

19.

20.

21.

22.
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Review
Problems

The slopes of two parallel lines are

The slopes of two perpendicular lines are

The slope of a line is % What is the slope of any parallel line?

The slope of a line is —%. What is the slope of any perpendicular line?

T/F: The lines y = 7x — 3 and 14x — 2y = 22 are parallel.
T/F: The lines 3x — 7y = 1 and 7x + 3y = 0 are perpendicular.

Find the equation of the line that is parallel to 3x — 7y = 9 and passes
through the point (-3, 10).

Find the equation of the line that is perpendicular to 4x — 9y = 11 and
passes through the point (3, —13).

Find the equation of the line that is parallel to the line 3x — 4y = 1 and
that passes through the point (-2, -7).

Find the equation of the line that is perpendicular to the line

3x — 4y = 1 and that passes through the point (-2, -7).

Which one of the following lines is parallel to the line 5x — 3y = 7?

a. yzgx—l b. y=—%x+4 c. yzgx—S

5
d. = —Zx+ . -
y S 2 ey =

Which one of the following lines is perpendicular to the line 5x — 3y = 7?

a. yzgx—l b. y:—§x+4 c. y:gx—?)
d.y:—%x+2 e.y:g
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Solutions
1. a 7 b —%
2. a % b. —%

3. a. Each line has a slope of % Same slope = parallel lines.

b. The slopes are 3 and —5/2. Different slopes = non-parallel lines.

4, a. y=3x-14 b, y= %x+% c. y=-3x+12
2. 19 3
d y=2x+6 Loy =2, 19 ¢ = 3516
y X+ e. ¥y =gx-o y Lt

5. 3
5

6. The slopes are % and —%, which are opposite reciprocals of each other.

7. The slopes are —% and —% , which are not opposite reciprocals of each

other. (They’re reciprocals, but not opposites.)

8. The slopes are % and —%, which are not opposite reciprocals of each

other. (They’re opposites, but not reciprocals.)

9. a 1 b, -2 c. 1 d -2
7 5 2 3
1 1 26
10. a. = -=x-4 b. = -2x+5 . = =x+=2
a. y 5% y X+ c. y 3x+ 3
= _1,_13 = _3,_19 £ - 4,_32
d vy 5 5 e. y 5x = Y 3x 3
11. equal 12. opposite reciprocals
5 9
13. = 14. = 15. T 16. T
3 : 1 5 6
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19. y
21. c.

Sx+ 12 18. y = ~ 9425

7 7 4 4

3,_11 = 4,29

X5 20. vy 3%
22. b.
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“Upon the subject of

education ... | can only
say that | view it as the
most Important subject

which we as a people
may be engaged in.”

— Utlesatiarmn Lincolr

Ch 27 — Parallel and Perpendicular Lines
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CH 28 — THE EQUATION OF A LINE,
Y-y, =m(x-x,)

The slope-intercept form of aline, y=mx + b, is
perfect when you have the slope and the

y-intercept. But the odds of this are slim. It’s

more likely that you’ll be working with the slope

and some point on the line other than the /\
y-intercept. So, in the following formula, m is the AV o
slope (as before), while (x,, y,) represents any
given point on the line.

O THE POINT-SLOPE FORMULA

THEOREM. The equation of the line with slope m and
passing through the point (x;, y;) is

_ _ m(x _ ) The Point-Slope
Y yl B 1 Form of a Line

PROOF: We begin by sketching the line and labeling the given
point (x;,y;), the slope m, and a generic point (x, y):

Ch 28 — The Equation of a Line, y -y, = m(x -x,)
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A

m /ﬁy)
/(/xl,yl)

On the one hand, the slope of the line is given by m.

v

On the other

hand, the slope of the line can be calculated using the two points

LYY
(¥, y) and (x;, yp): S —1

1

. And, of course, these two slopes must

be the same (since there’s only one line involved):

This is the form of a
line that is used in
Calculus.

y_yl = m
x—xl
= | y-y = m(x—xl) Q.E.D.

O BONUS DERIVATION

Using the point-slope form of a line above, we can derive the

slope-intercept form of a line: y = mx + b. Here’s how:

We assume that the slope of a line is given by m, and that the
y-intercept is (0, b), which is simply a point on the line; so it’s the point

(xl,yl) in the formula y—y, = m(x—xl). Thus,
y—y, = m(x—x)
= y=-b=m(x-0)

y—b = mx

U

= y =mx+b and we're done!
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O EXAMPLES OF THE POINT-SLOPE FORMULA

EXAMPLE 1. Find the equation of the line whose slope is -3
and which passes through the point (8, -2).

Solution:  This is precisely the data we need to use the point-
slope form: y—y, = m(x—-x,). We're given the slope, so m = -3.
We're also given a point on the line, so (x,, y,) = (8, -2). Plugging
these values into the point-slope form gives us

y—(-2) = -3(x-8), or

y+2 = -3(x-8)

EXAMPLE 2: Find the equation of the line passing through
the two points (3, —5) and (-2, -8).

Solution: The point-slope form, y -y, = m(x—x,), requires a
point (we have two of them), and the slope, which we’ll have to
calculate ourselves:

Ax  3-(=2)  3+2 5

Now, using the point (3, —5) (either point would work), we get our
equation

y—(=5) = %(x—S),or y+5 = g(x—?,)

Homework

1. Use the point-slope formula to find the equation of the line with
slope 7 and passing through the point (6, —8).
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2. Use the point-slope formula to find the equation of the line with
slope 0 and passing through the point (-17, 9).

3. Use the point-slope formula to find the equation of the line with
4

7 and passing through the point (l, ).

slope —

4, Use the point-slope formula to find the equation of the line which
passes through the points (-2, 4) and (5, -5).

5. Use the point-slope formula to find the equation of the line which
passes through the points (r, +/2) and (-3, 1).

Solutions
1. y+8 = 7(x-6) 2. y-9=0
3. y-n= —%( —%j 4. y—4 = —%(x+2)

L5 = 1=a2( tten: V21
5. y—+2 = _S_R(x TE) The slope can also be written: T

A brwestiment inv knowledge
always pays the best interest.

Benjamin Franklin
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CH 29 — LINEAR MODELING USING
THE EQUATION OF A LINE

I i‘or the problems in this chapter you may use
either of the two forms of a line we’ve
studied: the slope-intercept form,

y=mx+b
or the point-slope form,
y-y; =mx-x,).

| believe you'll find the point-slope form easier
because problems in this chapter will provide us with
a pair of points on the line, not the y-intercept. In
addition, this form is the preferred method in
calculus.

EXAMPLE 1. On day 1 the amount, A, of digoxin in the body
was 3.2 milligrams (mg). On day 7 the amount
was 17 mg. Assume that the amount of digoxin
is a linear function of the day, d.

a. Find the linear function that expresses
the amount, A, as a function of the day, d.

b. What does the formula predict for the
amount of digoxin on day 10?

C. On what day will A be 51.5 mg?
d. What does the slope of the line represent?

e. Solve the formula for d.
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Solution: Don’t be overwhelmed — almost all of the work is in

part a. We start by organizing the given data into ordered pairs
of the form (d, A), where d is the day and A is the amount of
digoxin:

(1,3.2) (7,17
Note: d is basically the x, and A is basically the y.

a. The best method we have for finding the equation of the line
through the two points is the point-slope method, whose formula

18
A-A = md-d,)

where m is the slope and (d;, 4,) is any point on the line.

So the only calculation we need is the slope:

LV; § st like &Y
m = {Just like Ax}

We can now choose either point; let’s choose (7, 17):
A-17 = 2.3(d-")

This a fine way to write the linear function, but it’s actually
better to rewrite it in slope-intercept form — this means solve for
A and simplify:

A-17 = 2.3(d-"7) (the point-slope form)

= A-17 = 2.3d - 16.1 (distribute)
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= A =23d-16.1+17 (add 17 to each side)

= A =23d+09 (the slope-intercept form)

b. Just let d = 10 in the formula:

A=23d+09 = 23(10)+0.9 = 23+0.9 = 23.09 mg

c. Now let A =51.5 in the formula:

51.56 = 2.3d+0.9 = 50.6 = 2.3d = d=22 = Day 22
d. The slope, 2.3, represents the average daily increase in the
amount of digoxin.

e. A =23d+0.9
= A-09 = 2.3d

_ A-0.9
= d =53

Homework

On day 5 the height of a plant is measured to be 38.1 cm. On day 9
the height has increased to 63.7 cm.

a. Find the linear formula that expresses the height A of a plant
as a function of the day, d.

b. Use your formula to predict the height of the tree on day 11.
c. On what day is the plant 127.7 cm tall?
d. What does the slope of your line represent?

e. Solve the formula for d.
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2. During a recent snowstorm, there were 12 inches of snow on the
ground at 7 p.m., and there were 19 inches at 11 p.m. If you were to
graph this data (with time on the horizontal axis and snow on the
vertical axis), calculate the slope, and then describe what the slope
of the line represents in the context of this problem.

3. A scientist measured the pressure at a depth of
2 ft and determined that it was 15.59 lbs/in?
(pounds per square inch). At a depth of 10 ft the
pressure was 19.15 1bs/in.

a. Find the linear formula that expresses the pressure P as a
function of the depth d. [Round to 3 digits.]

b. Use your formula to predict the pressure at a depth of 100 ft.
c. At what depth would we find a pressure of 85.9 1bs/in??
d. What does the 0.445 in your formula represent?

e. According to the formula, what would be the pressure at sea
level (d = 0)? Does this make any sense?

f.  Solve the formula for d.

Solutions

1. a. h =6.4d+6.1 b. 76.5 cm c. day 19

d. It’s the amount the plant grows each day (on average)

_ h-1
@ = 6.4
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2. m = % in/hr
The slope represents the average hourly rate of change in the snow
level. That 1s, it's a measure of how fast it's snowing.
3. a. P = 0.445d + 14.7
b. 59.2 1bs/in®
c. 160 ft

d. The increase in pressure for each additional foot below sea
level.

e. The pressure would be 14.7 Ibs/in?. It’s not an error. Can you
account for the pressure? Hint: It’s not water pressure.

_ P-14.7
a = 0.445

=

Ch 29 — Linear Modeling Using the Equation of a Line



264

“THE ABILITY TO
READ. WRITE
AND ANALYZE:
THE
CONFIDENCE TO
STAND UP AND
DEMAND
JUSTICE AND
EQUALITY: THE
QUALIFICATIONS
AND
CONNECTIONS
TO GET YOUR
FOOT IN THE
DOOR AND
TAKE YOUR
SEAT AT THE

TABLE
—=ALL OF THAT
STARTS WITH
EDUGATION.".

MICHELLE OBAMA
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CH 30 — BREAK-EVEN POINT,
LINEAR FUNCTIONS

ertainly the ultimate goal of a

business is not merely to “break
even”; however, the break-even point is
one of the most important tools concepts
in business. It tells the business owner the
point (in production, time, or investments) where
losses have ended and profits will appear (or,
unfortunately, the other way around). Every
business which requires funding (either from
investments, like selling stock, or the borrowing of
money) requires a written business plan stating the
projected break-even time.

O BUSINESS TERMS

A few business terms, with simplified definitions, will help us
understand how algebra can represent the real world. We’ll use the
term Revenue to represent all the money that a company takes in
through its sales and services. The term Cost represents the money
spent by the company to produce those sales and services. And we’ll
define Profit to be the difference between revenue and cost. We're
ready to write a formula now:

Profit = Revenue — Cost

P=R-C
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O REVIEW OF INEQUALITIES

The fact that 3 is less than 5 is written
3<5

If we want to say that x is less than or equal to 5, we write
x<9H

Similarly, we might write 10 > 8 to say that 10 is greater than 8, and
we write n > 15 to say that n is greater than or equal to 15. Notice
that 7 > 7 1s a true statement because 7 is greater than or equal to 7.
(Namely, it’s equal to 7.)

Homework

1. a. Solve the profit formula P= R — C for R.
b. Solve the profit formula P =R — C for C.

2. True/False:

a. 7<9 b. —2<7 c. —3<-7 d. -9<-1
e. 828 f. 0>9 g. 0>-9 h. -2<-2
1. —2<-2 j. 0<0 k. 0>0 . -12>-5

m.n>«/§ n. 2n>mw 0. ﬁ<J§ p. V10 <m

3. Consider the inequality n > 7. Which of the following values
of n would make the statement true?

a. 15 b. 7.001 ¢ 6.999 d. 7 e 2 f -3 g —29 h..40
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4. Which of the following values of x will satisfy the inequality
X < -37?

a. =100 b. -1 c. -3 d. -2.999 e 0 f. 3.14 g 140

O DEFINITION OF BREAK-EVEN

There are two ways to define the break-even point. One is to say that
break-even occurs when revenue matches cost; that is, when R =C. On
the other hand, if the revenue and cost are the same, then there’s zero

profit. (See that?) So break-even can also be defined as the point at
which the profit is 0.

/Either equation can be used to\

find the break-even point:

NS

To prove that the profit must be zero when revenue = cost, we can use a
little algebra. Assume that

R =2C (one criterion for break-even)
= R-C=0 (subtract C from each side of the equation)
= P=0 (substitute, since P = R - C)
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O USING A TABLE

Assuming w represents the number of
widgets a company manufactures and

sells, let’s assume the formula for

revenue to be:

R = 4w

and a cost formula to go with it:

C =2w+8

The Revenue formula might come from
the fact that we sell our widgets for $4
apiece.

The Cost formula may be the result of
the fact that each widget costs $2 to
manufacture, together with a fixed cost
(salaries, rent, utilities, etc.) of S8.

Let’s create a table with revenue, cost, and profit for various quantities

of widgets sold, according to the given formulas.

w R=4w C=2w+8 P=R-C
Widgets Revenue Cost Profit
0 $0 $8 -$8
1 $4 $10 -$6
2 $8 $12 ~-$4
Break.E 3 $12 $14 -$2
reak-Even
Point — 4 $16 $16 $0
5 $20 $18 $2
6 $24 $20 $4

Now for the important observations:

cost. Also, the profit increases; that is, the numbers -8, -6, —4,

-2, 0, 2, and 4 are getting larger.

v' As the number of widgets increases, so do the revenue and the

v' If we produce and sell anywhere from 0 to 3 widgets, we incur

a loss (a negative profit). That is, when w <3, P<O.
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v' At a production level of 4 widgets we break even. This is the
point at which the revenue ($16) equals the cost ($16). But
also note that this is where the profit is $0. Either way we
look at it, according to the two definitions, w = 4 is the break-

even point. When w =4, P=0.

v" Any number of widgets beyond 4 (that is, 5 or more) produces
a positive profit (we're making money!). Thus, if w > 5, then
P>0.

v' In summary, a loss occurs when w < 3, the break-even point
occurs when w = 4, and a profit results when w > 5.

O USING A GRAPH

We're going to make a picture of this situation of revenue, cost, profit,
and the break-even point. Our grid will contain the graphs of both the
revenue and cost formulas from the previous example. Note that the
horizontal axis will certainly be w, the number of widgets, but the
vertical axis will be the generic category money, since both revenue and
cost are in units of money.

$

22

20

18 4, 16) The break-even point

16 / occurs when w = 4,

14 1C=2w+8 where both the

E revenue and the cost
g are $16.

’/f R = 4w Fewer than 4 widgets
2 results in a loss — more
0 than 4 produces a

0 2 4 s W profit.
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O USING AN EQUATION

The table and the graph were quite useful in determining and
understanding the relationship among revenue, cost, profit, and break-
even. But these take time to construct and they may give us only
approximations. Let’s use algebra to solve the same problem for the
third time.

EXAMPLE 1. The revenue formula is R = 4w and the cost

formula is C = 2w + 8. Find the break-even

point.

Solution:  We recall that the break-even point occurs when the
revenue equals the cost. Thus,

R=2C (to calculate break-even)
qw = 2w+ 8 (substituting the given formulas)
dw-2w = 2w-2w + 8 (subtract 2w from each side)
2w = 8 (simplify each side)
w - 8 (divide each side by 2)
2 2
w =4 (simplify)

Thus, the break-even point is | 4 widgets

just as we saw with the table and the graph.
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EXAMPLE 2: The revenue formula is R = 12w - 20 and the

cost formula is C = 2w + 30.

a) Calculate the profit formula.

b) Find the break-even point using the profit
formula.

Solution: a) The profit formulais P = R - C, so we can
calculate the profit like this:
P=R-C (the profit formula)
= P = (12w -20)- Q2w + 30) (notice the parentheses!)

= P = 12w -20-2w - 30 (distribute)

= P = 10w - 50 (combine like terms)

For part b) we find the break-even point by setting the profit
formula to O:

P=0 (one criterion for break-even)

= 10w -50 = 0 (substitute the given profit formula)

= 10w = 50 (add 50 to each side of the equation)
= w =25 (divide each side of the equation by 10)
Homework

5. Regarding Example 2, part b), use the profit formula to show that
we incur a loss if w < 5 and we enjoy a profit if w > 5. (A couple of
examples will suffice.)
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6. Suppose revenue and cost formulas are given by
R =3w+1 C=w+b

a. Construct a table with columns for Widgets, Revenue, Cost,
and Profit. Let w take the values from 0 to 4.

b. Use the table to determine the break-even point. Explain in
two different ways how you arrived at your conclusion.

c. Graph both formulas on the same grid. Use the graphs to
determine the break-even point.

d. Now find the break-even point by solving the formula equating

Revenue and Cost.

7. Find the break-even point for the given revenue and cost
formulas by solving an equation:

a. R = 10w C = Tw+18
b. R =5w+1 C = 4w+ 50
c. R =8w-9 C =3w+6

d. R = 7T2w+12 C = 50w + 100

8. Find the profit formula for the given revenue and cost

formulas:
a. R = 30w+ 90 C =22w-13
b. R = 22w -5 C = 10w+ 17
c. R =w+10 C=8w-14
d. R = 13w C=2w-5
e. R = 99w+ 17 C = 9w
f. R =8w-1 C ="7Tw-10
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9. Consider the graphs of the revenue and cost formulas:
$
A
/ _
[ C
[ —
—7
/
/
> w

O 1 2 3 4 5 6 7
a. Find the two break-even points.
b. Is there a profit or loss when w = 4?

c. Is there a profit or loss when w = 6?

10. Consider the graph of the profit formula:

$

A

v
S

Find the two break-even points. What’s happening between

those two points?
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12.

13.

14.

15.

16.

11. Find the break-even point given each profit formula:

a. P = 18w - 810 b. P = 2.5w - 300
c. P = 523w —-287.65 d. P= -76w+4104
Review
Problems

Let the revenue and cost formulas be given by R = 7w + 1 and

C = 5w + 11. Construct a table with columns for widgets, revenue,
cost, and profit, and let w take on the values from 3 to 6. Use the table
to find the break-even point. Explain in two different ways how you

arrived at your conclusion.

Use algebra (that is, solve an equation) to find the break-even point if

the revenue and cost formulas are given by R = 15w — 13 and
C = Tw +43.

Find the profit formula if the revenue and cost formulas are given by
R = 10w+ 13 and C = 6w - 5.

Find the break-even point for the profit formula P = 2.5w — 247.5.

Graph R = 3w —-4and C = w+ 1 on the same grid, and then estimate
the break-even point. How did you find that break-even point?
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a. T b. T
g. T h. T
m. T n. T
a, b, d

Suppose w 1s 3; then P = 10(3) - 50 = 30 - 50 = -20, a loss.

4, a,b

Solutions
b. C=R-P
c. F d T
i. F i, F
o. T p. F

~ @

= 3

If wis 8, then P = 10(8) - 50 = 80— 50 = 30, a profit.

a.

Widgets | Revenue Cost Profit
0 $1 $5 —$4
1 $4 $6 —-$2
2 $7 $7 $0
3 $10 $8 $2
4 $13 $9 $4

275
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b. The break-even point is w = 2. It’s the point where Revenue = Cost,

and it’s also the point where Profit = 0.

C.

$

8

C=w+5

R =3w+1
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10.

11.

d. The break-even point can be found by setting Revenue to Cost:

R=2C (to calculate break-even)
3w+1l=w+5 (substituting the given formulas)
S w—-w+1 =w-w+5 (subtract w from each side)
2w+1 =5 (simplify)
2w+1-1=5-1 (subtract 1 from each side)
2w = 4 (simplify)
w=2 (divide each side by 2)

a. w==6 b. w=49 c. w=3 d w=4

a. P=R-C = 30w+90)- (22w -13) = 30w +90 - 22w + 13
= 8w + 103

b. P= R22w-5)-1A0w+17) = 22w -5 -10w - 17 = 12w — 22
c. P=-Tw+24

d P=1lw+5

e. P=90w+17

f. P=w+9

a. w=1and w = 5 (found by looking at the w-values where the graphs
intersect)

b. profit, since the revenue graph is above the cost graph (i.e., the
revenue exceeded the cost)

c. loss, since the cost graph is above the revenue graph (i.e., the cost
exceeded the revenue)

w = 2 and w = 6 (found by looking at where the profit is zero; that is,
where the profit graph crosses the w-axis, which is where P = 0)
The profit is negative (a loss) between the break-even points.

To find the break-even points, set each profit formula to zero:
a. 18w -810 =0 = 18w = 810 = w=45

b. 25w-300 =0 = 25w =300 = w=120
c. w=2>5b
d. w=54
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12. w=5. Why is this the break-even point? First, it’s where R = C; second,
1t’s where P = 0.

13. 7 widgets 14. P = 4w+ 18 15. 99 widgets

16. w =~ 2.5; it’s the w-coordinate of the point of intersection
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“Next 1n 1mportance
to freedom and justice
1s education, without
which neither
freedom nor justice
can be permanently
maintained.”

James A. Garfield (1831 - 1881)
20" U.S. President
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CH 31 — FUNCTIONS, REWRITING
FORMULAS

he formula for the area of a square is A = 52,

where s is the length of a side. Since A is based
on s, we can say that A is a function of s, insofar as A
depends on s. We can even use the terminology: s
is the input and A is the output.

The volume of a cylinder is given by
V= Ttrzh, where ris the radius and h is
the height. Here we say that Vis a
function of both r and h.

it

To express X as a function of b means
to write an equation where X is on the left side of
the equation, and the right side consists of some
formula containing only the variable b (and perhaps
some constants).

EXAMPLE 1 Express the side of a square as a function of its
area.
Solution: The formula A = s2 expresses A as a function of s. To

express the side s as a function of the area A, all we need to do 1s
solve the formula for s:

5= VA

Now s is a function of A.
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NOTES: First, this may seem like a trivial problem, but it’s crucial when
using computers. If you want to find the side of a square given the area,
then you must do the algebra to solve for s — the computer cannot do it
for you.

The second note is that technically, solving A = s? for s should result in
s=+ \/Z . But the side of a square can never be negative, so in this
context it’s perfectly fine to drop the “+” sign and consider only the non-

negative square root of A.

EXAMPLE 2: Express the area of a circle as a function of its
circumference.
Solution: Normally, we think of the area of a circle as a

function of its radius, namely A = nr2, and we also consider the
circumference as a function of the radius, as in C = 2xr.

To express the area, A, as a function of the circumference, C, we
need to write a formula with A on the left side and some formula
with C (but not r) on the right side. To accomplish this, we will
remove the r from the formula A = nr? and insert the C from the
formula C = 2nr. It’s a substitution trick.

C = 2nr (usual circumference formula)

= (divide each side by 2r)

Now substitute this version of r into the area formula:

A = nr (usual area formula)
2
_ A C : _C
= A = n(znj (since r = o from above)
CZ
= A== ~ (square the fraction)
4m
CZ
= A = an (cross-cancel)
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EXAMPLE 3:

Express the surface area of a sphere as a
function of its diameter.

Solution: The standard formula for the surface area of a sphere

1sS= 4Tcr2, a formula in which the surface area S is written as a
function of the radius r. To express the area as a function of the
diameter, we need to get rid of the variable r and replace it with d.

From the formula d = 2r, we solve for r: r = % Thus,

2 2
S = 4nr? = 47{%) = 47{%) = nd?

: d
since r =
2

Hence, | S = nd?

To help you absorb the concept of “something as a function of something
else,” let’s summarize the formulas we've just seen.

\)

A =s A 1s a function of s

2h Vis a function of r and A

s 1s a function of A

V)
I
SN

r = o r is a function of C
A = mr? A 1s a function of r
C? . .
A = i A 1s a function of C
T
S = 4nr? Sis a function of r
d = 2r d is a function of r
r = g r is a function of d
S = nd?

S is a function of d
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Homework
1. Express the area of a square as a function of its side.
2. Express the area of a square as a function of its perimeter.
3. Express the perimeter of a square as a function of its area.
4. Express the leg of a right triangle as a function of its other leg
and hypotenuse.
5. Express the length of a rectangle as a function of its width and
area.
6. Express the circumference of a circle as a function of its diameter.
7. Express the diameter of a circle as a function of its circumference.
8. Express the area of a circle as a function of its diameter.
9. Express the circumference of a circle as a function of its area.

10. Express the volume of a cylinder as a function of its height and
radius.

11. Express the radius of a cylinder as a function of its volume and
height.

12. Express the radius of a sphere as a function
of its surface area.

13. Express the volume of a sphere as a function
of its diameter.
_ 4.3 e
(V = Znr?)
3
14. Express the radius of a sphere as a function of its volume.

15. Express the volume of a sphere as a function of its surface area.

16. Express the surface area of a sphere as a function of its volume.
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Review
Problems

17. a. Express the volume of a cube as a function of its surface area.

b. Express the surface area of a cube as a function of its volume.

xl +x2

18. In the formula for the mean, x = 2

, express x; as a function of x,

1

and x.

19. True/False:

a. A= nr? gives the radius of a circle as a function of its area.

b. S = nd? gives the surface area of a sphere as a function of its
diameter.

c. IfG = J2h®,it’s possible to write k as a function of G.

Solutions

1. A=s2

2. A= 82; but P=4s = s= g; substituting into the area formula:

2 2
_(P _prP°
A_( ) = A 6"

3. P=4s;butA=s> = s= \/Z; substituting gives P = 4\/2.

4. Since, (leg1)? + (leg2)? = A2, it follows that legl = «fhz—(leg2)2.

5. 1=4
w
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6. C = 2nr;, d=2r = r:%. Therefore, C = 275(%) = C = nd.

7. d=C¢

T

2 2
8. A= nr‘?; r:%. Therefore, A = n(%) = A = %

T

9. C =2nr; A = w? = r=[4 Thus, C = 2n\/z.
T

10. V= nr?h 11. r = |V 12. r = |5
nth 47
4 d 4_(a) 43
13. V = —nrg; r=%=. Therefore, V = —n(—) =V =&
3 2 3 2 6
3/2 2/3
14. r= 5|3V 15. V = é1t(§) 16. S = 4n(£)
4n 3 \4n 4n
3/2
17. a V = (%) b. A = 6V2/3
18. Solving the mean formula for x; gives x; = 2x —x, .

19. a. F b. T c. T

“On matters of style,
swim with the current;
on matters of principle,
stand like a rock.”
Thomas Jefferson
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CH 32 — FUNCTIONS,
TABLES AND MAPPINGS

he notion of a function is much more abstract

than most of the algebra concepts you’'ve seen
thus far, so we’ll start with three specific non-math
examples.

Q THE MEANING OF A FUNCTION VIA TABLES
First Example: A football game is divided into four

quarters. The following table shows each quarter together
with the total number of points scored during that quarter.

Quarter | Number of Points Scored
1st 21
2nd 9
3rd 0
4th 25
Inputs Outputs

This table is a function, and here’s why:

First, we have a set of inputs, the four quarters:

1st 2nd 3rd 4th
Second, we have a set of outputs, the total points scored in each
quarter:

21 9 0 25
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Third, there’s a definite connection, or correspondence, between the
inputs and the outputs. For example, the input “2nd” is associated with
the output “9.” What about the input “4th”? The output is “25.”
Similarly, “21” is the output for the input “1st,” while “3rd” produces
the output “0.”

Fourth, and most importantly, notice that each input has exactly one
output. For instance, the input “2nd” has exactly one output, namely
“9.” There can be no argument that the output is 9 — just look at the
table. Also, the input “4th” clearly has the output “25” and nothing
else. This is the essence of a function, so our table of football quarters
and points scored is a function.

Second Example: So, what isn’t a function? Consider the following

table:
City Major League Baseball Teams
San Francisco Giants
Atlanta Braves
New York Yankees
New York Mets
Inputs Outputs

The input San Francisco has exactly one output, Giants, because the
city of San Francisco is home to exactly one major league baseball
team. The input Atlanta also has exactly one output associated with it.
So far, so good — in terms of being a function.

But check out New York: It has two baseball teams, the Yankees and
the Mets. We thus have an input (New York) with more than one

output (Yankees and Mets). This kills the function concept, and we
conclude that our table of cities and baseball teams is not a function.

To summarize this example, for something to be a function, there must
be exactly one output for each input; this example has an input with
two outputs. That’s why the city/team pairings do NOT constitute a
function.
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Third Example:

City Population
Elmville 35,000
Gomerville 47,500
Moeville 35,000

Inputs Outputs

Is this table a function? Does each input have exactly one output?
YES, and I'll prove it to you. The input Elmville has one output
(35,000), the input Gomerville has one output (47,500), and the input
Moeville has one output (35,000). Does it matter that Elmville and
Moeville have the same population? Not at all — it’s just a coincidence.
The fact is, every city has exactly one population associated with it;
that is, each input has exactly one output. We must conclude that the
population table is a function — although this function somehow differs
from the function in the first example.

O MATHEMATICAL EXAMPLES OF FUNCTIONS VIA MAPPINGS

EXAMPLE 1: Analyze the doubling function.

Solution: Consider the doubling function. This function
takes an input, and produces an output that is double the
input. For example, if the input is 15, then the output is
double 15, or 30. That is, this function takes an input of 15
and produces an output of 30. In the diagram below we see
three inputs (15, —4.5, and 0) producing three outputs
(30, -9, and 0).
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The
15 \ DOUBLING
-4.5 / Function
0]
Inputs
EXAMPLE 2:
A. Look at the squaring function.
The
SQUARING
Function

—

Why is this a function? Because, given an input, there is
exactly one output for it. Notice that even though both 9
and —9 produce the same output of 81, it is still the case
that 9 squared is 81, and only 81 — and that -9 squared is
81, and only 81. Each input has exactly one output:
squaring is a function.
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Consider the square root function, \/; . An input of 49
produces an output of 7, and an input of 2 produces an
output of ﬁ . Recall that the formula represents the non-
negative square root only; so, for instance {100 =10, and
not —10. [If you want both square roots, write: £4/100 .]

What inputs are allowed in this function? Since negative
numbers don’t have real-number square roots, all inputs
must be at least zero, 1.e., zero or bigger.

To reiterate, this is a function because given any legal
input (x > 0), we obtain exactly one output.

Now for the reciprocal function; that is, 1 An input of 7

X
produces %, an input of —% produces —%,
produces nothing at all, since 0 has no reciprocal. That is,

and an input of 0

0 is not a legal input to the reciprocal function. What can x
be in this function? Well, the only number we can’t divide
by is 0, so x can be any real number except O.

Starting with any legal input (x # 0), we obtain exactly one
output — we conclude that the reciprocal is a function.

Now consider the operation “take both square roots”:
+./x . Is this a function? Suppose we take the input x = 25.

Ask a person what the output is, and he

might say 5, since 5 is indeed a m
square root of 25. But ask

another person, and she might AN

say —5, since —5 is also a \
square root of 25. Who'’s right? ~
They’re both right! There’s

nothing illegal or immoral

about our formula. The fact is, it’s simply not a function —
there’s an input that produces more than one output.

Ch 32 - Functions, Tables and Mappings



290

Homework
1. Construct a table of inputs and outputs that represents a
function.
2. Construct a table of inputs and outputs that does not represent a
function.
3. Construct a mapping (the circles and arrows) demonstrating

“absolute value.” Is it a function? Explain.

4. Construct a mapping that represents a non-function. Explain
precisely why it’s not a function.

5. Using the functions in Example 2, calculate the output for
the three given inputs:

2

a. The squaring function: £ -15 o

3

Is there any number that cannot be used as an input?

b. The (non-negative) square root function: 144 1
Is there any number that cannot be used as an input?

1

c. The reciprocal function: = -3 1

4

Is there any number that cannot be used as an input?

6. True/False:
a. In the tripling function, if the input is 12, the output is 36.
b. In the cubing function, if the output 1s 125, the input is 5.
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Solutions

Be sure that every input has exactly one output.

Be sure that at least one input has more than one output.

I'd like to see what you came up with.

Be sure you have at least one input with 2 or more arrows diverging from

1t.

a. 4/9
b. 12
C 4
a. T

225 n Every number can be used as an input.
1 J5 No negative number can be square-rooted.
—% 1 The only number without a reciprocal is 0.
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“The secret of getting ahead is getting started. The secret of
getting started is breaking your complex overwhelming
tasks into small manageable tasks, and

then starting on the first one.”

— Mark Twain
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CH 33 — FUNCTIONS:
FORMULAS AND GRAPHS

A- n earlier chapter gave us the basic
notion of a function: an entity where

each input produces exactly one output. In m
this chapter we look at functions once again,

this time using the more useful versions of

functions: Formulas and Graphs. As the

graphic to the right indicates, when a

function is written as a formula with x’s and Inputs Outputs

y’s, we usually assume that the x’s are the
inputs and the y’s are the outputs.

0 FORMULAS

EXAMPLE 1.

A. y = 2x+ 7 is a function.

Given an input x, there is exactly one output y. For
example, if x = 4, then y = 15 and nothing else. [You may
recall that this would be called a linear function, and its
graph is a straight line.]

B. y = x* is a function.

Given an input x, there is exactly one output y. For
instance, x = 3 produces y = 81. If x =0, then y =0. And if
x = -3, then the only output is 81. Remember that even
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though 81 is the output for two different inputs, the fact
remains that x = 3 has only 81 for its output, and x = -3
also has only 81 for its output. So, for any value of x, the
formula produces exactly one value of y. This is why it’s a
function.

y = —3x2 + 7x-19 1s a function. [In fact, it’s a quadratic
function.]
y = ‘x‘ is a function, called an absolute value function.

If x =7, then y = 7 — exactly one output for the input of 7.
If x =-7, then y = 7 — exactly one output for the input of —7.

X = ‘ y‘ 1s not a function.

Why isn’t it a function? We need to conjure up some input
(an x) which has more than one output (y). Let’s choose

x = 4. This gives us the equation 4 = | y | , and there are two
solutions to this equation; namely, y could be 4, or y could
be —4. We have more than one output for a single input. It
follows that this formula does not represent a function.

3x— Ty = 19 is a function.

Here we could solve for y,

_ 3 19
—_— — x _——
Y= 7
and see that given an x, there’s only one y for it, so this is a
(linear) function.

x2 + y2 = 4 1s not a function.

Let x =0. Then y2 =4 = y==2. Thatis, an input of 0
results in two outputs, 2 and —2. Thus, this formula (which
you might know is a circle) is not a function.
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H. y == \f.?? 1s not a function.

If we choose 81 as the input, we get two outputs: +9,
violating the fundamental notion of a function.

I y = 5 is a function.

Given any input (the x), there’s only one output, namely 5.
Therefore, this horizontal line 1s a function.

J. x = 2 1is not a function.

In fact, this example probably holds the world’s

record for being a non-function. After all, given an

input (the only choice being 2), there are an

S| o

infinite number of outputs (y can be anything).

DN | DN DR

We thus see that a vertical line is not a function.

Homework

Consider the formula y = x3. Recall that x is an input and y is an
output. When a value of x has been assigned, there’s only one y
value. What does this mean?

Consider yz =x. When x = 25, y has two values, 5 and -5. What
does this mean?

Consider x = ‘y+10‘.

a. When x = 20, y has two values. Verify this fact.
b. What does this mean?
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4. Determine whether the formula is a function:

a.y=-Tx+9 b. x = 2y+5 c.y=x

d y2 = x e 3c2+y2 = 14 f. y = | 7x + 2|

g x* -y =9 h.x=n i y=42

j.y = £Yx-1 kijCCJ_rg)j 1y=m
m.x = |y+5‘ n. 3c2+y2 =1 0. ¥y =4l-x
p.y=x3—x2+x g x—-5 =0 r. y+2n =0

s. 3x—Ty = 8 t. y = |10—x‘ u. x = |1—y|

Q GRAPHS

Now it’s time to determine whether or not a given graph is a function.
We will assume that the standard x- and y-axes are used, and as before,
we agree that x is the input and y is the output. Recalling that a
function must produce exactly one output for each legal input, we look
at the following three graphs.

EXAMPLE 2:

A.

/

Choose any x-value on the x-axis — this is the input. Now
go straight up or down until you get to the graph to find the
y-value — this is the output. How many outputs did you
get? You should have gotten exactly one output. Whatever
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legal x you use, there’s exactly one y for it. The graph is a
function.

Pick any input on the x-axis. Go up or down until you hit
the graph — the y-value is the output. Every legal value of
x produces exactly one output. This graph is also a

function.

Choose a legal input (say, x = 0). Now go find the graph.
This time we run into the graph twice, once going up and
once going down. Our x has two different y’s. That is, we

have a legal input with more than one output. This graph
1s definitely not a function.
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The following chart indicates other examples of graphs and their status
as functions:

FUNCTIONS NON-FUNCTIONS
single point vertical line
horizontal line circle
top-half of a circle ellipse (oval)
non-vertical line right-half of a circle
parabola opening up parabola opening to the left
Homework

5. T/F: No line is a function.
6. Which of the following are functions?

a. horizontal line b. bottom half of a circle c. left half of a circle

7. Explain why a graph consisting of a single point is a function.
8. Which of the following are functions?

a. b.

c. d.

H/
— A
-t
—

S
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11.

12.

13.

Review
Problems

299

Consider the formula x2 + y2 = 1. Explain why it’s not a function.

Consider the formula y = ++/x. If x =9, what is y? Is this a function?

Is it a function?

a. x = |y+1]| b.y=x3 c. Yy = Etx—
d x =5 e.y = —x f’xQ:y2
g. Tx—9y = 10 h. y = |x+5] 1 y=7x2—nx
j.x2+y2:49 k.x =0 .y =20
Which are functions?
2 | ) 2
Tt DA 1
Y 0 _100 i B 4 5 6 -2 °

True/False:

a. x = y4 1s a function.

b. y = |x—2] is a function.

c. y= i\/m is a function.

d. x = 9is a function.

e. y = —m1is a function.

£ o2+ y2 = 21s a function.

g. Every line is a function.

h. Every semicircle is a function.

L.

X =

‘y —1‘ 1s a function.
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Solutions

1. It means that the formula represents a function, since each input has a
unique output.

2. It means that the formula does not represent a function, since there’s an
input with more than one output.

3. a. Ifx=20,then 20 = ‘y +10‘. This implies that

y+10 = 20 or y+ 10 = —20, giving two solutions: y = 10, —30.
b. One input (20) produced two outputs (10 and —30). Therefore, the
formula does not represent a function.

Yes, given an input (x), there’s only one output (y).

Yes, solve for y and it’s just like part a.

Yes, one input produces exactly one output.

No, an x-value of 4 produces two y-values, namely 2 and —2.
No, an x-value of 0 produces two y-values.

Yes

No, if x = 10, then y has two values.

I

No, for x = =, there are an infinite number of y’s.

Yes, given any input, the output must be ﬁ , so there’s a unique

e

output for each input.
No, if x = 9, then y has two values, 2 and -2.

.
.

k. Yes, put in any legal value of x, and only one y-value will result.

—

Yes, it may be complicated but only one y-value will appear for a
given x-value.

m. No, if x = 2, then y can be either -3 or —7.

No, let x = 0 and see what you get.

B

o. Yes, as long as an appropriate x is chosen, the positive square root
produces exactly one answer.
p. Yes q. No r. Yes s. Yes t. Yes u. No
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5. F (actually, most lines are functions)
6. a.andb.

7. When you choose the only legal x, you're already at the y-value, and
there’s only one.

8. b.only

9. Ifx=0,y=4=1; an input has produced two outputs, so it’s not a function.

Or, the graph is a circle, which is certainly not a function.

10. y =43; it is not a function, since a single input of 9 produced two

outputs.

11. a. No b. Yes ¢. No d. No e.Yes f. No
g. Yes h. Yes 1. Yes J. No k. No 1. Yes

12. All but the 4th

13. a. F b. T c. ¥ d. F e. T f. F
g. F h. F 1. F
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“Ninety-nine
percent of the
failures come
from people who

have the habit of
making excuses.”

— George Washington
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CH 34 — FUNCTION NOTATION
AND COMPOSITION

w

r I \he notation “y = whatever” is a fine
way to write a function, but it has a

e

major flaw. Suppose we are talking about

two functions in the same problem — for 1
example, the line y = 2x + 1 and the .

parabolay = x2. I now ask you what the

y-value is when x = 1. Is the answer 3
(from the line), or is the answer 1 (from 2 it d J
the parabola)? It depends on which gfmu\f/h'ich gfappehn >
formula you chose. you're looking at.

If x=1, what does y

O FuNncTION NOTATION

Not knowing which function we’re referring to is unacceptable — we’d
never be able to communicate this way. This is why we use a new
notation for functions: We give each function a different name, in order
to distinguish one from the other. We can name our line and parabola

functions something like
L(x) = 2x+1 and P(x) = x°
[The symbol L(x) is read “L of x” or “L at x”.]

The L and the P are the names of the functions, and the x’s in
parentheses just make it clear which variable is the input. So, for
example, in the function L, the input is x, and the output is L(x) (that
1s, 2x + 1).
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Now, with this new notation, if I specify an input
of x = 1, it’s fair to ask you what L(1) is, and you’ll
know for sure that it’s 3, because I gave you both
the input (the 1) and the function L. And by the
same token, if I asked what g(1) is, you'd be
confident that it’s 1. Get it??

EXAMPLE 1. Given the three functions
f(x) = 3x—-10
g(x) = x®+1
- 1
h(x) = p~

The following are
some of the math
functions you will
find in programming
languages and
spreadsheets:

abs
sqrt
sin
log
exp
mod
round

calculate each of the functional values:

f(5) = 3(5)-10 = 15-10 = 5
g(5) =52+1=25+1 = 26
h(5) = %

f(10) = 3(10)-10 = 30-10 = 20
g = (1?+1=7+1=8
h(0) = % which is undefined

m m o 6 w o>

Homework

1. Let f(x) = x? + 3x
gx) = 5-x
h(x) = x+1

Ch 34 — Function Notation and Composition



305

Calculate:

a. f(7) b. g(7) c. f(0) d. g(0)
e. f(10) f. g(10) g. f(=5) h. g(-5)
i. h(0) j. h(-28) k. h(-1) 1. f(-1)

0 COMPUTER LANGUAGE FUNCTIONS

Let’s look at how a computer language handles functions by looking at
three functions: two that are built into the language, abs and
sgrt, and one that we’ll define ourselves.

You may have guessed that abs stands for absolute value. For
example, the abs function produces the outputs for the given inputs:

abs(7) =17 abs(-12) =12 abs(0)=0

As for the square root function, sqrt, a computer would calculate like
this:

sgrt(81) =9 sgqrt(0)=0 sqrt(-4) = Error

Our third example will be a user-defined function; this is a function
that does not come pre-built into the language, but one that we create
ourselves.

Notice that the square root of a negative number does not exist as a
real number — hence the Error in the sgrt calculations above. So how
can a programmer absolutely guarantee that her program will never
accidentally try to take the square root of a negative number? Here’s
one way: Take the number’s absolute value first, then feed that result
(which can’t be negative) into the square root function:

sqrt(abs(-9)) would produce an output of 3.

Do you see why? Starting with the input, -9, first its absolute value is
calculated, which results in the number 9. Second, the positive square
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root of the 9 is taken, with a final output of 3. Get it? What if we start
with a positive number? No problem — for example,

sgrt(abs(100)) would produce an output of 100.

The absolute value of 100 is still 100, whose positive square root is 10.
Whether the input is positive, zero, or negative, our new function will
always be able to take a square root, with no Error message to worry
about. And this new function will even work perfectly if the input is O.

Just for the heck of it, let’s reverse the order of the functions which
comprise our new user-defined function, and see how 1t handles an
iput of —25:

abs (sqrt (-25)) = abs (Error!)

It appears that the order in which you carry out your functions might
make everything fall apart, thus defeating the purpose of a user-
defined function.

And we can even name our user-defined function (the one that works,
not the one that starts with abs), and have it stored in the computer
language, available anytime we need it. For instance, we might call the
new function RealSgrt, meaning that our new function will always
result in a real number and never produce an Error message —a good
thing for a programmer to have. Depending on the computer language,
1t might be as simple to create as this:

Function RealSqgrt (x)
RealSqgrt(x) = sqgrt(abs(x))
End Function

Our new function, RealSqgrt, is actually composed of two functions,
abs and sqgrt, performed one after the other. As such, we say that our
new function is the composition of the two functions. So, if you
wanted to use the function with an input of —100, you could write

RealSgrt (—100), and the output would be 10.
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O CoMPOSITION OF FUNCTIONS

Here’s the mathematical approach to the composition of functions. A
function takes an input and produces exactly one output. Isn’t it
possible that this output might itself be the input to some other
function? For example, suppose we have the two functions

flx) = x> and glx) = x-10

Our starting point will be to use the input 7 and place it into the
function f. This yields an output of 49. Now, declare the 49 to be the
input to the function g. The output at this point is 39. Skipping the
middle step, the original input of 7 produced — by performing f and
then g — an output of 39.

Another way to describe this “composing” of functions is the following:
The starting number of 7 was put into the “squaring machine,” creating
the number 49. Then the 49 was put into the “subtract 10 machine,”
giving the final answer of 39.

Since the function f was done first, and the function g was done second,
and the starting number was 7, we can consider “g of f of 7,” written

g(f(7) = 39

Showing all the details, we can write
g(f(7) = g(72) _ g(49) = 49-10 = 39

Using the output of one function as the input to a second function is
called “composing” the functions. The function that takes the 7 directly
to the 39 is called the “composition” of the two functions. It’s a single
function which has the same effect as the two original functions, one
followed by the other.
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In summary,

fx) = x* g = x-10
f takes 7 to 49,

and then g
- - takes 49 to 39.
We can write

g(f(7) = 39

The composition function
takes 7 to 39 directly

EXAMPLE 2: If f(x) = x3 —x and g(x) = 2x+ 10, calculate
a. f(g(-3) b. g(f(2)

Solution:

a. f(g(-3)) = f(2(-3)+10) = f(4) = 43 -4 = 64-4 =| 60

b. g(f2) = g(23—2) _ g(6) = 2(6)+10 =| 22

O OFFIcIAL NOTATION FOR THE COMPOSITION OF FUNCTIONS

Calculating an expression of the form f (g(x)) is important enough to
warrant its own notation. We write

(fog)@) = f(g)

and call fog the composition (or composite) of f and g. That is, given
two functions f and g, we can create a third function called the

composition of f and g, denoted by fog, defined by the above equation.
We can read f (g(x)) as “f of g of x.” Notice that the function g is done
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first, followed by f. Thus, function composition is done from right to
left.

EXAMPLE 3: If f(x) = x> -x and g(x) = 2x + 10,
find (go f)(x).

Solution: By the definition of the composition of two functions,

(g0 H)x) = g(f(x)) = gx®-x) = 2(x® -x)+10 =

2x3 —2x +10

Function Composition is NOT Commutative

Remember the commutative property for multiplication? It says that if
a and b are real numbers, then their products are equal: ab = ba. We'll
now demonstrate that the composition of functions is a non-
commutative operation. In other words, the order of the functions may
make a difference in the final answer.

Let f(x) = x2 and g(x) = x+ 1. Let x = 10; we'll calculate
(fog)10) = f(g0)) = f(10+1) = A1) = 11* = 121,

but

(g0 £)10) = g(f(10)) = g(10%) = g(100) = 100+1 = 101.
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10.

Homework

Let u(x) = x? and w(x) = 3x —4. Calculate:
a. u(w(3)) b. w(u(3))

Let f(x) = Jx and h(x) = 3x.
a. Calculate (f o h)(1)
b. Explain why (f o h)(-3) does not exist (as a real number).

Let f(x) = Jx and g(x) = x + 10.
a. Find (f o 9)(-1) b. (f o £)(-10) c. (f o g(-11)

If g(x) = x?+ 1 and f(x) = bx -9, calculate formulas for

(f o @) and (g o f)(x).

If f(x) = 3x and g(x) = Jx+1, calculate formulas for
(f o 8)x) and (g o f)(x).

If gx) = (x+ 1)2 and h(x) = \/; , calculate formulas for
(g o h)(x) and (h o g)(x).

If f(x) = 7x—5, calculate a formula for (f o f)(x).

If h(x) = x% +x - 1, calculate a formula for (h o h)(x).

Let f(x) = Jx+4. Find a formula for (fo fo f)(n).
Now calculate (fo fo f)(437).
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O To oo AND BEYOND

A. Consider the following five functions:
f(x) = x* gx) = x+6 h(x) = Jx+17
j = {(mv2). (2. k= {@n), 0.0

Calculate: (hogo f oj o k)a)

Il
W

B. Solve forn: \//\/erzl +4

C. Solveforn: \/N’H4 +4 +4 =w

Solutions
1. a. f(N=7>+3(71)=49+21=70 b. g(N)=5-7=-2
c. 0 d. 5 e. 130 f -5 g. 10
h. 10 i1 i. -3 k. 0 1. -2
2. a uw@®) = u®B) = 25 b. 23
3. a. f(h) = f(3) = /3 b. It would be -9, not in R
4. a. 3 b. 0 c. +-1,notinR

5. (fog)x) = f(gx)) = f(x?+1) = 5(x*>+1)-9 = 5x* -4
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(g0 )x) = g(f(x)) = Gx—-9)2+1 = 25x2 —90x + 82
6. (fog)x) = 3Jx+1 (go f)x) = fBx+1

7. (goh)(x)= (x+1)? = x+2Jx +1
(hog)(x) = (x+1)* = |x+1]

8. (fof)x) = f(f(x)) = f(7Tx—-5) = 7(7x—-5)—-5 = 49x —40

9. x*+aml-x-1 10. | [[n+a +4 +4

Evaluating the function at n = 437

gives a result of 3.

“One child,
one teacher,
one book,
one pen

can change
the world.”

- Malala Yousafzai
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CH 35 — PIECEWISE (BRANCH)
FUNCTIONS

A shipping company might offer a

discount if the shipping weight

exceeds a certain minimum. For ~DELIVERY
example, the shipping fee might be $3/Ib

for a shipment weighing less than 20 |bs,

and S2/lb for a weight of 20 Ib or more.

Our federal income tax system uses a progressive
tax; higher-income earners pay a higher percentage
of their taxable income than lower-
income earners. For instance (and
this is an oversimplification), those
who earn under $50,000/yr might
pay at a rate of 12% of their
income, those who earn between
$50,000 and $90,000 pay 15%, and those who earn
more than $90,000 pay 20%.

EXAMPLE 1: For the shipping company in the Introduction,

Find the cost to ship 12 lbs.
Find the cost to ship 35 1lbs.

C. Express the shipping cost, S, as a branch function of
the shipping weight, w.
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Solution:

A. Since w =12, which is less than 20, it costs $3/Ib, for a
total of 12 1bs x $3/1b = $36.

B. 35 1bs at $2/1b (because 35 lbs > 20 1bs) comes to $70.

C. In English, we could say:
If w < 20, then S = 3w.
If w > 20, then S =2w.

In our new notation, this 1s written

3w 1fw<20
S = .
2w 1f w=>20

EXAMPLE 2: Find the piecewise (branch) function for the

income tax in the Introduction, and then use

the function to find the tax on an income of
$88,000.

Solution: Here’s the branch function, where I=income and
T = tax:

12%x1 if I <50,000
T = 15%x1 1if 50,000 < I <90,000
20%x 1  if I >90,000

To find the tax on an income of $88,000, we find which branch
of the tax function the number 88,000 lies in. It lies in the
middle branch, so we use the formula 15% x I, giving a tax of

T = 15% x I = 0.15(88,000) = $13,200
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EXAMPLE 3: Let’s look more closely at the absolute value function:

f(x) = ‘x‘

We know, for example, that f(9)=9, f(-17)=17, and f(0)=0.

Here’s one way we can define absolute value, using the if/then

form:

If x >0, then x| = «

If x <0, then x| = —x

As a branch function, we write

_|lx 1fx=0
=%
—x 1fx<0

In programming, it might
be written:

If x >= 0 Then
Abs (x) = x
Else
Abs (x) = —x
Endif

In summary, we call a function described in the three examples above a

branch function (or piecewise function), because the formula we use to

calculate the output depends upon which branch of the domain the input

lies in.

For example, in the absolute value branch function, suppose x = 9. Since
9 > 0, we use the formula in the top branch; so 19| =9. If we take x to

be 0, we are again in the top branch, and thus 0] =0. But if we take

x =-17, then x falls in the bottom branch, whose formula 1s —x. So

|-17] = —(=17) = 17, just as it should be.

Note: The definition of absolute value we’ve just
written tells us that the domain of fis R, all real
numbers. Here’s how you can tell: Choose any real
number, and then see that it must fall into exactly one
of the two “if’s”; that is, the real number you chose is
either 20 orit’s < 0. All the bases are covered, so the
absolute value function is defined for all real numbers.

[ [§*] W = !
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EXAMPLE 4: Consider the branch function defined by

2 .
f(x)={x 1fx<0

2x ifx>3

I. Calculate: a. f(-8) b. £(0) c. f(3)

d. £(200) . f(g)
II. What is the domain of f?
III. Graph f.

IV. Analyze all the interesting limits.

Solution: To calculate function values, we first need to
determine whether the input we're looking at falls in the first
branch (x < 0), in the second branch (x > 3), or possibly in no branch
at all.

I. a. Since -8 <0, f(8) = 8% = 64.
b. Also, 0<0, so f(0) = 0% = 0.
The value x = 3 is not in either branch. Thus, f(3) is
undefined.
d. Because 200 > 3, f(200) = 2(200) = 400.
Note that g lies between 0 and 3 — it falls through
the cracks of the domain. Therefore, f (%) 1s

undefined.
II. The domain is explicitly stated in the definition of the
branch function — namely all real numbers that are either

<0 or > 3. That is, the domain is (-0, 0] U (3, ).

III.  For x <0, the graph is a piece of the parabola y = x2. For
all x > 3, the graph is the straight line y = 2x. So the left
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piece of the branch function is a parabola, and the right

piece is a line, and there’s a giant gap between 0 and 3.

\ {74

0
A

4

IV. Now for some limits:

Note that there’s a
solid dot at the
origin, because fis a
parabola for any
x<0. In other
words, 0 is in the
domain; thus the
point (0, 0) is on the
graph. On the
other hand, the
point (3, 6) is not on
the graph, since 3 is
not in the domain —
hence the open dot.

As x —> 3 (from the right), f(x) — 6,

but x cannot approach 3 from the left.

As x —> 0 (from the left), f(x)— O,

yet x cannot approach O from the right.

As x —> o, f(x)— o (up the straight line).

As x > —0, f(x)— o (up the parabola).

Final Comment: To say that x < 0 means that x € (-, 0]. Also, if
x> 3, then x € (3, w). Thus, an equivalent form of the original

branch function f in this example is

2

_x if x € (—o0, 0]
fx) = {Zx if x € (3, )

The notation x € A
means that x is an
element of A.

Also, while | use the
word “if,” some
books use “for.”
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1. Let A be the function defined by h(x) = {

Homework

1 fx>0
-1 ifx<0

A.  What is the domain of A?
B.  Find A(13), h(0), and A(-r).
C. Graph h.
2
2. Consider the branch function defined by f(x) = X for <0
3x for x>2
A. Calculate: a. f(-8) b. f(0) c. f(2)
d. f(200) e. f(n/3)
B. What is the domain of f?
C. Graph f.
3. Let g be the piecewise function defined by
x® ifxe(—o0,-2)
g(x) = {-x* ifxel[-1,1]
2 if x € (1, )
A. Calculate: a. g(1/2) b. g(99) c. g(-4) d. g(-1.5)
e. g5 f g-2) g g-1) h g
B.  What is the domain of g?
C. Graph g.

Check out:

https://www.mathsisfun.com/sets/functions-piecewise.html
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0 To oo AND BEYOND

£ is irrational
Define the function f by f(x) = {O 1A 1S rrationa

Find (f o f)@

T if x 1s rational

Solutions

1. A. Thedomainis R, all real numbers, since every real number falls in
exactly one of the two branches of the domain.

B. 1;1;-1

Q
deg‘l\)_

2. A a. 64 b. 0 c. Undefined d. 600 e. Undefined

B. (_007 0] U (2, OO)
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| | 1 /i
¢ /
\
\[ [ [ ¥
\L |
\[-
4 9
3. A a —% b. 2 c. —64 d. -3.375
e. —125 f. Undefined g. -1 h. -1

B. It’sjust the union of the three intervals given in the function:

(=0, -2) U [-1,1] U (1, )

But note that the last two intervals can be combined into

[_]—7 OO)
C o] -4
1 (1,2))
6 -5 -4 - 473 p 4 5 6 7
(1l =1) Lo (1, 1)
3
4
[
,
( 2——-5—)4?——-8
10
12
13
14
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CH 36 — DOMAIN

ave you ever gotten an ERROR \\
N

message on your calculator? You
may have tried to divide by zero — or @

perhaps you attempted to compute the
square root of a negative number. In \/
either case, you tried to use a number

outside the domain of the function you
were trying to calculate.

O Two WAYS 1O DESCRIBE THE DOMAIN

The domain of a function is the set
of all inputs to the function.

There are two ways we specify the domain of a function.

Sometimes, the domain is explicitly given (very common in Calculus).
For instance,

Let h be the function defined on the set of numbers
[0, 3] by the formula A(x) = x2.

The domain of this function is the set [0, 3]. Why? Because the
definition says so. Thus, while A(0) = 0 and A(2.5) = 6.25 and h(3) =9,
both A(-1) and A(4) are undefined. It’s not that —1 and 4 can’t be
squared — they simply are not in the explicitly given domain, [0, 3].

Other times, the domain is not explicitly given, so we agree to use the
natural domain. In this scenario, the function's domain is every real
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number that’s legal to use in the formula. For example, the function

g(x) = x”
squared. But in the formula y =

would have a domain of R, because any real number can be

3
x—="7’

except 7 (otherwise, we're dividing by 0). Therefore, the domain is
R - {7}.

x can be any real number

The concept of domain also applies to formulas that are not functions.
Consider the formula x = y2. We know this is

not a function because an input of x = 25, for 2
Instance, produces two outputs, y = 5. ;

Nevertheless, we can ask what inputs are -1

allowed. Since x is the square of y, it should be

clear that x must be greater than or equal to The non-function x = y2
zero. That is, the domain is [0, «). has domain [0, x)
Homework

6x —6
J2x -8
value: a. f(12) b. f(36) c. f(4.5) d. f(4) e. f(3)
From these results we see that 12, 36, and 4.5 are in the
of the function, while 4 and 3 are not.

1. Consider the function f(x) = . Calculate each functional

2. What is the domain of the function defined by y = X3, x e [3, 5]?

3. Consider the function given by the formula g(x) = x3 — x2. What
1s the domain of g?

0 PRELIMINARY EXAMPLES

We have a pretty good notion of what a function is. There’s a set of
inputs, which are in some way associated with a set of outputs.
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Although this association is usually given by a formula (e.g., y = x2),
don’t forget about the four quarters of the football game and the graphs
In a previous chapter. Most importantly, remember that this
association between the inputs and the outputs is such that each
element in the set of inputs is associated with exactly one output. This
chapter focuses on what inputs are allowed in a function.

First Example: Consider the function y = R What Al
inputs are allowed in this function? That is, what can 3 \\
x legally be? Well, x had better not be 0, since division 2
by 0 is undefined. But if x is any other number, no 1
problems will occur. So x can be any real number T o 1 :
except 0. 1
The set “All real numbers except 0” \2
can be written R — {0}. ;
Second Example: Now consider the
function y = Jx . We ask the same ) — T
question: What x’s are allowed in this ) ~]
formula? In other words, what kinds of real /
numbers are we allowed to take thesquare 1 [0 1 12 13 &4 |5 &
root of? The answer is that we can take the 1

square root of any number that is zero or
greater — which is equivalent to saying that we cannot take the square
root of a negative number. Thus, x can be any number greater than or

equal to 0, which we also write as x 2 0, or, if you're familiar with
interval notation: [0, o).

Homework

4, Let y = 2x + 10. Which of the following are legal values of x?
a. 30 b. - c. V7 d. 0
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Let y = x% Which of the following are legal values of x?

a. 3 b. 2 C. T d. 0

Let y = Jx . Which of the following are legal values of x?

a. 7 b. 0 c. -9 d. 99
Let y = % Which of the following are legal values of x?
x“ —144
a. 12 b. 20 c. 0 d. -12
Let y = 2x . Which of the following are legal values of x?
X7+
a. 3 b. 0 c. -3 d. 2

O THE DOMAIN OF A FUNCTION

We know that the domain of a function is The domain of a

the set of legal inputs to a function. Why is
the domain a vital idea to consider? Total

function is the set

havoc can result when a number outside the of all |ega| inputs.

domain is introduced into the function (like
in a spreadsheet or a programming

language).

For example, if our computer application tries to let x = 0 in the

function y = L we're sunk — the computer will stop execution of the

program and give an error message (or worse, freeze up!). And if we

allow x = —4 in the function y= Jx , then we’re really up a creek, since

=4 1is not a real number, and we're assuming that real numbers are

all that you have at our disposal in your course.
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To review, the domain of a typical function of x found in an algebra or
trig course is the set of all real numbers that are legal for x to be in the

formula. For example, the domain of the function y = x? is R, all the
real numbers (since any real number can be squared without any

3
x="7’

number except 7 (why?), and therefore the domain is R — {7}, all the

serious problem). But in the formula y = x can be any real

real numbers with 7 removed.

Homework

9. Consider the function y = 2x—8.
Calculate the functional value for each x:

a. 12 b. 36 c. 4.5 d. 4 e. 3

From these results, we see that the values 12, 36, 4.5, and 4 are
in the function's domain, while 3 is not.

10.  Let h be the function defined by y = ——. Calculate each
x" -9
functional value:
x | 4] 3] 2101 ]3] 4]c%5
Y

From this table of inputs and outputs, guess what the function's
domain 1is.

11. Consider the function given by the formula y = x3 — x%. What is
the domain of g?

12.  What is the domain of the function y = %3?
X
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O FINDING THE DOMAIN

II.

ITI.

y = -2

In this equation, the x isn’t even mentioned.
There can, therefore, be no restrictions on x.
That 1s, x can be any real number. Thus, the
domain 1is

R

y = 3x% - Tx+9

We ask ourselves: What are the legal x’s? Well, x

can be anything, since the operations in the

formula could not possibly be a cause for concern.

The domain 1s therefore

R

_ Tx+2
Y T 4x—-20

Now we’ve got something interesting to look at.

Question: What can go wrong in a division
problem? Answer: The possibility of dividing
by zero. We must ensure that x is never
allowed to be a number that would make the
denominator zero. So we find out what
value(s) of x would make the bottom zero, and
then don’t allow those x’s to be in the domain!

Setting the bottom to zero gives

1
0
-5 -4 -3 7271_10 1 2 3 4
—2
<
-3
—4
1nTv
1§
=]
7
(=)
5
4
3
2
1
o
-1 [5] 1 E 3
-1

20

15

10

-2

-10

-15

o 4 6 810 12

4x — 20 = 0 €<——This is what we don’t want to happen.

= 4x = 20
= x =5
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Thus, if x = 5, the denominator is zero, which is absolutely

forbidden! So, the domain of this function is the set of all real

numbers except 5:

R —1{5}

_ 5x —10
Y= — -
x“+bx—-24

As in the previous example, we must make certain that the

denominator is never zero; let’s see what values of x make it zero,

and then exclude such values from our
domain:

x> +5x-24 = 0
= x+8)x-3) =0
= x+8 =0 or x-3 =0

= x=-8 or x=3

We conclude that the domain 1s all real
numbers except —8 and 3:

R —{-8, 3}

_ 2x—8
Y= 3
x“+10x + 25

15

10

5

=l0-8 -6 -4 -2 0 2% 4 ©

-5

-10

10

The Quadratic Formula
could have been used to
solve the quadratic
equation in this problem.

First, we note that it’s perfectly O.K. for the numerator of a

fraction to be 0, so this numerator has no role in determining the

function's domain. We focus on determining what values of x

would make the bottom zero, and then exclude those values from

the domain:

x2+10x+25 = 0
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= (x+5)x+5) =0
= x+5 =0o0or x+5 =0

= x =-5or x = -5

-_"""-:lh

We see that the only value of x that is not
allowed in the domain 1s x = -5. Hence,
the domain of the function is all real
numbers except —5:

R —{-5}

VI. y = —22x_6
x4+ 20

Let’s see what makes the denominator zero (so we can exclude it
from the domain.)

x> +20 =0

x% = =20

= x = x4/-20, which are not real numbers.

=

What do we conclude here? L

Well, we tried to figure out

what values of x would make

the denominator zero, so 0 —

-12-11-10-9 -8 -7 -6 -5 -4 -3 -2 -1 [0 1 345 6 7 B 91011121
that we could exclude such L1 vd

an x from being in the
domain. But there aren’t

any values of x that make
the denominator zero. So there is nothing to exclude from the
domain. Therefore, every real number is allowed in the function.
The domain 1s

R
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Homework

Find the domain of each function:

2
13, = 14, = x" -9
y-n YT 9x_7
_ 92x+1 x2—25
15. y = —2Xx+1 16. y =X =29
x2—100 x2 +49
17. vy = J2+43 18. y =48
9% — 3 _ 3
19. y = =—=— 20. y =
2x2+3x 2x—x2
_ .3 Ox -7
. = x5 - 22. =
2L y==x"-8 YT 9% 409
23, y = OX¥25 24, y=_X%
x% —144 x2 +3
25. y=+2x+9 26. y=-%=2
x° —81
_ 3 _
27. y=—52>— 28. y =9
2x° —bx -3
_ 1 2x =17
29. y = 30. y =
x2 +10x + 25 8x2 —10x -3
2
31 y — .92C+10 32 y — X 2+5x+1
x°+100 4x° —x -3
2
33. y = 3x+7 34. y = x2—14
10x2 — 20x 14x% — 49x
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O THE DOMAIN OF SQUARE ROOT FUNCTIONS

EXAMPLE 1. Find the domain of y = /24 -8x.

Solution: In this formula, we ask ourselves if anything could
possibly go wrong using certain values of x. Well, the square root
of a negative number doesn’t exist in the real numbers, so
certainly something could go wrong — for instance, if x = 4, then

we’d have y=4/-8.

Now we need a statement that describes 6

the legal ¥’s. How about this: \
4

The square root of a quantity is defined 5
2
1
0]

(as a real number) only when that
quantity is greater than or equal to zero.

So, in this example, the radicand,
24 — 8x, must be greater than or equal to 0; 1.e., > 0

24-8x > 0 (the radicand must be 0 or positive)
= -8x > -24 (subtract 24 from each side)
= x <3 (divide by —8, and reverse the inequality)

Therefore, the domain is the set of all real numbers which are
less than or equal to 3:

or, (—oo, 3] in interval notation

x <3
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Find the domain of each function:

35. vy = 3x+12 36. y = .8-2x
37. y = Tx-15 38. y = J-4x+1
39. y = 17-17x 40. y = Jax +12
41. y = Jax+1 42.  y = J10-10x
43. y = 20x 44. y =20-x
45. y = J-3x-15 46. 'y =J-30-T7x
Review
Problems

Find the domain of each function:

_ _ 2x — 6
47. y =2 48, y = —2X=b
x?+4x+3
49. f(x) == 50. y = mx’ —17x+1
2 _ 3
51. y=2%% 52. y =
x—3 xZ—x-20
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53.

55.

S7.

59.

61.

63.

20 _ T
= 54, y = ——F——
Y x? —x 13x2 + 26x
_ _ 4-x
y = {18-9x 56. y = —%—
x? - 400
_ 13x—-13 17x—-17
y = 58. y =
9x% — 42x +49 25x2 +20x + 4
2
x“—bx+6 _ 2
=4 o7 60. = X2
Y 50 YT 3
y = NJ12x-16 62. y = J10-5x
2
y =% —49 64. y = —;/g
26 +17 9x2 — 49
Solutions
a. 33/2 b. 105/4 c. 21 d. Undefined
e. Undefined Domain
[3, 5]
R

All four numbers are legal inputs, since all four numbers could be
multiplied by 2 and then have 10 added on with no problem.
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3 1s a legal input, since 3% = % = 3; no muss, no fuss.
2 1s not legal, since S_ =3 = Undefined .

2-2 0
7 1s legal because nothing can go wrong.

0 1s legal because % 1s a perfectly fine number.

J7 is a perfectly fine real number, so 7 is a legal input.

J0 is also a real number (= 0), so 0 is legal.

V=9 is not a real number, so this number doesn’t exist in our current
world; hence, —9 is not a legal input.

J99 is some real number (9 point something), so 99 is legal.

When x = 12, we get 122 - 144 = 144 - 144 = 0 in the denominator.
Zero in the denominator? I don’t think so! Thus, 12 is not a legal input.
20 1s O.K. to use for x, just as 0 is fine for x. So 20 and O are legal inputs.
But when x = -12, we're in the same boat as when x was 12. This is
because when x = -12 we get 144 — 144 = 0 in the denominator, which is
certainly not allowed. Therefore, —12 is not legal.

All four values of x are legal, since none of them makes the denominator
zZero.

a. 4 b. 8 c. 1 d. 0 e. Undefined

1/7; Undefined; -1/5; -1/9; -1/8; Undefined; 1/7; 1/16
When x = 3 or -3, the function is undefined due to dividing by zero. It
seems that no other inputs would produce a zero in the denominator. So,

our guess would be that the domain of A is all real numbers except 3 and
—3. This domain can be written R — {3, -3}, or R — {£3}

R 12. R —{-3) 13. R 14. R - {%} 15. R — {+10}

R, and here’s why: No matter what x is, x? is at least 0 (since x? is never
negative). Now add 49 to something that is at least 0, and you now have
a number which 1s at least 49; so the denominator x? + 49 can never be 0.
Since dividing by 0 is the only critical issue in this function, the domain
is all real numbers.
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17.

21.

25.

29.

33.

37.

41.

45.

49.

93.

S7.

61.

R 18. R 19.
R 22. R - {—g} 23.
R 26. R — {9} 27.
R -{-5 30. R - {—ig} 31,
R -{0,2} 34 R -{0,3} 35.
x> 175 38. x< i 39.
x> —i 42. x<1 43.
x<-5 46, x£—3—70 47.
R 50. R 51.
R -{0,1} 54. R —{0, -2} 55.

59. R

63.

e~ fo-3
R —{£12}
= {4
R

x4
x<1

x>0

R

R - {3}

60.

20.

24.

28.

32.

36.

40.

44.

48.

52.

56.

64.

R - {0, 2}

R —{-1,-3
R — {5, -4}

R — {420}

R—{i

(GIEN

}

NOTE: All of the domains in the solutions involving inequalities could also be
written in Interval Notation. Examples:

X >4 can be written [4,0).

X <—3 can be written (—o0,—3).
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CH 37 — SYMMETRY, EVEN AND
ODD FUNCTIONS

O SYMMETRY OF A PAIR OF POINTS

A A A (1, 4)
2y e .
. é
(27 _3) (_]—’ _4)
X-axis symmetry y-axis symmetry origin symmetry

In the first graph, notice that (2, 3) is directly above (2, —3), and that
the two points are equidistant (equally distant) from the x-axis; that is,
the dotted line is bisected by the x-axis. It’s as though the bottom point
1s a reflection in the water of the top point. Also, note that the
x-coordinates of the two points are the same and their y-coordinates are

opposites. The two points are symmetric with respect to the x-axis.

In the second graph, we see that (4, 2) is directly to the right of (-4, 2),
and that the two points are equidistant from the y-axis; that is, the
dotted line is bisected by the y-axis. It’s like each point is a mirror

image of the other. The two points are symmetric with respect to the
y-axis. Also, can you see that the x-coordinates of the two points are
opposites, and their y-coordinates are the same?

In the third graph, note that the two points are equidistant from the
origin, and the dotted line is bisected by the origin. The two points are
symmetric with respect to the origin. Lastly, it should be clear that
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the x-coordinates of the two points are opposites, and their
y-coordinates are also opposites.

Homework

1. For each of the following points, find the point that has x-axis
symmetry with it:

a. 2,7 b. (3,4 c. (5,n) d. (4, 0) e. (0,-3)

2. For each of the following points, find the point that has y-axis
symmetry with it:

a. (<2,5) b. (<1,-2) c. (7,0) d. (m, —/2)e. (0,-2)

3. For each of the following points, find the point that has origin
symmetry with it:
a. (-3,5) b. (8 -7 «c. (0,0) d. (6,0) e. (0, -m)

4, The line segment connecting the points P and @ is bisected by the
y-axis. Does this imply that P and @ must be symmetric?

5. Let P be a point in the first quadrant and let @ be a point such
that P and @ have x-axis symmetry. Then @ must lie in which

quadrant?

6. Let (x, y) be a point in the third quadrant. Name the point such
that the pair of points has origin symmetry.

O SYMMETRY OF A GRAPH

In the previous section, we discussed what it meant for a pair of points
to have some kind of symmetry. Now we extend this concept for any
graph in the plane.
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x-axis symmetry y-axis symmetry origin symmetry

A A A

b AL

— T

v

Given any point Given any point Given any point
on the graph, on the graph, on the graph,
there’s an there’s an there’s an
equidistant point equidistant point equidistant point
on the other side on the other side on the other side
of the x-axis. of the y-axis. of the origin.

The Litmus Tests for Symmetry

Now that we can visualize the three types of symmetry, we need a way
to test a given equation for symmetry without having to graph it.

X-axis Replace y with —y everywhere in the given equation. If the
new equation is equivalent to the old one, then the graph of
the equation has x-axis symmetry.

For example, consider the sideways-opening

parabola x = y2. Replacing y with —y gives the /

equation x = (—y)z, which 1s the same as x = y2.
Since the replacement didn’t really change the

equation, we have x-axis symmetry.

y-axis Replace x with —x everywhere in the given equation. If the
new equation is equivalent to the old one, then the graph of
the equation has y-axis symmetry.

For instance, look at the absolute value function y = |x|.
Replacing x with —x gives the equation y = |—x|, which is
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actually the same as y = |x| (since the
absolute values of a number and its opposite

are the same). Thus, the graph has y-axis
symmetry.

origin Replace x with —x and replace y with —y everywhere in the
equation. If the new equation is equivalent to the old one,
then the graph of the equation has origin symmetry.

Consider the cubic function y = x5 Replacing x
with —x and y with —y gives the equation
—y = (-%)®, which implies that —y = —x>, which

implies that y = x3, so there was no net change in
the equation. Therefore, the graph has origin

symmetry.

EXAMPLE 1 Find all the symmetries of x% +y* = 5.

Solution:

x-axis Replace y with —y: x? + (—y)4 =5 =

x? + y4 = b, the same as the original equation; therefore the
graph has x-axis symmetry.

y-axis Replacing x with —x will again result in the same
equation; thus the graph has y-axis symmetry.

origin Replace both variables with their 1
negatives: (—x)2 + (—y)4 =5 = 2+ y4 = ﬁﬁ
0 1 2

5, the original equation; we conclude that the {2 -1

graph has origin symmetry as well.
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EXAMPLE 2: Find all the symmetries of y2 = x2 +y3.

Solution:

x-axis Replace y with —y: (—y)2 = x2 + (—y)3
= y2 = %% - y3, which i1s not the same as the original equation,
nor can it be made to be the same. Thus, the graph does not have

x-axis symmetry.

y-axis Replace x with —x: y2 = (—x)z + y3
= y2 = x2 + y3, which is the same as the original equation.
Therefore, the graph has y-axis symmetry.

origin  Replace x with —x and y with —y: (—y)2 = (—x)2 + (—y)3
= yz = x2 —y3, which 1s not the

same as the original equation — and
will never be — no matter what we do
to each side of the equation. We

conclude that the graph does not

have origin symmetry. / \
In summary, the graph has y-axis

-~ [~

symmetry only.

Homework

7. Sketch a line with x-axis symmetry, a line with y-axis symmetry,
and a line with origin symmetry.

8. a. Sketch a parabola with y-axis symmetry.
b. Sketch a parabola with x-axis symmetry.

9. Sketch a circle that has x-axis symmetry, but neither of the other
two.
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10. Sketch a circle that has y-axis symmetry, but neither of the other
two.

11. Sketch a circle that has origin symmetry, but neither of the other
two.

12. A graph with origin symmetry contains some points in the 2nd
quadrant. Which other quadrant must contain some points of the

graph?

13. Use the litmus tests to find the symmetries of each graph:

a.x2—y2=1 b.y=x2+x—1
c.y=x2—8 d.x:|y‘
e.y:% f.y:x6—x4+x2

14. If a graph has x-axis symmetry and y-axis symmetry, does that
1mply that it has origin symmetry? What about the converse?
[See Chapter 1, Logic.]

O EVEN AND ODD FUNCTIONS

We end this chapter by categorizing functions based upon their
symmetries.

If a function has y-axis symmetry, we call it an even function.
If a function has origin symmetry, we call it an odd function.
That’s it — just two new terms that refer to the symmetries we already

know.

Where do these two new terms come from?
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The classic function with y-axis symmetry is our friend the parabola:

y=x

Look at the exponent of the
function; it’s an even number.

The classic function with origin symmetry is the cubic function:

y=x

Look at the exponent of the
function; it’s an odd number.

Final Comment: Note that if a graph has x-axis symmetry, it’s NOT a

function at all, so it certainly can’t be an even or odd function.

Solutions

a. (2,-7) b. (-3, -4)

a. (2,5) b. (1,-2)

a. 3,-5) b. (-8,7)

No 5 1V

c. (5,-m) d. (4, 0) e. (0,3)
c. (-7,0) d. (-m, —J2) e. (0,
c. (0,0) d. (-6, 0) e. (0,7)
6. (_x7 _y)

any vertical line; any horizontal line; any line through the origin

\ T

.

[T —

s
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10.
11. Impossible 12. Quadrant IV
13. a. all Db. none c. y-axis d. x-axis e. origin f. y-axis

14. Yes; but the converse is false — consider y = 2x. It has origin symmetry
but neither of the other two.

“Education is simply the soul of
a society as it passes from one
generation to another.”

— Gilbert Chesterton
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CH 38 — SOLVING QUADRATICS
BY FACTORING

We’re pretty good by now at solving equations

like 2(3x—4)+8 = —10(x + 1), and Quodrakics
you’ve probably had your fill of word
problems which can be solved by such
equations. But some of the most important
applications in algebra, science, and
business involve equations where the

variable is squared. For instance, the
following is called a quadratic equation, due simply
to the fact that the variable is being squared:

x2-10x+16 = 0

Now that’s an equation!

O CHECKING THE SOLUTIONS OF A QUADRATIC EQUATION

First, let’s verify that x = 2 is a solution of the above equation (don’t
worry about where the 2 came from):
x> -10x+16 = 0

")
22_-10(2)+16 = 0
4-20+16 = 0

-16+16 = 0
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Fine — we have a solution. Here comes the (possibly) surprising fact:
This equation has another solution, namely x = 8. Watch this:

x2-10x+16 = 0
‘?

82-10(8)+16 = 0

0

64-80+16 = 0
?

-16+16 = 0

0o=0 Vv

One equation with two solutions? Yep, that’s what we have. This
special kind of equation, where the variable is squared (and may very
well have two solutions), has a special name: We call it a quadratic
equation.

Homework

1. For each quadratic equation, verify that the two given
solutions are really solutions:

a. x> +38x-10 = 0 x=-5; x=2
b. n*-25=0 n=5 n=-5
c. a’+7a = -12 a=-3;, a=-
d. w? = Tw+ 18 w=9;, w=-2
e. 29%+8y =0 y=-4; y=0
B.C.
et B PP D

¢ ~
~ |
Ei
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O QUADRATIC EQUATIONS

Recall the equation from part d. of the homework:
w? = Tw+18

Because the variable is squared, this is an example of a quadratic
equation (from “quadrus,” Latin for a 4-sided square). We can write
this quadratic equation in standard form by subtracting 7w from each
side of the equation and then subtracting 18 from each side of the
equation:

w?-Tw-18 =0 <« A quadratic equation in standard form

Notice that the quadratic (squared) term is written first, the linear
term (the one with the variable to the 1st power) comes next, and the
constant term comes last; the right side of the equation is 0. We also

note that the coefficient of the squared
term is 1, the coefficient of the linear The coefficient tells us how many
term 1s —7, and the constant term 1s —18. | of a particular thing we have. If we

. . have 9n, then we have 9 n’s, and
We can solve some quadratic equations

in our head. For instance, consider the so the coefficient of 9n is 9. The

quadratic equation coefficient of the term —7xy is -7,
and the coefficient of 13w? is 13.

x% = 25
What number, when squared, equals 25? | Sometimes the coefficient is
Recalling the homework above, we're not | “implied.” For example, the
surprised to learn that there are two coefficient of u? is 1 (since u? =
solutions to this equation: 5 and —5. 1u2), and the coefficient of —m is
After all, 52 = 25, and (-5)% = 25. We _1 (since —m = —1m).

conclude that the solutions of the

quadratic equation x?=25are x =5 and

x =-=5. So, as we study this and future

chapters, keep in mind that a quadratic equation is likely (but not
necessarily) to have two different solutions.
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O SoLvING QUADRATIC EQUATIONS BY FACTORING

Suppose we came across the statement
AB=0

This says that the product of A and Bis 0. Can we deduce anything?
The only way this can occur is if either A =0 or B =0. This is the basis
of the method of this chapter.

So, presented, for instance, with the quadratic equation

2w?-31lw+84 = 0

we use the same logic as above, but we have to first convert the left side
of the equation into a multiplication problem (like AB). And to convert

an expression with three terms (containing

addition and subtraction) into a multiplication |f AB=0
roblem, we FACTOR!

P thenA=0o0rB=0.

Our process in solving the equation is to factor

the quadratic expression on the left side of the equation (noting that
the right side is 0), set each factor to 0, and then solve each linear
equation.

EXAMPLE 1 Solve the quadratic equation 2w? — 31w + 84 = 0.

Solution:
2w? - 3lw+84 = 0 (the original equation)
= Qw-TNw-12) =0 (factor the quadratic)
= 2w—T =0 or w—12 = 0 (set each factor to 0)
= 2w =7 or w = 12 (solve each equation)
= w = % or w = 12

Thus, the solutions for w are

[SIEN

, 12
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EXAMPLE 2: Solve for x: 3x%2—Tx—40 = 0

Solution:  This equation is in standard quadratic form, so it’s all
set to factor:

3x2 - 7x—40 = 0 (the original equation)
= Bx+8((x-5) =0 (factor the left side)

= 3x+8 =0 or x-5 =0 (set each factor to 0)

_8 or x = 5 (solve each equation)

Thus, the final solutions to the

quadratic equation are

It’s time to practice our equation-checking. Letting x =5 in the
original equation 3x% - 7x—40 = 0 gives

35)2-7(5)—40 = 3(25)-7(5) =40 = 75-35-40 = 0 v

Trying x = —% in the original equation produces

2
_8) _7[_8)_40 = 3[64)_~7[_8|_
3( 3) 7( 3) 40 3(9j 7( 3j 40
_ 64,56 120 _ 120 120 _ o
33 3 3 3

EXAMPLE 3: Solve for y: 9y%-16 = 0

Solution: It’s a good-looking quadratic (even though the middle
term, the y-term, is missing), so let’s factor and set the factors to
Zero:

9y2 -16 = 0 (the original equation)

= By+4)3By—-4) =0 (factor the left side)
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= 3y+4 =0 or 3y—4 = 0 (seteach factor to 0)

= 3y = -4 or 3y = 4 (remove the 4’s)
- 4 — 4 . .
= y = ~3 or y = 3 (divide both equations by 3)

Therefore, the solutions of the equation are

which can also be written *

Ol

4 _
3

)

ol

EXAMPLE 4. Solve for u: 9u? = 42u — 49

Solution: This quadratic equation is not in standard form, so
the first two steps will be to transform it into standard form:

9u? = 42u - 49 (the original equation)
=  9u? - 42y = -49 (subtract 42u)
=  9u?-42u+49 = 0 (add 49 — standard form)
= Bu-7Bu-7 =0 (factor)

= Bu—T7 =0 or 3u—T7 = 0 (seteach factor to 0)

7

7 or u = — (solve each equation)

3 3

We obtained two solutions, but they’re equal to each other, so

= u =

there’s just one solution (or are there two solutions which are the
same?):

[GUIEN|
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Homework

2. Solve each quadratic equation by factoring:

a. w?-12w+35 = 0 b. 222 —13x+ 15 = 0
c. n2-25n+150 = 0 d. 6a®-38la+40 = 0
e. x2+2x-15 = 0 f. y?2—14y+49 = 0

g. 22-9=0 h. 3h2-17h+10 = 0
i 16u®2-8u+1=0 i 25w?-4=0

3. Solve each quadratic equation by factoring:

a. 2x% +10x-28 = 0 b. 25y% = 4

c. 222492 = —4z d. 40> = 3-4a

e. 6u’ = 47u+38 f. 0= 4> +8t+3

g x2+x-42 = 0 h. 222 +n-3 =0
io4x? =1 i. a®+12a+36 = 0
k. 9k = 9k -2 . 9n2-30n+25 = 0
m. 6z = 10z n. 49t% = 4

0. 25h% = 30h -9 p. 6x2-Tx—10 = 0
q.0=6y2+y—2 r. 4n? = 25n + 21

s. 16g2-24g+9 = 0 t. 64t2-9 = 0

u. -n®+n+56 = 0 [Hint: multiply each side by —1]
v. 22 +x+3 =0

w. —14a® = 3-13a
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O FINDING A QUADRATIC EQUATION FROM THE SOLUTIONS

When solving a quadratic equation by factoring, we set the quadratic to
zero, factor the quadratic, set each of the two linear factors to zero, and
then solve the two linear equations. However, for the next example, we
have to find an equation given that we know its solutions; to do this we
simply reverse the process of solving the equation.

EXAMPLE 5: Find a quadratic equation whose solutions are
3 and -12.

Solution:
You can use any variable you like, but I'll use x:
x=3 OR x=-12 (the given two solutions)

= x-3=0O0OR x+12 = 0 (rewrite so that each equation is 0)

= @x-3)(x+12) =0 (the product of the factors is 0)
= | x2+9x-36 = 0 (double distribute)
Note: The above example asked for “a” quadratic equation, not “the”

quadratic equation. Why? Because there are an infinite
number of quadratic equations which have 3 and —12 as their
solutions.

For example, check out 10x2 +90x — 360 = 0. If you solve it

by the factoring method, you’d likely would start by factoring
out the GCF of 10:

10x2 +90x—360 = 0

= 10(x>+9x-36) = 0
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= 10(x-3)(x+12) = 0.
Dividing each side of the equation by 10 gives the equation
(x—3)(x+12) = 0,

whose solutions are exactly those required by the problem, 3
and —12. Therefore, a perfectly fine answer to the question
would be the quadratic equation 10x2 + 90x — 360 = 0. In
fact, for any number k& # 0, the quadratic equation

k(x2 + 9x — 36) = 0 would properly answer the question.
Nevertheless, let’s agree that the best answer is the simplest
one.

Homework

Find a quadratic equation (in standard form) with the
given solutions:

4, 2 and -7 5. % and 1
1 4
6. -5 and 5 7. 0and 9
8. The only solution is 10 9. The only solution is —%
Review
Problems

10.  Solve by factoring: 25y% = 1
11. Solve by factoring: n®+16n+64 =0

12. Solve by factoring: 26y2 = by
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13. Solve by factoring: 25t2+30t+9 = 0
14. Solve by factoring: 24x% = 14x + 3
15. Solve by factoring: 81h% = 25

16. Find a quadratic equation (in standard form) with the
given solutions:

a. -3 and -5 b. % and -2
_3 1 5
c. —% and 5 d. 0 and 6
e. The only solution is —8 f. The only solution is %

@ To oo AND BEYOND

A. Find a quadratic equation (in standard form) with the given solutions:

1. +7 2. 1+4/2 and 1-2

3. -1+ and -1-.5 4. 1and 2 and 3

B. Solve forx: x> +3x2—10x = O

Hint: There are three solutions.

C. Solve forn: n* —25n2 +144 = 0

Hint: There are four solutions.

2
D. Solve for x: X~ —5x+6 =0

Z/sin2 x —Inx +x2 —csc3(e¥)
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Solutions

Just plug in the proposed solutions and make sure they work.

3 8 5
a. 5,7 b. 55 c. 10,15 a 3.5
e. 3, -5 £7 g +3 h. 5,%
.1 +2
oy I 75
2 1 3
_ + 4 _ 1 _o
a. 2,-7 b = c 1 d 5> "9
_1 _1 _3 _ _3
e. 8§, E f 5> g g. 6,-7 h. 1, 9
1 1 2 5
+4 _ 1z 9
LoEg ) 6 k 33 1 5
5 +2 3 _5
m. O, 3 n 7 0 5 p. 2 6
1_2 _3 3 43
9 273 vy >y L3
_ 1. 3 31
u. 8, -7 \% 1, 9 w. 79

x=20R x=-7T = x-2=00R x+7=0 = (x-2)x+7) =0
= x°+56x-14 = 0

x:% OR x=-1 = x—§:0 OR x+1=0 = (x—%)(erl) =0

2 2 2 2,1 2 2 —
L4 l,_2 _ +x_9 =
= XT+x-g5x—3 0 = x t3x-3 0 = 3x"+x-2 0

10x>-3x—-4 = 0
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8. (x-10)(x-10) = 0 = x°-20x+100 = 0

9. 9%2+12x+4 =0

1 5
+ 1 _ v
10. £ 11. -8 12. 0, 26
3 3 1 5
13. —= 14. =, —= 15. +=
3 5 4’ 6 > 9
16. a. x2+8x+15 = 0 b, 2%2+x-6 =0
c. 10x2+x-3=0 d. 6x2-5x = 0
e. x2+16x+64 = 0 £, 16x2 —56x+49 = 0

"Every job is a self-portrait
of the person who did it.

Autograph your work with excellence.”

— Unknown
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CH 39 — SOLVING QUADRATICS BY
TAKING SQUARE ROOTS

O INTRODUCTION

I et’s look at the quadratic equation

x2 =100

One way you may have learned to solve this
equation is by factoring:

x*=100 = x*-100 = 0 = (x+ 10)(x—10) = 0
= x+10=0 or x-10=0 = x=-10 or x=10
The solutions of the quadratic equation x? =100 are simply x =+10.

But there’s a second way to solve a quadratic equation like x? = 100:
Just take the square root of each side of the equation, remembering
that the number 100 has TWO square roots, namely 10 and —10.
Therefore, x =+10, and no factoring is required for this simple

quadratic equation.

For another example, let’s solve the quadratic equation n? = 30.
Remembering that 30 has two square roots, we calculate n to be ++/30 .

For a third example, where we will need to simplify the radical,
consider the quadratic equation yz = 72. When we take the square root
of each side of the equation — and when we remember that 72 has two
square roots — we see that

y2=72 = y =72 = £36-2 = £/36-J2 = 62

In short, the solutions of y2 =172 are +6/2.
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QO THE SQUARE ROOT THEOREM

Now for the general statement:

The solutions of the equation The
Square Root
x2=A are x = +JA Theorem
Notes:

1) The value of A in the Square Root Theorem is assumed to
be zero or positive; that is, A > 0. Otherwise, the square
root will be imaginary, which may or may not represent a
solution in your Algebra course; in this chapter, the square
root of a negative number will not count as a solution.

2)  How do students usually mess up

Remember
the * sign !l

this kind of equation? By forgetting
to include both square roots (that is,
they forget the “t” sign).

EXAMPLE 1 Solve the quadratic equation: (x+ 7)% = 81

Solution:  According to the Square Root Theorem, we can
remove the squaring by taking the square root of both sides of the
equation, remembering that the number 81 has two square roots:

(x+ 7)2 = 81 (the original equation)
= x+7 = 1481 (the Square Root Theorem)
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— x+7 =49 (81 = 9)
= x=-7T%9 (subtract 7 from each side)

Using the plus sign yieldsx = -7+9 = 2.

Using the minus sign yields x = -7-9 = -16.

x = 2 or —16

EXAMPLE 2: Solve fory: (y-3)% = 32

Solution:  First we need to remove, or undo, the squaring in this
quadratic equation. This is where we apply the Square Root
Theorem:

y—3 = £4/32 (32 has two square roots)

To 1solate the y, add 3 to both sides:

y = 3iJ3_2
Since /32 = 16x2 = 16 x4/2 = 4.2, we simplify our

solution:

Be sure it’s clear to you that we
y = 3142 have written two solutions to our
guadratic equation:

3+442 and 3-42

EXAMPLE 3: Solve for n: (n-3)% = —49

Solution:  Applying the Square Root Theorem to remove the
squaring gives us the equation

n—-3 = +£-49

Ch 39 - Solving Quadratics by Taking Square Roots



380

We needn’t go any further; after all, we're not dealing with
imaginary numbers in this chapter. So we’re done right here,
and we conclude that the equation has

No Solution

Homework

1. Solve each equation by applying the Square Root Theorem:

a. x? = 144 b. y2 = 51 c. 22 =172

d. a® =0 e. b% = -9 f. (x+1)% = 25
g. (n-3)% = 100 h. (w+10)? = 1 i. (@-5)% = 32
i. 5+7?% = 50 k. w+13)% = —4 1. m-32% =15

Q SPLITTING RADICALS IN DIVISION

Do you remember the rule about splitting the square root of a product:

Jab = Jab? The same kind of rule works for division. For example,

9 =3
25 5’

2
since (g) = % Now let’s work it out by

we know that

“splitting” the radical:

2 =M= =2 th !
55 «/% 5 e same answer
split the radical

In short, \/% = % [assuming that a > 0 and b > 0]
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Homework

2. Calculate each square root by “splitting” the radical:
1 9 16 100 144
25 P yag ¢ s 4 \121 ¢ \36

We conclude this chapter with an example that requires us to “split”
the square root of a fraction.

2
: . _é = _8
EXAMPLE 4. Solve for z: ( 5) 25

Solution:  Using the Square Root Theorem, we take the square

root of each side of the equation, remembering that ; has two

square roots:

zZ— 4 - T 8 (the Square Root Theorem)
5 25
- z=44 |8 (isolate the z by adding 4/5)
5 25
o oo=4, N8 (split the radical)
5 |25
= z = % + ¥ (simplify both square roots)
_ 4122 o .
= < = 5 (combine into a single fraction)

Again, note that we have found two
solutions. They may be ugly, but both of
them satisfy the equation.
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Homework

3. Solve each equation by applying the Square Root Theorem:

2 2 2
_1) =3 2) =1 _4) =19
a. ( 2) 3 b, (t+3j L ¢ ( 5) 19
3)" _ 12 9\ _ 81 3 _ 24

Review
Problems

4. Solve each equation by applying The Square Root Theorem:

a. x? = 121 b.y2=50 c. 22 =0
d. n? = 25 e. t> = 288 f.a’>-14 =0
g (x+12% =175 h. (c-3)2 = 10 i (x+10)2 = -1
2 2 2
1) - 3 _4) _ 26 8) _ 32
j (w+2) 1 k (u 3) 9 1 (a+5) 0%
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a. x = 12

d a=0

g n=13,-7

j. = —7+5\2

Y SN S |
25 J25

_ 1
t = —-—=,-1
37
-9
b 5,0
a. x = 11

d. No solution
g. x = —1J_r5\j§

o = ~1+4/3

B 2

]
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Solutions
b. y = +.51 c. z =162
No solution f. x=4,-6
u = -9, -11 i. a=5+42
k. No solution . m= 3i5\/§
3 4 10
b. - c. g d 11 e. 2
_ . [3 VB 1,8 _1:8
= + 4 = X iﬁ zi 9 5
o 5= 4x419 o= 3%23
5 5
[ g = 3+2J6
7
b. y = J_r5\/§ c.z=20
e. t = £122 f. o = £.14
h. ¢ = 3410 1. No solution
_ 4+./26 _ -8+4y2
k. u = 3 l. a = 5
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“Learning is

a treasure
that will follow
1ts owner

everywhere.”

Chinese Proverb
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CH 40 —PREPARING FOR
COMPLETING THE SQUARE

O INTRODUCTION

‘'m assuming that the only methods you might have learned for

solving a quadratic equation are the factoring method (and
perhaps the Quadratic Formula). For example, to solve the
quadratic equation

2x2+3x-20 =0

by factoring, you would proceed as follows:

2%2 +8x-20 = 0 (the given equation)
= @Gx-5kx+4) =0 (factor the quadratic)
= 2x-5=0 OR x+4 =0 (set each factor to 0)
= x = % OR x = —4, and we’re done — two solutions.

So factoring is a good enough method, you say? I cannot agree with
you; I submit to you the following quadratic equation:

x2+7x+5 =0

It’s not a complicated equation — the numbers are small, and there
aren’t even any negative numbers to mess with. So go ahead; I dare
you to factor that thing.

See my point? Trust me, that equation does have two solutions, but
factoring is not the method that will yield those two solutions. We need
a new method for solving quadratic equations, and this chapter will
give you some of the prerequisite skills required for a future chapter
that covers the technique called Completing the Square.
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O FACTORING PERFECT SQUARE TRINOMIALS

Let’s review the term perfect square. The number 100 is a perfect
square because 100 can be written as the square of 10: 100 = 102,
Also, the expression (x + 5)2 1s a perfect square, since it is the square of

x+ 5. Even n6

n% = (n3)2.

1s a perfect square because it is the square of n:

One of the steps in solving a quadratic equation by completing the
square 1s factoring a perfect square trinomial. Let’s look at four
examples.

Example 1:

x?+14x+49is a perfect square trinomial because it’s a

trinomial that factors into the square of a binomial:
X2+ 14x+49 = x+Dx+7) = (x+7)2

[perfect square trinomial] [square of a binomial]

Example 2:

n% - 20n + 100 is a perfect square trinomial:

n%-20n+100 = (n-10)(n - 10) = (n - 10)?

Here are a couple of examples with fractions:

Example 3:

2 9 3 3 3 2

a +3a+Z = (a+§j(a+§) = (a+§J

Check:

2
3] = 3 3l = 2, 3 3 9 - 2 9v

(a+2) (a+2j(a+2j a” + 2a+2a +4 a” +3a+
3.3_6_
2ty =973
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Example 4:
2 1 1 1 1)
#oredy =t = b
Check
_iy,ly=,2_ 1, 1,1 2 2, .1
(y 5)@ 5) Y75V 75 s T Y 757 o5
Homework
1. Factor each perfect square trinomial:
a. x%+10x + 25 b. y2—18y+81
2 1 2_4,,.4
c. a +a+4 d. m 3m+9
2,2, 1 2_95,,,25
e. z +52+25 f. w 3w+36
2,9, 81 2,.3,,.9
g. b +5b+100 h. u toUt e
o2 4,4 2,10, 25
1. N 77’L+49 J. X +11x+121

QO REVIEW OF SOLVING QUA
SQUARE RooTSs

DRATICS BY TAKING

Another skill required for completing the square is taking
square roots to solve quadratic equations. You might want to review

Quadratic Equations by Taki
that chapter.

ng Square Roots. Here’s an example from
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EXAMPLE 5: Solve the quadratic equation: (x+ 7)2 = 81

Solution:  According to the Square Root Theorem, we can
remove the squaring by taking the square root of both sides of the
equation, remembering that the number 81 has two square roots:

(x+ 7?2 = 81 (the original equation)
Remember! = x+7 = +481 (the Square Root Theorem)
81 has two
square roots. = x+7 =49 (\E =9)
= x=-7Tx9 (subtract 7 from each side)

Using the plus sign yieldsx = -7+9 = 2.

Using the minus sign yields x = -7-9 = -16.

x = 2 or —16

Q THE “MAGIC NUMBER”

Consider the trinomial x2 + 10x + 25. We've learned
that its factorization is

x? +10x+ 25 = (x + 5)2, which 1s the square of a binomial.

Let’s look carefully at the numbers in this equality. Notice that the 5 is
half of the 10, and that the 25 is the square of the 5.

Let’s do one more example. Consider the factorization

n?-14n+49 = (n - 7)2, which is the square of a binomial.

We note that the —7 is half of the —14, and that the 49 is the square of
the —7.

So now imagine that I give you

x2+6x
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and I ask you to add a third term to this binomial so that the resulting
trinomial will factor into the square of a binomial:

26+ = (x+D(x+?) = (x+2)2

Each single “?” must be 3, since 3 i1s half of 6. Also, the “???” must be 9,
since 9 1is the square of the 3. In other words,

+6x+ld = @+)x+3) = (x+3)2

We shall call 9 the “magic number.” It can be calculated for this
problem using the following two-step rule:

1) Calculate half of 6, which is 3.
2) Square the 3, which is 9, the “magic number.”

Note: When we convert x> + 6x to x> + 6x + 9 by adding the “magic number”
9, we are not saying that they're equal, but there will always be a way,
depending on the type of problem, of adding the magic number without
violating any of the laws of algebra.

To become proficient in completing the square, we must be really good
at finding the magic number. The following chart gives more examples
of how this is done. We'll let b represent the number in front of the
variable (the coefficient of the linear term).

Original Value | Half Half of b New Quadratic | New Quadratic
Quadratic | ofb of b Squared = in Factored
The Magic Form
Number
x2+22x | 22 11 121 x? +22x + 121 (x + 11)2
A% -14A | -14 | -7 49 A%~ 14A +49 A-17)%
2
2 9 81 2 81 9
n”+9n 9 9 4 X +9x+4 (x+2)
2
2_2 _2 ) _1 1 2_2,,. 1 _1
Y 757 5 5 25 Y T5Y 25 (y 5)
3.2 _ Ty This problem can’t be done yet;
the leading coefficient is not 1.
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Homework

2. Find the magic number for each quadratic binomial:

a. a + 8a b. x% - 12x c. y2 + 28y
d. b2 +3b e. ¢Z-"1c f. 2+ 11t
g. x? +x h. y2—y i 22 +22
. 2.2 2 5 2o 7
j. & +3g k. a -a l. «x 13%
Review
Problems

3. How many solutions does each quadratic equation have?

a. (kx+3)x+4) =0 b. (x+92=0
c. (x-12% =10 d. (x+86)°

1l
|
©

4. Factor each trinomial:

a. n2+10n + 25 b. x% - 18x + 81
2 25 2_4,.4
c. a”+ba+ 4 d. x 3x+9
2,6.,.9 2_1,, 1
e. y +7y+49 f. t 5t+100
5.  Find the magic number for w? — %w
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Solutions

1l.g = 2 _ 1.
5 8 = 4, and 4 16 b. 5
%-28 = 14, and 142 = 196 d. %-3
1 7 7V _ 49 1
5'—7 = —5, and (—E) = T f 511
1 1 1 2 1 1
51 = 5, and (Ej — Z h 5—1
1.9 = 2 1.2
5 2 =1 and 1 1 j 53
1 5 5 5V _ 25
2 77 = Tig A (‘ﬁj = 196
2

l l = _l a d _l = ﬁ
2 13 26° 26 676

b. 1 c. 2 d. 0

391
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Education is not
a preparation for life;
education is life itself.

John Dewey
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CH 41 — COMPLETING THE SQUARE

f you understand all the concepts in the chapter
Preparing for Completing the Square, you’re
ready to tackle this chapter.

QO THE FIVE STEPS IN COMPLETING THE SQUARE

Completing the

Square Method

We’re now ready to combine many of our algebra skills into solving non-

factorable quadratic equations, like x> +3x+1 = 0.

We start by assuming that the quadratic equation is in standard form.

If it’s not, we know we can always move things around to convert it to

standard form:

ax?+bx+c =0 (where a %= 0)

roots (the Square Root Theorem).

1. Make sure that the leading coefficient (the a) is 1. Ifit’s
not, divide each side of the equation (all terms) by a.

2. Move the constant to the other side of the equation.

3. Compute the “magic number” and add it to both sides of
the equation. This step “Completes the Square.”

4. Factor the left side, and then simplify the right side.

5. Solve the resulting equation by taking square roots,
remembering that every positive number has two square

Note: Steps 1 and 2 can be done in either order.
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O EXAMPLES OF COMPLETING THE SQUARE

EXAMPLE 1. Solve by Completing the Square:

x2+8x—-20 = 0

Solution:  Even though this quadratic equation is factorable,
we’ll solve it by completing the square — a technique that will
also work on problems that aren’t factorable, as well as allow us
to solve some problems with circles.

Step 1:

We must ensure that the leading coefficient (the a) 1s 1. It
already 1s 1 (xz = 1x2), so step 1 1s done, and the equation
remains the same:

x2+8x—-20 = 0

Step 2:

Move the constant (the —20) to the right side of the
equation by adding 20 to each side of the equation:

x? +8x = 20
Step 3:

Now we calculate the magic number:

a) Calculate half of 8: %(8) =4
b) Square that 4; the magic number is 16.

Add the magic number to each side of the equation:

x? +8x+[16] = 20+[16]
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Step 4:
Factor the left side and simplify the right side:
(x+4)* = 36
Step 5:

Solve by taking square roots:

x+4 = £.36 (36 has two square roots)
x+4 = £6 (simplify the radical)
x = -4+6 (subtract 4 from both sides)

Using the plussign = x = -4+6 = 2

Using the minus sign = x = -4-6 = —10

We have now solved our first equation by completing the square,
and its solutions are

x = 2 or —10

Note that we could have solved the quadratic equation by
factoring. No matter the method, we would get the same
solutions.

EXAMPLE 2: Solve by Completing the Square:

3x>-b5x+1 =0
Solution:  We proceed as we did above with the 5-step plan.

Step 1:

The first requirement for completing the square is a
leading coefficient of 1. Since the leading coefficient in this
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problem is 3, we will have to divide both sides of the
equation by 3:

3x? —5x +1 -0

3 3
or, x%- %x +% =0 (divide all terms by 3)
Step 2:
Move the constant to the right side, resulting in
x% - %x = —% (subtract 2 from both sides)

Step 3:

It’s now time for the magic number, the number that will
complete the square. We calculate half of —% , square that
result, and we’ll have the “magic number” that will be
added to each side of the equation.

Magic Number Calculation:

2
1(_5}=_3 _5] =25
2( 3j 6,andthen( 6) 36

Add this number to each side of the equation:

x% -2y 4|25

3 36

25
36

—+

Wl

Step 4:

Factoring the left side and adding the fractions on the right
side gives us:

57 _ 13 [_1+@ _ 12,95 _ E}
6 36 3 36 36 36 36
Step 5:

Now we take the square root of each side of the equation,
remembering that the right side has two square roots:

_5 _ 13
*—5 = *\36
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Next, we 1solate the x by adding % to each side of the
equation:
= é + E
¥ T 67\36

Split the radical:
x = éi@ [from the rule: \/E = ﬁ]
6~ 36 b b

And simplify the bottom radical:

Combining the fractions into a single fraction (the LCD is
6) produces the final answer:

x = 5+.13 Our quadratic has two solutions.
6
Homework

At what point in Completing the Square could you determine that

the quadratic equation you're trying to solve has NO solution?

Solve each quadratic equation by Completing the Square:

a. y2-6y+5 =0 b. x2+13x+30 = 0
c. 22+5z-14 =0 d 2n2-n-1=0
e. 12t2-5t-3 = 0 f. 10a®>+7a+1 = 0
g x> +25 = 10x h. 4u® +20u+25 = 0
i w?=-w-5 i. 2k +1=nh
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3. Solve each quadratic equation by Completing the Square:

a. x> +3x+1=0 b. y2—4y+2=0
c. 2a2+6a+3 =0 d. n2+8r-2 =0
e. 3u?-4u-2=0 f. 2+10t+3 =0
g. sw?+w+1 =0 h. 2x% = —5x -1
i g2 =3g-5 i. 3m?% = 1-4m

4. Solve each quadratic equation by Completing the Square:

a. ¢>+8g+15 =0 b. 2x2 - 7x+1 =0
c. 3n2+n-5=0 d. 4a®> -5a = —
e. bw? = -2 - Tw £ 22+1 = 22

Solutions

1. As soon as you notice that you've reached the square root of a negative
number, you can stop and conclude that the quadratic equation has no

solution (in the real numbers).

2. a. y=15 b. x = -3,-10 c. z=2,-7
-1 -1 =3 _1 = _1_1
d. n =1, 5 e. 1 43 f. a 97
g. x =5 h. u= —g 1.  No solution

j.  No solution
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x = _31;\/5
n = —4i3J§

No solution

m = —_Zi?;ﬁ

. q=-5,-3

. No solution

Ch 41 — Completing the Square
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-3

N DO
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B

-

f.

No solution

_ -1+.61
n= 0

z=1
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“The true sign of intelligence
is not knowledge,

but imagination.”

Albert Einstein
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CH 42 — DERIVING THE
QUADRATIC FORMULA

his chapter assumes that you have finished

solving quadratic equations by Completing the
Square. You might understand at this
point in your studies that the factoring
method for solving quadratic equations
seldom works, while Completing the
Square always works.

And it works beautifully whether the
solutions are integers, fractions (rational
numbers), or radicals (irrational numbers).

It even tells us when an equation has no
solutions in R, the system of real numbers
(which occurs when we reach the
square root of a negative number).

But Completing the Square is quite
boring and not the easiest thing in the
world to do. There must be some
way to complete the square on a
“generic” quadratic equation,

ax? +bx+c = 0, and end up with a
formula that can be used to solve any

qguadratic equation more efficiently,
whether it’s factorable or not.

“I FOUND OUT TOPAY IN SCHOOL THAT I'M
QUAPRATIC EQUATION CHALLENGED/"
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O THE QUADRATIC FORMULA

We will start with a generic quadratic equation in standard form, and
then try to complete the square . . . here we go:

ax2 +bx+c =0 [We assume a > 0, because if it’s not, we
can multiply through by —1 and make a > 0.]

The technique of completing the square requires that we always have a
leading coefficient of 1, and so the first step is to divide each side of the
equation by a (which we know is not zero — otherwise, we wouldn’t
have a quadratic equation in the first place):

Divide each side of the equation by a:
ax” +bx+c _ 0
a a

To simplify the left side of the equation, just be sure you divide each
term by a:

(basically the reverse of adding fractions)

And then simplify each side:

2

X +%x+ =0 (since — =

c
a a
Now bring the constant to the right side of the equation; that is,

subtract < from each side of the equation (we could have done this step
first):

x2+gx = —
a

Qo

It’s now time to compute the “magic number,” the quantity that will
“complete the square.” We start with the coefficient of the linear term,
in this case %, take half of it, and then square that result:

A

2 2 2 .
b andthen (b)) = 2 [P hemasi

b
~ X R = =
a 2a 2a (2a)> 4a’ number

DO | —
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It’s time to add the magic number to each side of the equation:

2 2
a 4a 4a

There are two things to do now: factor on the left and combine the
fractions on the right. Let’s factor first:

2 2
(,HL) __c b
2a a 442

Notice that the variable x occurs just once in the entire equation (a
good thing), buried amidst the parentheses on the left side of the
equation.

Now we’ll combine the fractions on the right side of the equation into a
single fraction. Since the LCD of the denominators is 4a?, we need to
multiply the top and the bottom of the first fraction by 4a:

2 2
(x_i_ij = _2[4(1}+b— (since4—a=1)
4a

2a alda| 442
2 2
or, (x + L) = —dac + b (We now have a common denominator)
2a 4a>  4d>

Adding the fractions yields the equation

2
( b ) _ —dac+b®
X+—| = ———
2a 402
Using the commutative property for addition, we can reverse the two
terms in the numerator of the right side of the equation:

2 2
(x+i) — b —4ac
2a 4q2

The next step we need in order to isolate the x is to take the square root
of each side of the equation, remembering that every non-negative
number has two square roots, denoted ++/ :

2
X+ % = =+ b~ —4ac (2 square roots!)

4a2
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To isolate the x (which 1s the whole point of this endeavor), we’ll bring

the term 2£ to the right side of the equation (and put it in front):
a

__b . b2 _4qc We've isolated the x. Yay!
YT 7o ¢ 4a? The rest is simplifying.

Now it’s appropriate to split the radical into two separate radicals:

_ _b . \b®-4ac C e Jx
x 5 + Recall: = (for y > 0)
a [ 42 y \E
Simplify the radical in the denominator:

b + Jb? —4ac Technically speaking, \/Zla_zzz‘a‘.

2a 2a But since we assumed at the outset
that a > 0, the radical becomes 2a.

Finally, we combine the two fractions into a single fraction (can you
believe the two fractions already have the same denominator? ©):

X = b+ «/bz —4ac

2a

In a single sentence: We’ve isolated the x in the quadratic equation

ax’+bx+c = 0 by completing the square!

The solutions of the quadratic equation

ax?2+bx+c =0

are given by The Quadratic Formula:

—-b+b%>—4ac
2a

X =
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O NOTES ON THE QUADRATIC FORMULA

The Quadratic Formula can be used to solve any quadratic
equation, whether or not it’s factorable, and whether its solutions
are integers (whole numbers and their opposites), fractions, or
even radicals (like+/2). And if the quadratic equation has no
solutions at all in the real numbers (that is, they have imaginary
solutions), the Quadratic Formula will tell us that, too.

Because of the * sign, there are potentially two solutions. In fact,
the two solutions of the quadratic equation ax?+bx+c = 0can
be written separately if you prefer:

‘= —b+«fb2—4ac _ —b—«fb2—4ac

2a 2a

The Quadratic Formula is a single fraction:

2
It is NOT x = —b+ YO —4ac

2a

If you don’t write it as a single fraction at every stage of your
solution, either you or your instructor will misread it and you’ll
be the one to lose points on the problem.

Homework

Which symbol in the Quadratic Formula is responsible for
possibly giving us two solutions to a quadratic equation?

How many solutions of the quadratic equation will there be if the
quantity inside the square root sign (called the radicand) is 100?

How many solutions of the quadratic equation will there be if the
radicand is 30?
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How many solutions of the quadratic equation will there be if the
radicand is 07

How many solutions of the quadratic equation will there be if the
radicand is —9?

Consider the possibility that the value of a is 0 in the quadratic
equation ax? + bx+c = 0. Answer the question, Does the
Quadratic Formula apply, in two ways:

a. Consider what happens to the quadratic equation if a = 0.

b. Now analyze what happens if we actually allow a = 0 to
wriggle its way into the Quadratic Formula.

Consider the quantity “b2 — 4ae,” the radicand inside the square
root sign of the Quadratic Formula.

a. Ifb%-4dac > 0, then the equation has solution(s).
b. Ifb% - 4ac = 0, then the equation has solution(s).
c. Ifb%—4dac < 0, then the equation has solution(s).

[The quantity b2 — 4ac is called the discriminant of the
quadratic polynomial ax’ + bx + c.]

Solutions

1. The plus/minus sign: +

2. Since /100 = 10, and since there’s a plus/minus sign in front of the
radical, there will be two solutions.

3. Even though /30 doesn’t result in a whole number, there’s still a
plus/minus sign in front of it, so there will also be two solutions.
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4. Since \/0 = 0, and since %0 is just the single number 0, the plus/minus
sign basically disappears, leaving one solution.

5. Since /-9 does not exist in early algebra classes, the Quadratic Formula
has no meaning, and so there are no solutions.

6. First, if a =0, the quadratic equation ax? + bx + ¢ = 0becomes
bx + ¢ = 0, which is NOT quadratic anymore. Indeed, we learned
months ago how to solve this equation:

bx+c =0 = bx=-c > x = -

SO

Second, if we ignore the above fact and use a = 0 in the Quadratic
Formula, the denominator becomes 2a = 2(0) = 0. That is, we're
dividing by zero, which is undefined. However you look at it, the
Quadratic Formula with a = 0 simply makes no sense.

7. a. 2 b. 1 c. 0 (assuming we want to stay within the real
numbers.)

Postscript:

The derivation of the Quadratic Formula in this chapter
was the classic method, using the method of completing the
square. This was a fine technique to use, since completing
the square will be used in your later studies of circles,
parabolas, and other shapes — and the more practice, the
better.

But there’s another way to derive the Quadratic Formula,
perhaps a way that may be easier for you to follow. Let’s do
it now — beginning, of course, with our quadratic equation
in standard form:

ax®+bx+c =0
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First, multiply each side of the equation by 4a:
4a(ax2 + bx+c) = 4a(0)
Distribute on the left and simplify on the right:

4a°x® + dabx + 4ac = 0

Bring the 4ac to the right side:
4a%x% + dabx = —4ac

Next, add b? to each side of the equation:
4a%x* + dabx + = —4ac +

Now factor the left side and flip the terms on the right side:
(2ax + b)2 = b% - 4ac

Then remove the squaring by taking both square roots on the
right:

2ax +b = i\/bz —4ac

Subtract b from each side of the equation:

2ax = —bi\sz —4ac

And last, divide each side of the equation by 2a:

WE DID IT!!
b= «/b2 —4ac

= 2a

miStAkEs

are proof
that you are

TRYI
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CH 43 — PREPARING FOR THE
QUADRATIC FORMULA

O THE GENERAL QUADRATIC EQUATION

Consider a general quadratic equation in standard form:

ax?+bx+c =0

where x represents the variable (the unknown) and a, b, and c are
numbers. Notice that the squared term 1s first, the linear term is
second, the constant term is third, and there’s a 0 on the right side of
the equation. The examples below show some quadratic equations
along with their corresponding values of a, b, and c.

327 ~Tx+10=0 ) a=3 b=-7T ¢=10
—

y2-9 =0
422 +192 = 0 |:>a:—4 b=19 ¢ =0

ow? = 8- 5w :> a =2 b=5 c = -8

To find the values of a, b, and c for this last equation, we need to
rewrite the quadratic equation in standard form:
oQw?+5w—-8 = 0, from which the values of a, b, and ¢ can be

determined.
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Homework

1. For each quadratic equation, first make sure that it’s in
standard form (ax2 + bx + ¢ = 0); then determine the
values of a, b, and c:

a. 3x2+9x+17 = 0 b. 2n2 —8n+14 = 0
c. 6y2+2y-2 =0 d. 5¢2-18t-1 =0
e. 12¢2+13 =0 f. x2-13x = 0

o u?-u+1=0 h. 2w?-19 = 0

i, —wl+ 14w =0 j. 2?2-99 =0

k. 2x? = 4x+3 1. -3y%-2y = -5
m.c2+4 = Tc n. 6m2 = 1+m

0. 18k% = 0 p. —3x% = —3x

00 ORDER OF OPERATIONS

Remember that exponents are done before multiplication, which itself
comes before any addition or subtraction. For example,

122 - 4(2)(3)

= 144 — 4(2)(3) (exponent first)
= 144 — 24 (multiplication second)
= 120 (subtraction last)

Ch 43 — Preparing for the Quadratic Formula



411

For a second example,

(-9)% - 4(3)(-5)

= 81 - 4(3)(-5) (exponent first)
= 81 — (-60) (multiplication second)
= 81 + 60 (subtracting a negative is adding)
= 141 (addition last)
O SQUARE RoorTs

J36 =6 ~J144 = -12

=1 Jo=0

V225 = 15 J50 =~ 7.0711

J=9 does not exist (in is approximately equal to

our algebra class)

O OPPOSITES
Recall that the opposite of Nis —N. So we note the following:
1) The opposite of a positive number is a negative number; for
example, — (+7) = —-7. Thus, 1f b =7, then —-b =-7.

2) The opposite of a negative number is a positive number; for
example, — (-12) = 12. Thus, if b =-12, then -b = 12.

3) The opposite of a squared quantity (that isn’t 0) is negative; for
example, —92 = —81. On the other hand, don’t forget that
(-9)% = 81.

4) The opposite of 0 is 0.
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Q PLus/Minus

The symbol “ 7 is read “plus or minus” and is just a short way of
indicating two numbers at once. For example, if you want to indicate
the two numbers 7 and -7, you may write just £7. Another example

might be +/81, which stands for the two numbers 9 and -9. But i\/a
would only be 0, since +0 and —0 are really just two ways to express 0.

The equation x? = 25 has two solutions, namely that x could be 5 or -5,
so we could write the solution as x = +5.

Let’s work out a specific problem containing the “plus or minus” sign.

Simplify: %

Taking the square root yields mTi5
Using the plus sign, we get NT+5 = % =3,

10-5 _

= 1.
5

while using the minus set yields

10 £4/25
5

represent the numbers 3 and 1.

otjon

Thus, the expression 1s merely a strange way to

Homework

2. Evaluate each expression:

a. 132 —4(3)©2) b. 0% — 4(2)(-1)
c. (-3)% - 4(-1)(-2) d. (-5)% - 4(1)(0)
e. 0% —4(17)(0) f. (-4)2 - (—4)(-5)

Ch 43 — Preparing for the Quadratic Formula



413

Evaluate each expression:

a. 49 b. —/6+3
c. J16+9 d. J-25
e. JE32)(=2 f. J(=5)% —4(1)(6)

g. \J62 - 4(1)(9) h. (-10)% - 4(8)(2)

i 124 o JEDE-4(4)(-2)
Evaluate each expression (the leading minus sign
represents the opposite of the quantity which follows it):

a. —(13) b. —(-5) c. —(—(=7))

d. —(+7) e. —(-1) £, —(0)

What number or numbers are represented by each of the
following?

a. £121 b. +121 c. £:/0 d /1

Simplify each expression:

a. 1004449 b, -5-121 < 3+§/1_6 1 _81_041
e. T—/49 £ -1044100 @ 4i6JE n —1i9J8_1

Evaluate the expression b2 — 4ac for the given values of a,
b, and c:

a. a=-10, b=-5, ¢=3 b. a=4, b=6, c=-1
c. a=5, b=0, ¢c=7 d. a=-2, b=-3, ¢c=0
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8. Evaluate the expression J_r«fbg —4ac for the given values of

a, b, and c:
a. a=2, b=-7, ¢=-15 b. a=9, b=30, ¢c=25
c. a=1, b=0, ¢c=-81 d. a=2, b=-3, ¢c=0

O THE ULTIMATE EXAMPLE

For our final example of this chapter, let’s evaluate the expression

-b+ «/b‘? —4ac

2a

for the valuesa=1, b=-5, ¢c=6

First change every variable to a pair of parentheses — this is not
required, but it’s a handy little trick to help us avoid errors:

~() ()P40 )()

2( )

= ~(=5)+ \/(_5)2 —4)(6) (substitute the given values)
2(1)

= 5i— "225_24 (do exponents and multiplying)
= # (finish the inside of the radical)
= % (the positive square root of 1 is 1)
= 5 g 1 or 5 ; 1 (split the plus/minus sign)
= g or % (simplify the numerators)
= 3 or 2 (and finish up)
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There’s no homework for this section, but don’t be ® — there will be
plenty of these problems when you study the Quadratic Formula.

Solutions

For each quadratic equation, substitute each “solution” (separately) into
the original equation. Then work the arithmetic on each side of the
equation separately. [Do NOT swap things back and forth across the
equals sign.] In all cases, the two sides should balance at the end of the

calculations.

. 3,9, 17 b. 2,-8, 14
e. 12,0,13 f. 1,-13,0
1. -1,14,0 j. -1,0,-99
m. 1,-7,4 n. 6,-1,-1
a. 145 b. 8 c. 1
a. 7 b. -3 c. 7
f.1 g. 0 h. 6
a. —13 b. 5 c. =7
a. 121, -121 b. 11, -11
a. 107 b. —16 c %

4 3
f. 0 g. 3,O h. 9

c. 6,2 -2 d. 5,-13,-1
g 1,-1,1 h. -2,0,-19
k. 2,-4,-3 . -3,-2,5
0. 18, O, 0 p _3’ 3’ 0
d. 25 e. 0 f. -4
d. Does not exist e. 8
1. Does not exist j. 9
d. -7 e. 1 f. 0
c. 0 d. Does not exist
d. -1 e. 0
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8. a. b? — 4ac

()2 -4()()

Converting each variable to a set of parentheses is a handy way to make

sure everything is written properly.

= (-5) - 4(-10)(3)
Note: The parentheses around the —5 are required, because as we’ve
learned, (—5)2 = 25, while 52 =25,

25— (=120) = 25+ 120 = 145
b. 52 c. -140 d 9

9. a. + x/bz —4ac
= +J()2-40)()
=+ (7% - 4@2)(-15)
=+ [49-(-120)

J49+120

J169

[l [l
=+ H+

I
-+

13

“Education is what
you get when you
read the fine print.
Experience is what
you get if you
don’t.”

— Pete Seeger
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CH 44 —THE QUADRATIC
FORMULA, RATIONAL SOLUTIONS

‘ N ]e now have all the

tools needed to solve

~n
guadratic equations, whether AT \/1
they are factorable or not. In -\ ;4< = I\ 7 :
] ] ] = 24 p= (‘ e

this chapter, our solutions will - b(’
always be rational numbers;

that is, no square roots in the
final answers.

O THE QUADRATIC FORMULA

Here’s the formula we created a couple of chapters back:

The quadratic equation ax® +bx +c¢ = 0

b+ «/ b2 — 4
has the solutions: x = ac

- 2a

Ch 44 — The Quadratic Formula, Rational Solutions



418

O EXAMPLES OF USING THE QUADRATIC FORMULA

EXAMPLE 1. Solve for x: x2-9x-10 = 0

Solution:  We see that this is a quadratic equation in standard
form, where a =1, b = -9, and ¢ = -10. By the Quadratic
Formula, x has (possibly) two solutions:

-b+ \/b2 —4ac

2a
| —(-9) +{(-9)? — 4(1)(~10)
- T 2(1)
I 9i\/821+40
.- 9i«2/121
= 9#11

2

Using the plus sign: x

Using the minus sign: x = ~——= = == = -1

Final answer: x = 10, -1

Let’s check these solutions:
Letting x = 10 in the original equation,
x?-9x-10 = 102-9(10)- 10 = 100-90-10 = 0 v
Letting x = -1,
x2-9x-10 = <D2-9(-1)-10=1+9-10=0 Vv
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EXAMPLE 2. Solve for n: 6n2+40 = -31n

Solution:  The first step is to transform this quadratic equation
into standard form. Adding 31n to each side (and putting the 31n
between the 6n2 and the 40) produces

6n2 +31n+40 = 0 [It’s now in standard form.]

Noting that a = 6, b = 31, and ¢ = 40, we're ready to apply the
Quadratic Formula:

n - -b+ «be —4ac

2a

_ 31« J(31) — 4(6)(40)

2(6)
~31++/961 - 960
f— n =
12
—31+.1
= = 92— N-
" 12
_ 3141

The two solutions are given by
-31+1 _ =30 _ _5

12 12 2
and —31-1 _ =32 _ 8
12 12 3

EXAMPLE 3: Solve for p: 2p% = 200

Solution:  Bringing the 200 over to the left side of the equation
gives us our quadratic equation in standard form:

2p2-200 = 0
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which, if it helps you, can be viewed as
2p® +0p — 200 = 0

Notice that a =2, b =0, and ¢ = -200. Substituting these values
into the Quadratic Formula yields our two solutions for p:

_ -b+ x/b2 —4ac

p_

2a
= p= ‘OiJ<0>22z2§<2><—200>
~ p= Oi\/O—i(z)(—zoo)

= P = %40 = +10

Thus, the solutions are | p = *10

Note: At or near the beginning of this problem, we could have
divided each side of the equation by 2. The Quadratic
Formula, although containing different values for a and c,
would nevertheless have yielded the same answers, £10. Try it.

EXAMPLE 4. Solve for u: 5u? = 9u

Solution:  First convert to standard form: 5u? — 9u = 0, from
which we deduce that a =5, b = -9, and ¢ = 0. Plugging these
three values into the Quadratic Formula gives:

U = ~(-9)£(-9)?-4()(0) _ 9+ BI-0 _ 9+9
2(5) 10 10
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No radicals remain, so that issue is settled; using the plus and
minus signs separately yields the two solutions:

10 — J ﬁ:gz
0 10 5 ad H5F =370

Final answer: | u = %, 0

EXAMPLE 5. Solve for u: 28u —4u? = 49

Solution:  The standard quadratic form requires that the
quadratic term (the squared variable) be in front, followed by the
linear term, followed by the constant, all set equal to zero; that is,
ax? + bx+c = 0. We achieve this goal with the following steps:

28u — 4u® = 49 (the given equation)
= —4u® + 28u = 49 (commutative property)
= 4u® +28u—-49 = 0 (subtract 49 from each side)

At this point, it’s in good form for the Quadratic Formula, but it’s
traditional to not allow the leading coefficient (the —4) to be
negative. One way to change —4 into 4 is to multiply it by —1; but,
of course, we will have to do this to each side of the equation.

= —1[—4u2 + 28u — 49] = —1[0] (multiply each side by —1)

=  4u?-28u+49 = 0 (distribute)

When written this way,
4u® - 28u+49 = 0,

and we deduce that a =4, b =-28, and ¢ =49. On to the
Quadratic Formula:
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~(~28) +4/(—28)” — 4(4)(49)
2(4)

Notice that although
= 284 “7S4 784 all the previous quad-
ratic equations had
two solutions, this
equation has just one
solution. (Or does it
have two solutions
that are the same?)

28+./0 _ 28+0 _ 28 _
8 8 8

DO [~3

And we're done: | ©u =

[\JEN

EXAMPLE 6. Solve forz: z2+3z+3 =0

Solution:  This quadratic equation seems innocent enough, so
let’s take the values a =1, b = 3, and ¢ = 3 and place them in their
proper places in the Quadratic Formula:

__ @+ -40@) _ -3+ 512 _ -5+ 3
2Q1) 2 2

Houston . . . we have a problem. Under the assumption that you
have not yet encountered imaginary numbers, we cannot consider
the square root of a negative number at this point in your
studies. If we try to take the square root of —3, the calculator will
almost for sure indicate an error. We can’t finish this calculation
(at least not in the early and middle stages of Algebra), so we
must agree that there is simply NO SOLUTION to the equation
22+3z+3 = 0.
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1. Solve each quadratic equation:

a.
C.

e.

g.
2. Solve each quadratic equation:

a.
C.

e.

3. Solve each quadratic equation:

4. Solve each quadratic equation:

a.
C.

e.

g.

1.

k.

Homework

x2-3x-10 = 0

d>+7d = 0
2249 = 0
n>-10n = 0

n?+10n = -25

2

3m® = 8m

% -5x+6 = 0

2w? — 70w + 500 = 0
9w? - 24w+16 = 0
2x% —15x+7 = 0
4% + 350 = -24

w?-12w+35 =0
n?-20n+150 = 0
—2x% - 10x+28 = 0
222+ 2 = —4z
6u® = 47u + 8

n*+n+56 =0

= o o

423

6n2+19n-7 =0
2u+u+1=0
t2+16 =0
w?-144 = 0

b. 4x% = 4x -1

[a— —i.

= oo o

= oo o

. x2 = -5+ 3x

2x%> ~B5x -3 =0

w2+2w+5 =0

7n2 = 10n
15x% -8 = 2%
21t2 = 20t + 9

2x2 - 13x+15 = 0
6a2-31a+40 = 0

25y% = 4
—4a® = 4a-3
0= 4t2+8t+3
—14x? = —40 + 46x
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Solve for y:
Solve for a:
Solve for x:

Solve for z:

© ® N o O

Solve for n:

10.

Solve for w:

Review
Problems

152 +2y—-8 = 0
—49a% -9 = —42q
4x% = 1

1022 = 9z

3n2 =7n-5

w2 +5w+3 =0

O To oo AND BEYOND!

A. Solve for x:

B. Solve for x:

1. a. 5,2
e. =7 f.
2. a. -5 b.
d. No solution e.

na? = (Zx-Jx

ax?+bx2+cex+dx+m

2

-7

Solutions

1 _7 _
39 c. 0,-7
No solution g. 10,0
1 38
9 c 0, 3

1
1, -6 f. 3, )

0

d. No solution

h. +12
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3. a. 25,10
1
e 7,2
4, a. 5,7
e. 2,7
_1
1. §, 6
2 4
5 £,-=
37 5
3
6. =
7
1
7. ==
2
9
8 J
0’10

9. No solution

1
10. 3,—-=
3, 5

b.

I+
M- oo

N

No solution

Ot
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“Education's
purpose is to replace
an empty mind

with an open one.”

Malcolm Forbes
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CH 45 —THE QUADRATIC
FORMULA, IRRATIONAL
SOLUTIONS

O INTRODUCTION

EXTON e
‘— 7 our first experience with the Quadratic

Formula probably involved solving a
quadratic equation like 6x2 + 31lx + 40 = 0,

whose solutions are —% and —%. In fact, all of

the answers back then were either positive or

[ e

negative whole numbers, or fractions, or zero.
[In other words, all the solutions were rational numbers.]

You may have realized that we obtained these kinds of answers
because the square-root part of the Quadratic Formula (o\/b2 —4ac)
always worked out to the square root of a perfect square, like /49 or

J0.

But we know that there are square roots like \/5 . What would we do if
we came up with a radical like that, assuming that no calculator is
allowed? In this section, we’ll see that there’s really nothing special to
worry about — just work the Quadratic Formula:

b+ (P2 —dac
If ax?+bx+c = 0,then x = b+ 2ba 4ac
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EXAMPLE 1. Solve for x: 2x%2-3x-1 =0

Solution:  For this quadratic equation, a =2, b = -3, and ¢ = —1.
Inserting these values into the Quadratic Formula gives

o= b b —dac _ (33 ~4@)(-D)

2a 2(2)
_ 3+9+8 _ | 3£17
4 4

And that’s it, because /17 cannot be simplified and the fraction
cannot be reduced. If you'd like, the two solutions of the equation
can be written separately:

_ 3+417 3-17
)

Homework

1. Solve each quadratic equation:

a. x2-5x+1 =0 b. 2n°+n-7 =0
c. 3a°-3a-1=0 d. 52+ T7t+1 =0
e. 5x>+15x-2 = 0 f. t2+t-8=0
g. 5h%-13h = -5 h. 7u2+u =3
i 2B+ 7k = 8 i. 2m?-3 = -9m
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2. Solve for x: —7x>+5x+1 = 0

Hint: Although not necessary, it’s traditional to always make a,
the leading coefficient, positive. This way, your solutions will
more likely match those provided by your teacher or the
textbook. Since a = —7 in this quadratic equation, we can
multiply (or divide) each side of the equation by —1, yielding
7x%> —B5x—1 = 0. Now you do the rest.

Q MORE QUADRATIC EQUATIONS

EXAMPLE 2. Solve for x: 2x2-8x+3 = 0

Solution:  The values of a, b, and ¢ for use in the Quadratic
Formula are

a =2 b = -8 c =3

So now we state the Quadratic Formula, insert the three values,
and then do a lot of arithmetic and simplifying until the final
answer 1s exact (no decimals) and as clean as possible.

2
—b+ f _
x = b+ ga dac (The Quadratic Formula)

2
_ _(_8) + J(—S) - 4(2)(3) (=2 b=-8 ¢=3)

2(2)
= 8% 644 —24 (square and multiply)
- % (finish the arithmetic)
- @ (factor the radicand)
_ % (simplify the radical)
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+
2(4—— v10) (factor the numerator and reduce)

2-2

We write our two solutions as

_ 4+10
)

EXAMPLE 3: Solve fory: 3y2 = 13

Solution:  We begin by subtracting 13 from each side of the
equation to convert the equation into standard quadratic form:

3y2-13 =0
At this point, we see that a =3, b =0, and ¢ =-13. Applying the

Quadratic Formula:

_ 040 -4(3)(-13) _ +/0+156 _ +/156

Yo 2(3) 6 6
_ 24439 _ 4439 _ £289 _ £239 _ +2.39
6 6 6 2-3 2.3
And we have our final answer (two of them!) in simplest form:
y = i—“gg

EXAMPLE 5: Solve for n: 2n2% = 3n—-4

Solution:  If we convert to standard form, the equation becomes

2n2—3n+4 =0

where a =2, b = -3, and ¢ = 4. The Quadratic Formula produces
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(Y -4@) _ 3:J9-32 _ 3+/23

2(2) 4 4

Remembering that /—23 is not a number in this Algebra course,
we stop right here and declare that the given equation has

No Solution

Homework

3. Solve each quadratic equation:

a. 3x?-6x-1=0 b. 2k* = 8k -6
c. 2n2-10 = 0 d. y? = 49

e. 14d®—4d = 4 f. x> +3x+10 = 0
g 5a2+7a-2=0 h. u? = 40

i. 322 = 32 5x? —x+1=0

k. x(x-3) = 7 . yy+1) = yiy-T7)+13

—i.

4. Solve each quadratic equation:

a. x>+6x+1=0 b. 292+ 7y = 2
c. -n?+28 =0 d. 5d? = 7d+1
e. x> = -4 - 5x f. x®>+2x+1 =0
g. -3a%> = 5-12a h. 2% = 7

i 822 = 122 i. n2+9 =0

k. —4n?+12n = 9 . 2-9=0
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Review
Problems

5. Solve each quadratic equation:

a. x> -x-56 = 0 b. u?-8u =0

c. =9 d. 9k +49 = 42k
e. n2+2n-80=0 f. —3t2 = 11t +6

g 2m%-Tm = - h. 8d% = 2

i. —3a% = Ta-6 j. -8h%2-8h =0

k. n2-3n+4 =0 1. 2p2-3p-5=0
m. -3m?-8m+3 = 0 n. —-8z2+2z = 0

0. 3w’ +3=0 p- 5g2:5g+2

q -3y*+6y = -3 r. 12t -8t-16 = 0
s. 3x% = —15x+3 t. 0 = 21g%+9g-15
u. —5z%+4z = -7 V. 8q2+4q=3

w. y2—4y=—2 x. 202 -2x-3 =0
y. 0 = 14d* - 4d -4 z. 27x% —6x—15 = 0
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2
o 5+./265
10
113

1
—7+4

1 _

1

5++/53

14

433

Solutions
b ~1+.57 3+./21 d —7+.29
) 4 6 ) 10
¢ ~1+./33 13+./69 h ~1+./85
) 2 10 ) 14
. —9+./105
J. —4

a. The quadratic equation 3x%2 - 6x—1 = 0is in standard form. We can

read the values a = 3, b = —6, and ¢ = —1. Placing these values into the

Quadratic Formula gives

_ —(—6)i\/(—6)2—4(3)(—1) _ 6+36+12 _ 6+.48 _ 6+./16-3

x = = = =
2(3) 6 6 6
_ 6143 _ 23£2J3) _ 2(3+2J3) _ 323
6 2.3 9.3 3
b. 1,3 c. +/5 d. +7
e. li%/ﬁ f. No solution g. _71{8/@ h. +2.10
1. 0,1 j. No solution k Siﬁ 1. %
a. —3+22 b _7i4\/@ c. 27 d 7i1\é@
6++/21 14

-1 — _ + N2
e. —-1,-4 f. -1 g. 3 h. + 5
i. 0,4 j. No solution k. % 1. +3
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5 a -7,8 b. 8,0 c. +3 d —%
_ g _2 3 11
e ].O, 8 f 3, 3 g 2, 9 h 92’ 9
. 9 . : 5
1. -3, 3 j. -1,0 k. No solution 1. 5’ -1
1 1 5+65
-3, = 0, ~ +
M 7%y 0y 0. %1 P 10
@ 1443 . 1+13 . —5+/29 . —3+./149
3 2 14
a 2 +./39 v 147 w. 2+2 « 1+47
5 4 2
1+.15 1+./46
y. 7 Z. 9

“Do, or do not.

There is no try'.”

— Yoda (The Empire Strikes Back)
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CH 46 — BREAK-EVEN POINT,
(QUADRATIC FUNCTIONS

A- while back we discussed the notions of
revenue (R), cost (C), profit (P), and the
break-even point:

Profitt P = R-C
Break-even: R = C or P =0

Using either factoring or the Quadratic

Formula, we can solve more break-even business
problems; these problems will result in a quadratic
equation.

&

0 BREAK-EVEN

EXAMPLE 1. Find the break-even point(s) if the profit
formula is given by P = 2w? - 31w + 84, where
w is the number of widgets sold.

Solution: We find the break-even points by setting the profit
formula to zero:

2w? - 3lw+84 = 0 (set profit to 0)
= Qw-TNw-12) =0 (factor)
= 2w—-T7T =0 or w—-12 =0 (set each factor to 0)
= 2w =7 or w = 12 (solve each equation)

Ch 46 — Break-Even Point, Quadratic Functions
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= w=3%0rw=12

Thus, the break-even points are

3% widgets and 12 widgets

Of course, 3% widgets can’t really exist, but it’s good enough for

this problem. But if w stood for wages, for instance, then 3%

would make sense, since that number represents $3.50, a

perfectly legit answer.

EXAMPLE 2: Find the break-even point(s) if revenue and

cost are given by the formulas

R = 3w?-3w-8

C = 2w? + 30w — 268

Solution:  Recall that one of the two ways to describe the
break-even points is by equating revenue and cost. Notice that
we put the resulting equation in standard form by bringing all
the terms on the right side to the left side so that the right side

will be zero.

R=2C

3w? - 3w -8 = 2w? + 30w — 268
w? - 3w -8 = 30w — 268

w? - 33w -8 = —268

w? - 33w + 260
(w-20)(w-13) = 0
w-20=0 or w—13 = 0

| R S VR
I
(=)

w=20 or w=13

(to find break-even)
(use the given formulas)
(subtract 2w2)

(subtract 30w)

(add 268 = standard form)
(factor)
(set each factor to 0)

(solve each equation)

Ch 46 — Break-Even Point, Quadratic Functions
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And so the two break-even points are

20 widgets and 13 widgets

Homework

1. Find the break-even points for the given profit formula:
a. P = w?-12w+ 35 b. P = 2w® - 13w + 15

c. P = w?-25w+ 150 d. P = 6w? - 31w + 40

2. Find the break-even points for the given revenue and cost

formulas:

a. R = 2w?+8w-20 C = w*+24w-"15
b. R =2w?-3w+1 C = —w?+16w-29
c. R = 5w?-26w+80 C = 3w?+w+10

Review
Problems

If the profit formula is given by P = w? — 57w + 350, find the two
break-even points.

If the revenue and cost are given by the formulas
R = 5w? - 30w+ 100 and C = 4w? + 4w - 180, find the break-even
points.

Ch 46 — Break-Even Point, Quadratic Functions
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Solutions

[EEN
™
S

]
ot
N
=3
S

I

Do
Ut

—

2. a. w=2511 b. w 3

?7

3. w="7and w =50 4,

“There 1s one purpose
to life and one only: to
bear witness to and
understand as much as
possible of the
complexity of the world
— 1ts beauty, its
mysteries, its riddles.

The more you

wloo
oo

c. w = 10,15 d. w

o
S
[l
(BN
=
(@)

w=14 and w =20

understand, the more
you look — the greater
1s your enjoyment of
life and your sense of
peace. That's all there
1s to 1t. If an activity is
not grounded 1n ‘to
love’ or ‘to learn,’ 1t

does not have value.”

- Anne Rice, American Author

Ch 46 — Break-Even Point, Quadratic Functions
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CH47 — QUADRATIC INEQUALITIES

For linear inequalities suchas 7n+4 > 7,
the Basic Principle of Inequalities (If you
multiply or divide by a negative number,
switch the inequality sign) is sufficient. But
other inequalities are best solved by a
technique called the Boundary Point Method.
This will help us solve inequalities such as

x2-3x—-10 > 0.

O THE BOUNDARY POINT METHOD
1) Change the inequality to an equation and solve the equation.
2) The solutions of that equation are called the boundary points.

3)  Plot the boundary points on the real line. This will create one or
more intervals on the line.

4) Now choose a test point from each interval (any convenient
number in the interval) and plug it into the original inequality.
If the test point satisfies the inequality, then the entire interval
in which the test point lies is a part of the solution of the
inequality. If the test point does not satisfy the inequality, then
the associated interval is not part of the solution.

5) Lastly, check the boundary points themselves in the inequality.

Ch 47 — Quadratic Inequalities
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O SoLVING QUADRATIC INEQUALITIES

EXAMPLE 1. Solve for x: xZ2—3x-10 > 0

Solution:  We will solve this kind of problem using the
Boundary Point Method (there are other ways). First we find the
boundary points:

x>-3x-10 = 0 = x+2)(x-5) =0 = x=-2o0rx=5.

Now we mark these boundary points on a number line, and then
choose a test point in each interval to test in the original
inequality x?-38x-10 > 0:

The boundary points _ —4 | 0 | 6 - The test points are
are -2 and 5. _'2 '5 —4, 0, and 6.
—4 € (—OO, _2) 0 (_29 5) 6 < (59 OO)

(-4)2 - 3(-4) - 10 = 16+ 1210 = 18, which is > 0. Thus,
(—o0, —2) 1s part of the solution.

02 -3(0)-10 = 0-0—10 = —10, which is not > 0. So,
(-2, 5) is not part of the solution.

62 -3(6)-10 = 36— 18— 10 = 8, which is > 0. Therefore,
(5, ) is part of the solution.

Last, you can check the boundary points yourself — they work in
the original inequality. Our final answer is the combination of

the left interval and the right interval:
The answer can also be written

(_007 - 2] U [5, OO)

{xeR | x<-20R x> 5}

Ch 47 — Quadratic Inequalities
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EXAMPLE 2: Solve for w: 9w - w? > 14

Solution:  Solve the associated equation: 9w — w? = 14.
Rearranging the terms and multiplying through by —1 gives the
equation w? - 9w+ 14 = 0, whose solutions are 2 and 7.

These two boundary points yield the three intervals to check:
(—o0, 2), (2, 7) and (7, ). Choose a test point (your choice) in each
Iinterval and substitute that test point into the original
inequality. You'll find that the only interval that works is the
center one: (2, 7).

Finally, check the boundary points themselves. They both work
in the original inequality. The final answer, then, is
{we R | 2<w<T7}, which we write as

2,7]

EXAMPLE 3: Solve fory: y%-12 > —dy

Solution:  To solve this inequality, convert it to an equation,
write it in standard quadratic form, factor, and you’ll find that
the boundary points are —6 and 2. Pick some test points and see
that the intervals (—o0, —6) and (2, ) work, but the interval (-6, 2)
doesn’t. Also, the boundary points themselves don’t work. The
final answer is therefore

(_OO’ - 6) U (2, OO)
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EXAMPLE 4. Solve for x: xZ+x+4 > 0

Solution: The associated equation is x? +x+4 = 0, which
won’t factor, so let’s use the quadratic formula:

X =

—1+4J1% —4(1)(4) _ -1+J-15
2

2(1)

There are no real solutions to this equation; therefore, there are
no boundary points, and so there is only one interval to check,

namely the entire real line, (—00, 00).

Choose any real number [that is, any number in the interval
(—o0, )], for instance, 2, as a test point, and plug it into the
original inequality: 224244 = 10, which is clearly > 0. Since
the test point worked, the interval in which the test point lies
must work; however, this interval was the entire real line.
Therefore, the solution to the inequality is the set of real
numbers

R

EXAMPLE 5: Solve for x: x2+6x+9 < 0

Solution:  Solving the associated equation, x2+6x+9 = 0, we
obtain one solution: x =-3. That produces two intervals: (-, —3)
and (-3, ). Pick a test point in each interval and you’ll discover
that both test points fail; even the boundary point x = -3 fails. In
other words, everything fails! The inequality has NO solution
at all. We can write this using the null set (empty set):

%)
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EXAMPLE 6. Solve for x: x2+6x+9 < 0

Solution:  Solving the associated equation gives us the same
boundary point as in the previous example. The two intervals
also fail, as in the previous example. BUT this time, if we check
the boundary point, x = -3, it works. So our final solution of the
inequality 1s

x=-3 [which can also be written {—3}.]

Homework

Solve each quadratic inequality:

1. a®>-9a-10 > 0 2. 2% < 5-9%

3. x>4+9 < 6x 4, y2+10y+25 < 0
5. 22 > 12z-36 6. w?+1ldw+49 > 0
7. x2>9 8. 2x2-15x+7 <0
9. bHa-a® > 6 10. -3(3n%+8n) < 16
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O UsING DESMOS TO SOLVE QUADRATIC INEQUALITIES

You can use Desmos to solve these problems. For example, type
x%-6x+8 >0

and you’ll get the following graph:

1

Look at the two shaded regions. We see shading to the left of 2 and to
the right of 4. This means that the inequality is satisfied whenever x < 2
or x > 4, giving us a final answer of

(-2) U (4.9

Review
Problems

Solve each inequality:

11.

12.

13.

14.

20x—5)-92x+1) > 0

a. x2+Tx+12 <0 b. x%2-100 > 0
c. x2+10x+25 >0 d x*-6x+9 <0
e. 4x°—-12x+9 < 0 £ x> 9x-1

x2 - b5x > -4

x2 < 20x — 100
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Solutions
1. (-0, —1) U (10, o) 2. {-5, %} 3. O
4, {-5} 5. (-, 6) U (6, ©); or R — {6}
6. R 7. (~o, -3] U [3, »)
8. @7) 9. [2,3] 10. R
19
11 (—oo,——Gj
12. a. (-4, -3) b. (-0, -10] U [10, o) c. R-{-5}
d. {3 e. O f. R
13. (~o0, 1] U [4, o) 14. &

Ch 47 — Quadratic Inequalities
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“A child

withoul education
is like a bird

without wings.”

y . ¢

Ch 47 — Quadratic Inequalities

—Tibetan Proverb
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CH 48 — GRAPHING PARABOLAS

he parabola (accent on the rab) is a very ( ' ;7
special shape used in searchlights and ,‘/ "\)
satellite dishes. Even football sports reporters €« /

use parabolic reflectors to listen

in on comments made by coaches on the
sidelines and players in the huddle. In fact,
when a football is thrown or punted, its path is
that of a parabola.

O GRAPHING A PARABOLA

EXAMPLE 1: Graph: y = x> —4x+ 3

Solution:  Who's to say that the graph of this formula isn’t a
straight line? Let’s work it out; we’ll find some points on our
graph by choosing some values of x, and then calculate the
corresponding y-values — and we’ll see what points we get.

Ifx = -1, theny = (—1)2—4(—1)+3 =1+4+3 =8 = (-1, 8)
Ifx = 0,theny = (0)2-4(0)+3 = 0-0+3 = 3 = (0, 3)
Ifx = 1,theny = (1D)2-41)+3 = 1-4+3 = 0 = (1,0)
Ifx = 2, theny = (2)2-4(2)+3 = 4-8+3 = -1 = (2,-1)
Ifx = 3, theny= (8)2-4(3)+3=9-12+3 =0 = (3, 0)

Ifx = 4,theny = 4)2-4(4)+3 = 16-16+3 = 3 = (4, 3)

Ifx = 5,theny = (5)2-4(5)+3 = 25-20+3 = 8 = (5, 8)

Graphing Parabolas
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Plotting these seven points leads us to the following graph:

-1, 8) 3(
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What do we notice about the graph? It’s a curve, not a straight line.
We notice that x can be any real number (but notice that y never
goes below —1). Also note that the graph has one y-intercept but
two x-intercepts. In addition, there is no highest point on the
parabola, but the lowest point on the parabola is (2, —1), and we call
this point the vertex of the parabola.

This is the shape called the parabola. We say that the parabola
just graphed “opens up.” The equation of a parabola is
characterized by the fact that one variable (the x) is squared while
the other variable (the y) is raised to the first power.

EXAMPLE 2: Graph: y = —x2-2x-1

Solution:  First we notice that the quadratic term, the —x2, has
a leading negative sign. And we remember that, due to the Order
of Operations, exponents have a higher priority than minus signs,
so we know that to evaluate —x2, we square the x first, and apply

Graphing Parabolas
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the minus sign second. [For example, —7 2 - -49.] We'll calculate
together two points on the parabola and leave the rest of the
points for you to do.

Ifx=2theny = —(2)2-2(2)-1 = -4—4—-1 = -9. Thus, the
point (2, —9) is on the graph of our parabola.

Ifx=-3,theny = —(-3)2-2(-3) -1 = -9+6-1 = -4,
Therefore, the point (-3, —4) is on the graph.

You should now do the calculations to show that each of the
following points is also on the graph:

(_49 _9) (—2, _1) (_ls 0) (09 _1) (ls _4)

From the formula (and kind of
from the graph) we note that x

can be any real number, but that

y never gets above 0. As for in-
tercepts, there’s one x-intercept

and one y-intercept. There is no

lowest point on the graph, but

the highest point, the vertex, is
the point (—1,0). We say that
this parabola opens down.

. 2 — —
There are also “sideways” parabolas, but . ]
. . . /
in this chapter only parabolas which open —=—=="F 7T 5+ % 7 %
. . 1
up or down will be discussed. ,
’)\
3 —

Graphing Parabolas
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Homework

In Example 1 we saw that the graph of y = x?-—4x+3isa
parabola opening up. Example 2 showed us that the graph of

y = x%-2x-1lisa parabola opening down. Take a guess what
property of these equations determines whether the parabola
opens up or down.

True/False: (Recall that all parabolas in
this chapter open up or down.)

a. Every parabola has a y-intercept.

b. Every parabola has an x-intercept.

c. Every parabola has a vertex.

d. The vertex of a parabola is always the highest point of the
parabola.

e. The vertex of a parabola is always the lowest point of the
parabola.

Graph each parabola by plotting points. Then use your
graph to determine the intercepts and the vertex of your
parabola:

a.y=9—x2 b.y=x2+6x+5
_ 2 _ .2

c.y =x"+2x-8 d y=-x"t4x-4

e. y = 0.5x2 f. y= —0.2x2 +5

Graphing Parabolas
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Solutions

1. The coefficient of the quadratic term in Example 1 is positive, while that
of the quadratic term in Example 2 is negative. That’s the clue which
determines whether a parabola opens up or down. Therefore, the

parabolay = mx? — 18x + 2 opens up, whereas the parabola
y = —0.7x% + 99x + 14 opens down.

2. a. True b. False c¢. True d. False e. False

3. a. b c
: ‘ i \ S
8 5 \ 2 /
/4N \ ] |
5 \\ //2 R EEET Y
10 ! \ 4 / |
{ 2 \ 6% 4 -3-2 1o \ : /
/ ; \ \ / -2 | \ :5 [
42140t kR -3 . /el
EEEEEE 2 ERNY an.
[EE R . RN
Intercepts: Intercepts: Intercepts:
(_3» O)> (3’ 0)’ (O’ 9) (_5> O)’ (_]—, 0)’ (O> 5) (_49 O)’ (2’ 0)9 (07 _8)
Vertex: (0, 9) Vertex: (-3, —4) Vertex: (-1, -9)
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76/5-4-32-1 bt 2B 4X6 7
-2
-3 | |
-5 1 1 1 !
1 -6 + + !

Intercepts: Intercepts: (0, 0) Intercepts:
(27 0)7 (O’ _4) Vertex: (09 O) (_5, 0)7 (57 0)7 (09 5)
Vertex: (2, 0) Vertex: (0, 5)

“It is our choices that show
what we truly are,

far more than our abilities:”

— J.K. Rowling

Graphing Parabolas
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CH 49 — INTERCEPTS OF A
PARABOLA, FACTORABLE

ost LINES have just two intercepts (or just one
Mintercept if it’s a horizontal or vertical line
that’s not one of the axes, or even infinitely many
intercepts if the line is one of the axes.) But a
PARABOLA may have one intercept, perhaps two
intercepts, or possibly three intercepts:

2 Intercepts

3 Intercepts \

1 Intercept

It is impossible for a parabola to have NO ,

) i i As in the chapter
intercepts, mainly because in a parabola Graphing Parabolas,
opening up or down, the x-value can be any we’re assuming
real number, meaning that the graph goes parabolas that open
infinitely to the right and infinitely to the left. up or down.

If follows that the parabola MUST pass through the
y-axis somewhere, thus providing at least one
intercept.

Ch 49 — Intercepts of a Parabola, Factorable
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@ How Do WE FIND THE INTERCEPTS OF A PARABOLA?

Remember the method for finding the intercepts of a line? Well, an
intercept is an intercept, so the rules for finding the intercepts of a
parabola (or any graph at all!) are identical to the rules we learned
before:

x-intercepts are found by setting y to 0.

y-intercepts are found by setting x to 0.

Also recall that an intercept is a point in the plane, and should be
written as an ordered pair like (2, 0) or (0, —3). Ask your instructor if
you need to write your intercepts this way.

EXAMPLE 1. Find the intercepts of y = x% — x— 6.

Solution:

x-intercepts: Settingy =0
- 0=x2-x-6
= 0=(x+2)(x-3)
= x+2=0o0orx-3=0
= x=-2 or x=3 We conclude that

the x-intercepts are (-2, 0) and (3, 0) \

I
Lol S R R

y-intercepts: Settingx=0

= y=02-60)-6=-6 +3%t-1lp1ip

Therefore,

the y-intercept is (0, —6)

~ g L I S T I S

Ch 49 — Intercepts of a Parabola, Factorable
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EXAMPLE 2: Find the intercepts of y = x% — 6x + 9.

Solution:

X-intercepts: Setting y =0
= 0=4x2-6x+9
= 0= (x-3)(x-3)

= x-3=0
= x=3,
only one solution for x.
We conclude that ﬁié\
the x-intercept 1s (3, 0) 8\ /
——7

y-intercepts: Settingx=0

= y=(0)>2-60)+9 =9 .

NI /
Therefore, —1
-1 oL 2 3 4 |5
#-1
the y-intercept 1s (0, 9)
Homework
Find all the intercepts of each parabola:
1. vy = x2-25 2. y=2x2—3x—35
3. y=92+6x+1 4, y = —49x% +28x — 4
5. y=9x2—1 6. y=—14x2+x+3
7. y = 10x% +27x + 14 8. y = 15x%—34x + 15

Ch 49 — Intercepts of a Parabola, Factorable
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Solutions
1. (5,0) (-5,0) (0,-25) 2. (5,0 (_%,o) (0, —35)
3. (—é,oj 0, 1) 4. (%,oj (0, —4)

w

“Any fool can know.
The point is to
understand.”

— Albert Einstein

Ch 49 — Intercepts of a Parabola, Factorable
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CH 50 — INTERCEPTS OF A
PARABOLA, NON-FACTORABLE

his chapter, like an earlier one,

helps you find the intercepts of a
parabola, but the quadratic equations
you will obtain will not be factorable, so

i

another method must be utilized. You could use

Completing the Square, but we’ll use the Quadratic
Formula.

O EXAMPLES
EXAMPLE 1. Find the intercepts of y = -3x2 + 5x — 1.

Solution:

x-intercepts: Setting y = 0 turns the parabola equation into

0= 3x>+5x-1

Bringing all the terms to the left side gives us the following
quadratic equation in standard form:

3x> - B5x+1 =0

The left side of the equation is not factorable (give it a try!), so
let’s apply the Quadratic Formula, where in this case a = 3,
b=-5,and c=1:

Ch 50 — Intercepts of a Parabola, Non-Factorable
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_ b b%—dac _ ~(-5)£(=5)% —4(3)(1)

2a 2(3)
_ 5+25-12 _ 5+.13
6 6

These two solutions are certainly correct, and we could even write
our two x-intercepts like this:

(%o} and (%o]

However, this form of the x-intercepts is not very useful for
plotting them on a grid. It’s better to use your calculator to
convert the two exact radical answers into approximate decimal

answers; our x-intercepts are roughly

(1.434, 0) and (0.232, 0)

y-intercepts: Settingx=0 = /

y = -30)>+50)-1 = -1 -1 cf/ 1\ 2
/

The y-intercept is therefore

0,-1) /L \

EXAMPLE 2: Find the intercepts of y = x% + x + 2.

Solution: Seems easy enough, but this is a strange one.

X-intercepts: Setting y = 0 yields the quadratic equation
x>+x+2 = 0. First, this quadratic won’t factor, but that’s okay;

we have the Quadratic Formula to rescue us:

Ch 50 — Intercepts of a Parabola, Non-Factorable
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_ 12 -40@) _ 1xJ18 _ 1xJ7
2

2(1) 2

We're in trouble; the —7 in the radical sign indicates that these
two solutions for x are not real numbers. This means that
wherever these non-real (imaginary) numbers are, they are
absolutely not on the x-axis (which is just the set of real

numbers).
The conclusion of all this? This parabola has \\ 6 /
no x-intercept 4
y-intercepts: Setting x = 0 gives y = 2, and so ,
the y-intercept is .
-3 -2 -1 o 1
(0, 2) .
Homework

Find all the intercepts of each parabola in exact form — No
calculator — no approximations:

a.y=2x2+8x+5 b.y=3x2—6x+4
c.y=x2—13 d.y=2x2+9

Find all the intercepts of each parabola, rounded to 3
digits past the point:

a.y=x2+Tx+1 b. y = —2x2 +b5x+4

c.y=3x2—6x—2 d.y=5x2+3x+1

Ch 50 — Intercepts of a Parabola, Non-Factorable
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Solutions

1. a. (#, oj (#, Oj (0, 5)

b. No x-intercepts (0, 4)

c. (iJE, 0) 0, -13)

d. No x-intercepts (0, 9)

2. a. (-0.146,0) (—6.854, 0) 0, 1)
b. (3.137, 0) (—0.637, 0) 0, 4)
c. (2.291,0) (-0.291, 0) 0, -2)
d. No x-intercepts (0, 1)

“Your attitude,
not your aptitude,
will determine your altitude.”

—Z1g Ziglar

Ch 50 — Intercepts of a Parabola, Non-Factorable
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CH 51 — THE VERTEX
OF A PARABOLA

f a parabola opens up, then the vertex of the

parabola is the point at the bottom,
the minimum point of the parabola. If
the parabola opens down, then the
vertex is the top, the maximum point of
the parabola.

To find the vertex of a parabola in this chapter, we’'ll
need the Midpoint Formula:

If (a, b) and (c, d) are two points in the plane, then
the midpoint of the line segment connecting those

points is
a+c b+d
2 2

L FINDING THE VERTEX

The goal is to devise a way to determine the x-coordinate of the vertex,
the point at the bottom of the graph of the parabola y = x% +2x - 3.
Once we find the x-coordinate, we can find the
y-coordinate by plugging the x-coordinate into the
parabola equation.

Here’s the secret to finding the x-coordinate of the

vertex: Go straight up from the vertex to the x-axis. /
That x-value is midway between the x-values of the two

Ch 51 — The Vertex of a Parabola
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x-intercepts; in this case it’s midway between \

—
W B

x=-3 and x = 1. Recalling the Midpoint Formula

reviewed in the Introduction, the x-coordinate of \ 2
the vertex 1s \ 1
- —3+1 _ -2 _
= otl - =2 - 1 4 2 -1 |o
X 2 2 ’ k

a fact which should be clear by looking at the

graph. Since the parabola’s equation is

y = x? + 2x — 3, we find the y-coordinate of the -4

u

vertex by simply placing x = -1 into the equation
and finding y:

y=x2+2%-3 = (-1)?+2(-1)-3=1-2-3 = 4,

which 1is consistent with the picture. We conclude that the vertex of the

parabola is the point (-1, —4).

To find the x-coordinate of the vertex of a
parabola, find the average of the x-coordinates

of the parabold’s x-intercepts.

0 EXAMPLES AND FURTHER ANALYSIS

EXAMPLE 1 Find the vertex of y = —2x2 — 4x + 30.

Solution:  According to the rule in the box above, we first
calculate the x-coordinates of the x-intercepts of the parabola.
This, of course, is accomplished by setting y to O:

0 = —2x2 —4x+ 30
—  2%2+4+4x-30 =0
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=  2x%+2x-15) =0

= 2c+5)(x-3) =0

= x+5x-3) =0

= x+5=0o0orx-3=0
=

x=-5or x=3

The average of these x-values is

= —=2 = -1, and so we have x = -1 as

the x-coordinate of the vertex. The y-value of

the vertex i1s

y = —2x%2 —4x+ 30 = -2(-1)% — 4(-1) + 30

= -2+4+30 = 32

and we conclude that the vertex of the parabola 10

1s the point

(-1, 32)

EXAMPLE 2:

Solution:
0=x>-6x+9
= 0= (x-3)(x-3)

= x-3=0o0orx-3=20

= x=3 or x=3

463

(factor out the GCF)
(factor the trinomial)
(divide both sides by 2)
(set each factor to 0)

(solve each linear equation)

(—1,32)

— 0

e}
(=)

Find the vertex of the parabola y = x% - 6x+9.

Find the x-intercepts by setting y to 0:

There’s only one x-intercept, (3, 0), but it did occur twice! So we’ll

go through the motions and calculate the average of 3 and 3,

which is 3, the x-coordinate of the vertex of the parabola. And

the y-coordinate of the vertex is

Ch 51 — The Vertex of a Parabola
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y =32-638)+9 =9-18+9 = 0
We conclude that the vertex of the parabola is

(3, 0)

EXAMPLE 3: Find the vertex of y = 3x% — 7Tx + 3.

Solution:  Set y to 0 to calculate the x-intercepts. This will be
followed by averaging those x-intercepts to find the x-coordinate
of the vertex of the parabola.

0 = 3x2—7x+3

Factoring will prove fruitless, so it’s time for the Quadratic
Formula (we could also Complete the Square) — the values of a,
b, and c are 3, -7, and 3:

L SDEJED’-43)®) _ 7+/49-36 _ 713
2(3) 6 6

Thus, the x-coordinates of the x-intercepts are

7+é@ and LF

It is these two numbers that we average to obtain the
x-coordinate of the vertex:

7+\/§+7—\/1_3
6 6

x = 5 (average = sum divided by 2)

7+\E+7—ﬁ

= g (adding the two fractions)
14 a
2 5 ©37273%3 7 6
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Now we know that the x-coordinate of the vertex is %, and so the

y-coordinate of the vertex is

2
=3g(7| —7[7 = g(49|_7(7 = 49_49
= o2 a(2)es = 5[29)-x(7) s = 8959

— 49 _ 98 36 _ _13

= -4 — = ——=—

12 12 12 12

We're finally able to state our conclusion: \
The vertex of the parabola is 1 \

() TN/

(1.16667, —1.08333)

EXAMPLE 4: Find the vertex of y = x2 + 3x + 4.

Solution:  Seems innocent enough — what could possibly go
wrong? (Ever heard of Murphy’s Law?) To find x-intercepts, we
set y to 0 and obtain the quadratic equation

0=x2+3x+4

Since this quadratic is not factorable, we employ the Quadratic

Formula:
x> +8x+4 =0 a=1;, b=3; c=4
_ -3+’ 4@ _ —3+J9-16 _ -3+/7
- *= 2(1) - 9 -T2

Gee, these two numbers are not real numbers; you might know
that we call them “imaginary” numbers, and that they don’t exist
anywhere on the x-axis (which is an axis of real numbers). We
deduce that the parabola has no x-intercepts. So how in the heck

do we average the x-intercepts to find the vertex when they don’t
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even exist? The answer is, trust me! That is, let’s calculate the
average of these two “phantom” intercepts and see what happens.

There are two issues to consider if we want to calculate the
average of two imaginary numbers. First, the two solutions of
the quadratic equation above can be written separately as

-3 +2ﬁ and =3 —zﬁ

Second, the average of two numbers (even these imaginary
numbers!) is found by dividing their sum by 2 — here goes:

3+-7 | -3--7
2 2

x = 5 (average = sum divided by 2)
~3+-T-3-+-7
- ; (adding the two fractions)
—6
= % (combine like terms)
2 2

Thus, assuming you still trust me, we will accept this number to
be the x-coordinate of the vertex. The y-coordinate would be

2
y = x?+3x+4 = (—%) +3(—%j+4 = %—%+4

_9 18,16 _ 7
4 4 4 4

Our best theory, therefore, is that the vertex of the parabola is

41

Ch 51 — The Vertex of a Parabola



467

Let’s confirm that this vertex we just \ |
calculated of the parabola with no x-intercepts \ /
makes some sense by sketching the parabola. \ - /

It looks pretty reasonable. Notice that the

parabola truly has no x-intercepts, just as

"
IS

predicted by the algebra. Moreover, if you look 3
carefully at the vertex of the parabola, you can 2
estimate that the x-coordinate is between —2 1
and —1, which the number _3 1s. Also, the

2 4 -3 -2 -1 o [t
y-coordinate of the vertex appears to be a little 1
shy of 2, which the number % 1s. I'm 2

convinced — are you?

Homework

1. By averaging the x-coordinates of the x-intercepts, find the
vertex of each parabola:

a.y=x2+2x—48 b.y=x2+10x+25

c.y=2x2+8x+5 d.y=3x2—6x+4

Q PUTTING IT ALL TOGETHER

EXAMPLE 5: Graphy = x2 — 6x + 5 using all the concepts of

we’ve learned about parabolas.

Solution:  The leading coefficient, 1, is positive; thus, the
parabola opens up.

To find x-intercepts, set y to O:

x> -6x+5 =0
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= x-5x-1) =0

= x=5=0o0r x-1=20

= x=5or x=1
Therefore, the x-intercepts are (1, 0) and (5, 0).
As for y-intercepts, we set x to 0:

y =02-6(0)+5 =5

Thus, the y-intercept is (0, 5).
To find the x-coordinate of the vertex we calculate the average of

the two x-coordinates of the two x-intercepts:

x:_1+5:§:3,

2 2
which implies that

y =82-6(8)+5=9-18+5 = —4
So the vertex of the parabola is (3, —4).

We now have our parabola:
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Homework

2. Find the y-intercept, the x-intercept(s), and the vertex of
y = 2x% + 7x — 5. Sketch the parabola.

3. Find the y-intercept, the x-intercept(s), and the vertex of
y = ~16x2 + 24x — 9. Sketch the parabola.

4, Find the y-intercept, the x-intercept(s), and the vertex of
y = x? — 3x + 5. Sketch the parabola.

Solutions

1. a. (-1,-49) b. (-5, 0) c. (—2,-3) d. (1, 1)

2. y-int: (0,-5) x-int: (%,oj, (%,0} V(—Z -@j

4’ 8

\
\
|

-5 14 -3 -2 -1

[y

—
—
"

I

Vvl [ T T
[l (01 B W N = o= N

Tl
\0

| e
T =
= O
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3. y-int: (0,-9) x-int: (%,O) V(é,Oj

4
1
0
-1 [0 1 2

> Note that the axes are
3/ \ scaled differently. In

:‘; / \ actuality, the parabola is
ol | much skinnier than the
7 \ one shown.

-3/ \

¥
-1
i -

4.  y-int: (0,5) x-int: None V@,uj

“EDUCATION IS THE
KEY TO UNLOCK THE
GOLDEN DOOR OF
FREEDOM.”

— George Washington Carver
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CH 52 — QUADRATIC MODELING,
PART |

‘ N ]hether you’re trying to maximize your
profits in a factory, or trying to design a

cattle corral of maximum area with a given
amount of fence, much of economics and engi-
neering involves making the most of limited

resources. The vertex of a parabola will allow
us to solve such optimization problems.

O SHORTCUT TO THE VERTEX

Finding the vertex of a parabola by averaging the x-coordinates of the
x-intercepts of the parabola is the same time-consuming process over
and over again. Perhaps we can find the vertex of a generic parabola,
yielding a simple formula that can find the vertex of any parabola
quickly.

Let’s start with a generic parabola (opening up or down) in standard
form:

y = ax? + bx + ¢ [opens up if a >0 and down if a < 0]

Our job now is to find the x-intercepts of this parabola. To find any
x-intercepts, we set y to 0 and solve for x:

0= ax>+bx+c

Let’s first turn the equation around so it’s in standard form:

ax®+bx+c =0

Ch 52 — Quadratic Modeling, Part I
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How do we solve this equation for x? Actually, it’s quite simple. The
solutions of this equation are precisely the solutions provided by the
Quadratic Formula. Thus, the two solutions of this equation are

_ —b+x/bz—4ac and 1. — —b—\/bz—4ac

1 2a 2 2a

These two “numbers” are the x-coordinates of the x-intercepts of the
parabola. The next step is to find the average of these two numbers; this
1s done by adding them together and dividing by 2:

—b+\fb2 —4ac N —b—\}bz —4ac

2a 2a
2
-b+ \sz —4ac —-b- \/bz —4ac
— 2a .
= 9 (common denominator)
—2b
= 22a (the radicals sum to 0)
-b
= % (reduce the top fraction)
- b1 (multiply by reciprocal)
a 2
= __b
2a

We'’ve proved a theorem:

The x-coordinate of the vertex of the parabola
y = ax?+bx+c
is given by the formula

= —b

x2a

Ch 52 — Quadratic Modeling, Part I
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To find the y-coordinate of the vertex, just plug the x-coordinate of the

vertex into the parabola formula.

For example, let’s find the vertex of the parabola y = —3x% — 24x — 42,

For this parabola, a = -3 and b = -24 (we don’t need the value of ¢ for

this problem). So the x-coordinate of the parabola is

Now plug x = —4 into the parabola formula to find the [ 1

y-coordinate of the vertex:

H NOwW b~ Oy

y= —3x% - 24x - 42 = —3(-4)* - 24(-4) - 42 _ I/

= —3(16) — 24(-4) — 42 = —48+96 — 42 = 6

Conclusion: The vertex of the parabola

L I N L I e R

y = —3x2 — 24x — 42 is (4, 6).

Here’s a good way to remember this
vertex formula: Take a look at the
Quadratic Formula, cross out the x =

radical, and what remains is the 2a
x-coordinate of the vertex.

Homework
1. Use the formula x = % to find the vertex of each parabola:
a.y=x2+2x—48 b.y=x2+10x+25
c.y=2x2+8x+5 d.y=8x2—6x+4
e. y = —bxZ + 40x — 20 f. y = -3x2-16

Ch 52 — Quadratic Modeling, Part I
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2. Use the formula x :% to find the vertex of each parabola:
a.y=—2x2+5x—7 b.y=7x2—x—1
c.y=8x2—8x—2 d.y:7x2+10
e.y=4x2+7x f. y=—5x2—14x+10

O OPTIMIZATION PROBLEMS

EXAMPLE 1. A publishing company found that the profit

they make on their latest magazine is given by

the formula

P = —2m? + 680m + 10200

where P is profit and m is the number of
magazines sold. Find the number of magazines
that the company needs to produce in order to
maximize their profit. Also determine the
maximum profit.

Solution: Wow, what a problem! It might help to realize that
the variable m is playing the role of the variable x, while the P is
playing the role of y. When viewed this way, the profit formula is
simply a parabola that opens down (since —2 < 0). And where is
the maximum point on a parabola that opens down? At its
vertex, of course.

Ch 52 — Quadratic Modeling, Part I
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P (profit)

A

Vertex

?

5 » m (magazines)

Once we find the vertex of the given parabola formula, we can
find the number of magazines needed to maximize the profit, and
then the dollar amount of the maximum profit itself.

From the given parabola formula P = —2m? + 680m + 10200, we
see that a = -2 and b = 680. Plugging these two values into our
vertex formula gives us the m-coordinate of the vertex:

_ b _ -680 _ —680 _
T 22 2(-2) —4 170

m

And since the m-axis is the horizontal axis (the magazine axis),
we conclude that the number 170 represents magazines. That is,
170 magazines will produce the maximum profit. To calculate
that profit, we merely let m = 170 in the profit formula:
P = —2m? + 680m + 10200 (the profit formula)

= —2(170)% + 680(170) + 10200 (m = 170)

= —-2(28900) + 680(170) + 10200 (exponents first)

= -57800 + 115600 + 10200 (multiplications second)

= 68000 (additions last)

The vertex of the parabola is therefore the point (170, 68000).

Ch 52 — Quadratic Modeling, Part I
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A I 1 3
Vertex (170, 68000) 1 conclusion,

$68,000 producing 170

magazines will yield
the company a
maximum profit of

$68,000.

>m
170 magazines

EXAMPLE 2: A company found that the cost for

manufacturing a surfboard is given by the

formula

C = 3s%—-270s + 6800

where C is the cost in dollars and s is the
number of surfboards produced. Find the
number of boards the company needs to
produce in order to minimize their cost. What
is the minimum cost?

Solution:  This problem is very similar to Example 1, except
here we are to find the minimum of something, not the
maximum. The graph of the cost formula is a parabola opening
up (since 3 > 0), so its vertex will be at the bottom of the
parabola, and, as before, the vertex tells us everything we need to
know.

Since a = 3 and b = -270, the s-coordinate of the vertex is

~(-270) _ 270 _
23 6 B

- —b _
5 2a
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Plugging this value of s into the
cost formula yields ¢ = 725.
Therefore, the vertex of the
parabola is (45, 725).

What does all this mean?
Geometrically, the point $725
(45, 725) 1s at the bottom of
the parabola. Therefore,

45 surfboards

45 surfboards will result in

a minimum cost of $725.

Homework

A hard drive company found that the profit they make on their
hard drive is given by the formula

= —4h?% + 200k + 1000,

where P is profit and A is the number of hard drives sold. Find
the number of hard drives that the company needs to produce in
order to maximize their profit. Also determine the maximum
profit.

A company found that the cost for manufacturing a flash drive is
given by the formula

C = 7d% - 140d + 745,

where C is the cost in dollars and d is the number of flash drives
produced. Find the number of flash drives the company needs to
produce in order to minimize their cost. What is the minimum
cost?

Ch 52 — Quadratic Modeling, Part I
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10.

The path of a baseball follows the parabola

y = —12x% + 456x + 100

At what value of x does the baseball reach its highest point? How
high above the x-axis is the highest point?

The profit, P, is given by the formula
= —10c¢* + 800c + 10000

Find the number of calculators, ¢, which would maximize the
profit, and determine the maximum profit.

The cost, C, for manufacturing w widgets is given by

C = Tw? - 112w + 5000

How many widgets will minimize the cost, and what is the cost?

The path of a catapulted math teacher follows the parabola
y = ~12x% + 312x + 250. Find the point in the x-y plane where
the teacher reaches his highest point.

A certain mountain has the approximate shape of the parabola
y = ~13x% + 390x + 200. Find the coordinates of the mountain
peak.

A certain valley has the approximate shape of the parabola

y = 7.5x% — 1485x — 400. Find the coordinates of the lowest point
of the valley.

Ch 52 — Quadratic Modeling, Part I
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Review
Problems

Using the short formula from this chapter, find the vertex of the
parabola

y = —5x? + 70x — 90

The profit is given by the formula

P = —5b” + 750b + 10000
where P is profit and b is the number of books published. Find the

number of books which would maximize the profit, and determine the
maximum profit.
The cost, C, for manufacturing ¢ trumpets is given by
C = 6t% — 276t + 5000
How many trumpets will minimize the cost, and what is the cost?

The path of a football follows the parabola y = —7x% + 126x + 250.
Find the point in the x-y plane where the football reaches its highest

point.

Solutions
(-1, —49) b. (=5,0) c. (-2,-3)
1, 1) e. (4, 60) £ (0,-16)

1 29 1 _11
14’ 8 2’ 4

Ch 52 — Quadratic Modeling, Part I
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d. (.10 e. (-1-%) & (-1
3. 25 hard drives; maximum profit = $3,500
4. 10 flash drives; minimum cost = $45
5. x = 19; height = 4,432
6. 40 calculators; maximum profit = $26,000
7. 8 widgets; minimum cost = $4552
8. (13,2278) 9. (15, 3125)
10. (99, -73907.5) 11. V(7, 155)
12. 75 books; $38,125 13. 23 trumpets; $1826
14. (9, 817)

“The purpose of learning
1s growth, and our
minds, unlike our
bodies, can continue

orowing as we
continue to live.”

— Mortimer Adler

Ch 52 — Quadratic Modeling, Part I
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CH 53 — QUADRATIC MODELING,
PART |

‘ N ] e continue our discussion of the
uses of quadratic functions
(parabolas) to solve business problems

involving both revenue and expenses.
We’'ll also solve problems involving the

maximization of the area of a rectangular
region using a given amount of fencing.

EXAMPLE 1: The revenue function at Widget, Inc., where w
is the number of widgets produced, is given by
R(w) = 2w? + 100w — 6, while the expense
function is E(w) = 7w? — 50w + 1. Find the
production level of widgets that will yield a

maximum profit, and then calculate the profit.

Solution: Revenue is the money received from selling a product
or service, and expenses are the costs incurred in providing that
product or service to the customer. Profit is the difference between
revenue and expenses, so we can write the formula
Pw) = R(w) - E(w)

=  Pw) = Qw? + 100w - 6) — (Tw? - 50w + 1)
Pw) = 2w? + 100w - 6 — Tw? + 50w - 1
=  Pw) = -5w? + 150w -7

U
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This formula shows that the profit, P, is a quadratic function of the
number of widgets, w. So its graph is a parabola opening down
(since —5 < 0). Because we're trying to determine the maximum
profit, we observe that the maximum value of P will

therefore be at the vertex (top) of the parabola. A rough sketch of
the profit function (the parabola) should make this concept clear.

32\ w
-b

The w-coordinate of the vertex is given by the formula %2 where a

— _ _ b _ —150 _ -150 —
=-5and b =150. So, w % = 20-5) 30 15.

Hence, the production level of widgets should be 15. This
maximizes the profit. Fewer than 15 widgets would result in less

profit; more than 15 widgets would also reduce profit. The optimum
number of widgets is 15.

Now to calculate the profit on the 15 widgets:
P(w) = —5w* + 150w - 7
=  P@5) = -5(15)% + 150(15) - 7
-  P(15) = 1118

Producing 15 widgets gives a maximum profit of $1,118

This result is consistent with the graph of the parabola.



EXAMPLE 2: Farmer Gertrude has 40 feet of
fence to build a rectangular <
pigpen. What should the |

dimensions of the pigpen be so

that it will enclose the

maximum area? What will the

area be with these dimensions?

Solution: As a student I remember thinking that the given 40
feet of fence would produce the same area regardless of the
dimensions of the rectangle. But consider:

15 16

Each rectangle has the same perimeter (the 40 feet of fence), but
the areas (75 sq ft and 64 sq ft) are different — the first rectangle
contains 11 additional sq ft, perhaps room for another pig.

The solution begins by labeling a rectangular pigpen:

[

w

Now, the perimeter of the rectangle is given to be 40 feet. Thus,
201+ 2w = 40 (this equation is called the constraint)

Also, the area of the rectangle is to be made as large as possible.
A = lw (this is called the objective function)

We'd like to graph this area function, but the problem with this
formula is that the area is a function of too many variables (we can't
graph three variables in a two-dimensional coordinate system). But
we can tie the perimeter formula to the area formula with a little
substitution:
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Solve for [ in the perimeter formula:
2]+ 2w = 40 = 2] = 40 - 2w

l:40—2w = l:4_0_2_w

5 9 5 = [ =20-w

=

Now substitute 20 — w for [ in the area formula:

A= lw (the area formula)
= A= (20— ww (letting I = 20 — w)
= A= 20w-w? (distribute)
= A= -—w?+20w (better form)

We have written the area as a function of just one variable, w. We
want to find the value of w that will maximize A. We can find this
value of w because the equation we just wrote is a parabola:

A

100
80

60

20

Looking at the graph, we conjecture that the vertex — the maximum
point on the curve — occurs at the point (10, 100). This is verified
by using the formula for the vertex, where the w-coordinate is given

by

_ —=b _ 20 _ =20 _

W=9q =91 - 2 -
Thus, the width is 10 feet. Using the formula [ = 20 — w we see
that the length is also 10 feet. The rectangle of maximum area is

therefore actually a
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10 ft x 10 ft square

whose area 1s 100 sq ft.

Homework

The revenue function is R(x) = 2x2 — Bbx — 25, while the expense
functionis E(x) = 7 x? — 85x + 75. Find the production level that
will yield a maximum profit. What is the profit?

Recall: Profit = Revenue — Expenses.

The revenue function is R(x) = 2x2 + 2000x + 200, while the
expense function is E(x) = 11x% + 596x — 50. Find the production
level that will yield a maximum profit. What is the profit?

To protect his corn from Farmer Gertrude's pigs (Gertrude made
the 10 ft x 10 ft pigpen alright, but she made it only 9 inches
tall!), Uncle Eb needs to enclose his corn in a rectangular region,
using just 84 feet of fence. He would like as much area as he can
get with his fence. What should be the dimensions of Uncle Eb's
cornfield?

Same as the previous problem, but assume 180 feet of fence.

Rancher Millie liked what Gertrude and Eb had done, so when
she needed to build a cow corral, she consulted them about her
problem. Gertrude and Eb told Millie that a -
square would definitely be the best shape, X
since a square gave both of them the most el \J
area for the given amount of fence. What e W\ 5
Millie didn't think was relevant to tell her m
friends was that a river would be used as one

side of the corral; that is, only three sides of
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the rectangle would have to be fenced:

river

l

If Rancher Millie has 1000 feet of fence to build the 3-sided
rectangle, what dimensions would yield her the maximum area?

6. The same scenario as the previous problem, except Rancher
Millie has 1200 feet of fence.

Review
Problems

7. The revenue function for the widget factory is
R(w) = 23w? + 950w + 95, and the expense function is
E(w) = 33w? + 350w — 5. How many widgets should be produced to
achieve the maximum profit?

8. What dimensions should a rectangular region be if the perimeter must
be 100 and if the maximum area is desired?

9. A rectangular corral is to be built with 144 feet of fence, using the side of
a barn as one of the sides of the rectangle. If the goal is to enclose the
maximum number of square feet, what should the dimensions of the
rectangle be?
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10. Bruce has 60 feet of fence with which to enclose a rectangular region for
his flower garden. But an inside corner of the yard will provide
two of the four sides of the rectangle. Find the dimensions of the
rectangle that will provide Bruce with the maximum possible area for

his garden.
House
Garden
Solutions
1. 8items; $220 2. T8 1items; $55,006
3. 21ftx21ft 4, 45ft x 45 ft
5. Hint: It’s not a square 6. 600 ft x 300 ft
7. 30 widgets 8. 25x25

9. T2ftx36ft 10. 30 ft x 30 ft
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Education is not
a preparation for life;
education is life itself.

John Dewey
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CH 54 — CUBIC FUNCTIONS

ou’re given a square piece of cardboard, 8 cm
Yon a side, and told to cut squares of equal
size out of each corner and fold up the resulting
flaps, all to create an open box (no top) with
the largest possible volume. What size corners
should you cut from the cardboard? Solving
this problem involves a cubic function.

O INTRODUCTORY EXAMPLE

EXAMPLE 1: Graph: y = x°

Solution:  This is the classic cubic function — it’s as simple as a
cubic can be. The domain is R (since any number can be cubed
without a problem). Confirm the values in the following x-y table.

9
X y 8 (2’ 8)
7
-3 | -27 s
-2 | -8 5
4
-1 | =1 3
1] 1 (-1/2,-1/8) ]
2| 8 \ 1.1
0 0 0 !\ 1 2
11 (1/2, 1/8)
2 8
1 1
2 8
3 27
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Note that when x =0, y = 0; and when y = 0, x = 0. Therefore, the
only intercept is the origin. Also notice that the range of the
function is R.

Also, the graph of the function appears to have origin
symmetry. To prove this, replace x with —x and y with —y, giving

SN y = x3, the original equation.

=" = y=-x
In addition, these limits should be clear:

Asx — 0,y —> © As x — —0, y — —o0

Homework

a. In Example 1, we claimed that the domain is R, so we should
be able to cube any real number. Cube each of these numbers:

10, m, §ﬁ , —Qfﬁ .

b. It’s also the case that y can be any real number. Find an
x-value that will yield the given y-value: 64, 2% ,—125, 7, —e.
[e is a number we’ll learn about later in the course.]

Graph y= —x3. Remember, —x3 means cube x first, and then
attach the minus sign.

Graph f(x) = x3+2 and g(x) = x° -3, and then explain what
effect the 2 and the —3 have on the graph of y = x3.

Graph f(x) = (x—l)3 and g(x) = (x+4)3, and then explain

what effect the —1 and the 4 have on the graph of y = x5,

For the function y = x3, verify the limit “As x — «, y — «” by
y

finding the x-value needed to guarantee that y can be made as
large as one billion.

What is the slope of the curve y = x% at the origin?

Ch 54 — Cubic Functions



491

1. This problem will prepare us for an issue in the next section. Let’s
solve the quadratic equation 2 +7x-18 = 0 by factoring.

x%+7x-18 = 0

= x+9x-2) =0

= x+9 =0o0orx-2=0

= x=-9or x=2
Notice that the solution x = -9 came from the factor x + 9, while the
solution x = 2 came from the factor x — 2. So here’s the question: What
quadratic equation has the solutions x =7 and x = -5? If 7 and -5 are
solutions, then x — 7 and x + 5 must be factors: (x — 7)(x +5) = 0,
orx2 — 2x - 35 = 0.

Find a quadratic equation whose solutions are given:
a. x=5,10 b. x=-4,9 c. x=-2,-11
d. x=12 e. x =7 f. x=0,5

O INTERCEPTS AND GRAPHING

EXAMPLE 2: Graph: y = x%-9x

Solution: This is another cubic function whose domain is R.

Let’s analyze intercepts. If we let x = 0, then y = 0, and so the
graph has a y-intercept at the origin. Setting y to 0 gives

0=x%-9x = x(x2—9) = x(x + 3)(x — 3),

whose solutions are x = 0, x = -3, and x = 3. Thus the x-intercepts
are the points (0, 0), (-3, 0), and (3, 0).

Let’s check for symmetry — we’ll try y-axis symmetry first.
Replace x with —x and we get y = (—x)3 - 9(—x) = —x3 + 9x. This
1s not the same formula as the original, so we do not have y-axis
symmetry. But you can check that if we replace x with —x and y
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with —y, then we do get the same equation, and we can conclude
that the graph has origin symmetry.

A few more calculations will give us the points
(_47 _28) (_29 10) (_]—> 8) (1> _8) (27 _10) (47 28)

Now let x be really big and really small, and you should be
convinced of these limits:

Asx — 0,y —> © As x — —0, y — —o0

These points, along with the intercepts, the origin symmetry, and
the limits, lead us to the following graph:

10 |
6 /
/ 6 /
/ N\, /
/ N\, /
2
/ A\ /
/ ol -\ /
/ 8 /
[ 10
|

EXAMPLE 3: Find all the x-intercepts of
y = x3 —x% - 14x + 24.
Hint: One of them is (2, 0).

Solution: Why the hint? To find the x-intercepts of any graph,
we set y = 0. This yields the equation

20 —x2-14x+24 = 0

We can’t use the Quadratic Formula since we have a cubic
equation, not a quadratic one. That leaves factoring as the only
viable technique, but factoring a cubic is difficult.
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It’s time to take advantage of the hint: (2, 0) is one of the
x-intercepts. This means that the point (2, 0) is on the graph of
the cubic function, which implies that the coordinates x = 2 and
y = 0 must satisfy the equation of the cubic function. Let’s verify
this:
0 =23-22_14(2) +24
= 0=8-4-28+24

= 0=0V
Now back to the cubic equation above:

x3—x2—14x+24 =0

Here’s the clue we need to solve this equation: Since x = 2 is one
of the solutions of this equation (verified above), then x — 2 must
be one factor of the left side of the equation. [See the previous
homework problem.]

To find the other factors, we’ll divide x3 —x% - 14x+ 24 by x — 2,
the details of which are left to you.

x2 + x-12
x—2|x% —x% —14x+24

Since the quotient is x? + x —12 and the divisor is x — 2, we can
write

x3—x% —14x+24 = (2 +x-12)(x - 2)

Factoring the quadratic, x? +x— 12, gives us the complete
factorization. Here’s the process from the beginning:

x2—x? - 14x+24 = 0 (the equation we're trying to solve)
= (@ +x-12)x-2) =0 (from the long division)
= x+4d)x-3)(x—-2) =0 (factor the quadratic)
= x=-4 or x=3 orx=2 (set each factor to 0)
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And we thus have all three x-intercepts:

4,00 (3,00 (2,0

Can you see that the y-intercept is (0, 24)?

EXAMPLE 4: Consider the cubic functiony = x3 + 2x% —x - 2.

Use the fact that one of the x-intercepts is
(-1, 0) to find all the intercepts, and then graph

the function.

Solution:  First, the domain of the function is R. Second, as in
the previous example, we realize that an x-intercept of (-1, 0)
means that x + 1 is one factor of the cubic. Dividing x + 1 into
X3+ 2% —x -2 gives a quotient of x? + x — 2, which itself factors
into (x + 2)(x — 1). The complete factorization of the cubic
functiony = 2% +2x% —x—21s

y = (x+1Dx+2)(x-1).
Setting y to 0 gives the following three x-intercepts:

-1,0 (-2,0) (1,0)

Setting x to 0 gives a y-intercept of (0, —2). You can verify (via
calculator) that these points are on the graph, too:

(-2.25,-1.015625) (-1.5,0.625) (0.25,-2.109375)

If you plot the three x-intercepts, the y-intercept, and the three
points above, you'll get a graph like the following:
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The graph does not seem to have any symmetries. Also, we note
these two limits: As x — o, y — o, and as x - —0, y —> —o.

Postscript: It's impossible to accurately determine the maximum
point (the top of the hill) in the second quadrant, or the minimum
point (the bottom of the valley) in the fourth quadrant. Calculus is
the subject where we find the tools needed to determine these two
extreme points precisely.

EXAMPLE 5: Find the intercepts and then sketch the graph
of y = —2x3 + 8x% + 11x — 6. Hint: One of the
x-intercepts is (3, 0).

Solution:  An x-intercept of (3, 0) implies that x — 3 is one factor
of the cubic. Dividing the cubic by x — 3 yields a quotient of

—92x% — 3x + 2, which factors into —(2x —1)(x + 2). When this
product is set to 0, we find that two additional x-intercepts are
(1,0) and (-2, 0). When we throw in the given x-intercept, and
then calculate the y-intercept, we get four intercepts:

(2,00 (3,00 (3,00 (0,-6)

With these four intercepts and a few other points which I'll leave
for you to plot, we get the following graph:

15

10

o/rff.S 1 1.5 2 25 3.5
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10.

11.

12.

13.

14.

The limits for this graph are different from the previous
examples: As x — o, y —» —0, and as x - —0, y — . Do you
know what 1t is about the cubic equation which produces these
limits?

Homework

Graph y = x3 — 4x.

Find all the x-intercepts of y = x3 — 4x® — Tx + 10. Hint: One of
them 1s (1, 0).

In Example 4, perform the long division to verify the factorization
of the cubic. Now verify the calculations of the three additional
points on the graph. Finally, without referring to the graph,
prove that the graph has no symmetries.

Graph y = x3 — 3x% + 2x. Label all the intercepts clearly.
Estimate the maximum and minimum points on the graph.

Graph y = —x% + 8x — 2. Hint: One of the x-intercepts is (-2, 0).
Estimate the maximum and minimum points on the graph. As
X —> 00,y —> . Asx —> -0,y >

Graph y = x3 - 2x% — 5x + 6. Hint: (-2, 0) 1s an x-intercept.

Graph y = —x% — 4x? - 4x.
Asx > o,y > . Asx—> -0,y >

O AN APPLICATION OF CUBIC FUNCTIONS

Remember the box question described in this chapter’s Introduction?

Now we're ready to answer that query. You may recall from Gertrude’s

pigpen problem from a while back that a given amount of fence could
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produce different areas, depending on what dimensions we chose for
the rectangle. The same concept applies to the box problem. We'll

begin with two specific scenarios which should convince you that we
could get different volumes with the same square piece of cardboard.

EXAMPLE 6: Start with a cardboard square 8 cm by 8 cm.

First, cut out 1-cm squares from the corners

and fold up the flaps to create an open box, and
compute its volume. Second, use the original
8-cm square, but this time cut out 2-cm squares
from the corners and compute the volume of
the resulting box. Prove that the two boxes

have different volumes.

Solution:  The volume of a box with dimensions /, w, and A is

given by
V = lwh
1-cm corners removed 2-cm corners removed
leaves a box 6 cm on leaves a box 4 cm on
each side and 1 cm high each side and 2 cm high

[ L J |_

S 1 [

V=6cmx6cmx1cm V=4ecmx4cm x 2cm
3 3

= 36 cm = 32 cm
Therefore, the boxes have different volumes, even though each
box was created from identical 8-cm squares of cardboard. The
next example will ask us to find the size of the cut-out corner that
will produce the maximum volume. After all, given an 8-cm
square of cardboard, we might as well get the most volume that
we possibly can from the box.
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EXAMPLE 7: An 8-cm square piece of cardboard is to be

made into an open box by cutting squares from

the corners and folding up the flaps. What size
squares should be cut to achieve a box of
maximum volume? What will the maximum

volume be?

Solution:  Here’s the plan of attack. We'll sketch the piece of
cardboard with the corners removed, assuming that each square
corner removed has dimensions of x cm by x cm. Then we’ll write
an expression that represents the length and width of the box
which results from folding up the flaps. Since the height of the
box 1s x cm, we’ll be able to create a volume formula from the
length, the width, and the height. Last, we’ll graph the resulting
volume function and estimate the value of x which produces the
maximum volume.

& —2x

The following are the dimensions of the box when the flaps are
folded up:

length = 8 — 2x
width = 8 - 2x
height = «x

And so the volume has the formula:
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V = lwh
= (8-2x)(8 —2x)x
= (64 —32x + 4x)x
= 4x® - 32x% + 64x
Therefore, the function we're trying to maximize is given by
V = 4x® - 32x% + 64x
Factoring produces
V = dx(x - 4)2

which yields two x-intercepts, (0, 0) and (4, 0). Clearly we could
plot lots of other points to get a decent graph, but let’s just cut to
the chase with the following graph:

Before we get to the goal of this problem, let’s notice what the
graph is telling us. It says that when x =0, V=0 (i.e., the graph
passes through the origin). This makes sense because if we don’t
cut out any corners, we can’t fold up the flaps, we get no box, and
so obviously the volume is 0. By the same token, if we cut out
flaps that are 4 cm long, there’s no base left to the box, since it’s
only 8 cm to begin with. The graph indicates this situation at the
point (4, 0).
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15.

Now to find the size of the squares to cut out and the maximum
volume: Look at the top of the mountain — this point represents
maximum volume. Going straight down to the x-axis, we
estimate the x-coordinate to be about 1.3 cm. Now move left from
the top of the mountain to the V-axis, and the volume appears to
be about 38 cm®. In summary,

Cutting a 1.3cm square from each corner

will produce a box with volume 38 cm?.

Homework

Each of the following numbers is the length of the side of a piece of
square cardboard. The cardboard square is to be made into an
open box by cutting squares from the corners and folding up the
flaps. What size square should be cut from each corner to achieve
a box of maximum volume? Note that the solutions are
approximations only. As long as your answers are in the ballpark
(and you really understand what you’re doing!), consider yourself
correct.

a. 2 b. 3 c. 4 d. 6

Review
Problems

16. Lety = 2x% — 4x% + 9.

a. Is it a function? Why? b. Why is it cubic?
c. What’s its domain? d. Find the y-intercept.
e. What would you do to find the x-intercepts?
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18.
19.

20.

21.

22.

23.

24.
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How does the graph of g(x) = (x — 2)3 + 7 compare to the graph of
f@) = x°?

Prove that the graph of y = 2x% + 7x has origin symmetry.

Let f(x) = 3x% + 4x — 7 and glx) = —mx® + x2 + 100.
a. As x — oo, f(x) > b. As x — -0, f(x) >

c. As x — o, g(x) > d. As x — -0, g(x) >

If one of the x-intercepts of the cubic graph y = x3 + 3x% - 61x - 63 is
(7, 0), find the other two intercepts.

Graph y = —x% + 2x. Be sure to discuss symmetry, intercepts, and
domain. Asx > o, y—>__ . Asx—> -0,y —> __ .

Graph y = x3 + 3x% — x — 3. Hint: (1, 0) 1s one of the intercepts.
Discuss symmetry, intercepts, and domain. As x > o0,y — .
Asx— -0,y > __ .

A 5-cm square piece of aluminum is to be made into an open box by
cutting squares from the corners and folding up the flaps. What size
squares should be cut to achieve a box of maximum volume?

True/False:

a. Both the domain and range of the function y = x3 are R.

b. The slope of the curve y = x3 at the origin is about 1.

c. The curve y = x3 never touches the 4th quadrant.

d. For the function y = x3, as x — —oo, y — 0.

e. The graphs of f(x) = (—x)3 and g(x) = —x3 are identical.

f. The graph of y = x3 — 16x has three x-intercepts.

g. The graph of y = x3 — 25x has its minimum point in Quadrant II.
h. If you know one of the x-intercepts of a cubic function, long

division will help you find the others.
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Solutions

a. 1000, n°, 7, —J11 b. 4, 1, -5 Yn, Y-e

The graph of f is x> shifted up 2 units.
The graph of g is x3 shifted down 3 units.

The graph of f is x3 shifted right 1 unit.
The graph of g is x° shifted left 4 units.

Make x > 1000 and y will be > 1,000,000,000.
I’d like to know your opinion.

a. (x-5)x-10) =0 = x*-15x+50 = 0

b. x*-5x-36 =0

c. x2+13x+22 =0

d. Only one solution is given, but we’re required to
provide a quadratic equation; so we must use the
solution x = 12 twice:
(x—12)(x—12) = 0, or x? - 24x+ 144 = 0

e. x2-49 =0

f. x(x-5) =0 = x?—5x =0

Ch 54 — Cubic Functions

Any of the quadratic
equations here could be
multiplied by any
nonzero constant and
still have the same
solutions. I've chosen
the simplest answers.




503

9. Divide x — 1 into x® — 4x% — Tx + 10; the quotient is x? = 3x - 10. The
complete factorization is (x — 1)(x — 5)(x + 2), and therefore the
x-intercepts are (1, 0), (5, 0) and (-2, 0).

10. For the symmetries, use the litmus tests; e.g., to test for y-axis symmetry,
substitute —x for x and show that you do not get the same equation.

11. 1

-1.5

-2

A maximum point appears roughly at (.4, .4), and a minimum point
near (1.6, —.4).
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12. o
4
. max at (1, 0)
0
- - 1 2 min at (-1, —4)
_4 . .
Limits: —oo; o
-6
-8
13.
: Make sure your four intercepts match those
4 on the graph.
14. 5
2
Ty
-3 ] -1 1
-1
-2
-3
Limits: —o0;
15. a. 0.3 b. 0.5 c. 0.7 d. 1
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a. Yes; Given any input (an x), there’s only one output (a y).

b. Because the highest exponent is 3.

c. R, since there’s no real number that could possibly cause any
problems.

d. Setting x =0 gives y = 9. Therefore, the y-intercept is (0, 9).
e. Set y =0, then solve the resulting equation for x.

Compared to f, the graph of g is 2 units to the right and 7 units up.

We replace x with —x and y with —y at the same time:

-y = 2(x)° + ()
= -y = 2(—x3) + (=Tx)
= -y = —2x3 — Tx
= y = 2x% + Tx, the same as the original equation.

Therefore, the graph has origin symmetry.
a. o b. —© c. —o d. o«

(-1, 0) and (-9, 0)

3 Origin symmetry
2 x-int: (0, 0) and (£4/2, 0)
1 .
y-int: (0, 0)
o/ |
2 \_1 o 1 2 Domain =R

Limits: —oo; o
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22.

’ No symmetry
i xint: (1, 0), (-1, 0), and (=3, 0)
; y-int: (0, —-3)
2 - ) Domain = R
o

23. approximately 0.8

Limits: oo; —o0

!
—
3%

24. a. T b. F c. T d. F e. T f. T g F h. T

Glve a man a fish
and you feed him for a day.

Teach a man to fish

and you feed him for a lifetime.

Chinese Proverb
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CH 55 — CUBIC AND
(QUARTIC EQUATIONS

his chapter is a collection =0
P ) 6x + 5
of additional equations: 5
Cubic (third degree) and t2x 4] - 0

Quartic (fourt.h degree). | O 34 3K - 120
Although cubics and quartics
: . - X+y=4

can be incredibly difficult to {

T 2X + 4y =12
solve, the equations in this
chapter can all be solved using the Factoring
method. (You can never be too good at factoring!)

O CuBic EQUATIONS UsING THE GCF

EXAMPLE 1. Solve the cubic equation: 30x% +99x% = 21x

Solution:  Since factoring is how we solved quadratic equations
earlier in the course, let’s try factoring here. The factoring
method requires one side of the equation to be 0, so we start by
subtracting 21x from each side of the equation:

30x% + 99x% — 21x = 0

Another theme in this chapter is that factoring always begins
with an attempt to factor out the GCF, which in this case is 3x:

3x(10x% +33x-7) = 0 [Check by distributing.]

Factoring the trinomial in the parentheses gives the final
factorization of the left side of our equation:
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3x(bx—1)2x+7) =0

Interpreting 3x is one of the factors, we have three factors whose
product is 0; we therefore set each of the three factors to O:

3x=0 or 5x—1=0 or 2x+7=0

Solving each of these three linear equations gives us three
solutions to our cubic equation:

— 1 _7
x =0, 5 g
Homework
1. Solve each cubic equation:
a. x> +3x2+2x = 0 b. 4n° - 18n%+8n = 0
c. x° = 16x d. Sy3 = —30y2—75y
e. a>+9a = 0 f. 30x% +25x2 - 30x = 0

2.  Solve for x: xz(x + 1)(2x — 3)(x + 7)3(362 - 4)(x2 -5x+6) =0

O CuBIc EQUATIONS USING GROUPING

EXAMPLE 2: Solve the cubic equation: x3 + 5x% = 9x + 45

Solution:  The first step is to bring the terms on the right side of
the equation to the left:

X2 +5x2 - 9x—45 = 0

By grouping the first two terms, we can factor the GCF in the
first pair of terms and the last pair of terms:
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x2(x+5) -9 +5) = 0
Pull out the GCF, x + 5:

(x + 5)(.’)62 -9 =0 (partially factored)

Continue by factoring the difference of squares:
(x+5)x+3)x—-3) =0 (fully factored)
Set each factor to O:
x+5=0 or x+3=0 or x-3=0
Solving each linear equation gives:
x=—-5 or x=-3 or x=3

And now we have our three solutions:

x=-5,-3,3

O QUARTIC EQUATIONS

EXAMPLE 3: Solve the quartic equation: x% - 26x2 +25 = 0

Solution:  The factoring we learned in the chapter Advanced
Factoring is exactly what we need here:
xt —26x% +25 = 0
= @*-1DE*-25) =0
Note: Each factor is a difference of squares.
= @+Dx-1Dx+5)(x-5) =0
= x+1=0 orx—-1=0 or x+5=0or x—-5=0

= x=-1lorx=1or x=-5o0or x=5
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By the way, a fourth-degree

x=+1 45 polynomial equation can have at most
T four solutions, but it may have fewer
(see the next two examples).
EXAMPLE 4: Solve for n: 2n? - 15n2 = 27

Solution:  The factoring technique requires one side of the
equation to be 0, so our first step is to make that happen by
subtracting 27 from each side of the equation:

on*—15n2-927 = 0
= @n2+3)n%2-9) =0
= ©n2+3)(n+3)(n-3) =0

— 2n2+3=0or n+3=0o0or n-3=0

Let’s solve the first equation:
on’+3=0 = 2n’=-3 = n2:—§ = n=+ ,_%

which are numbers that are NOT 1n the set of real numbers, R.
So, assuming your algebra class involves only real numbers, we
conclude that the equation 2n? + 3 = 0 has No Solution. The
other two equations should be easy for you by now. The final
solution is
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EXAMPLE 5. Solve for a: a* = -13a2 - 36

Solution:
a* = -134% - 36
= a*+134°+36 =0
= (@2+9@®+4) =0
= a2+9=0 or a2+4=0

I hope it’s clear that neither of these last two equations has a
solution in the real numbers, R. We're done:

No Solution

Homework

3. Solve each equation:
a. x> +x% - 16x = 16 b. n* = 13n% - 36

c. 2a*-494% = 25 d x*+17x2+16 = 0

Edith Hamilton:

“To be able to be
caught up into the
world of thought —
that is educated.”
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Review
Problems

Solve and check each equation:

4, 303c3 = 2x2 + 4x 5. n3 +5 = 5n2 +n
6. xT+900 = 109x> 7. a*+3d%2-4=0
8. t*+49+50t2 =0 9. w3+2w?-12w-9 = 0 [Hard]

Hint: To factor, divide by w — 3.

Solutions
1 ax=0-1,-2 b n=0,4 c. x = 0,4, —4
dy=0,-5 e.a=0 f.x=0,%,—%
2. There are quite a few solutions; you're on your own.
3. a. x=%4,-1 b. n=42, +3 c. a=1b d. No solution

y x:O,—%% 5. n=>5+1 6. x=+3, +10

7. a==1 8. No solution

9. After you divide the cubic by w — 3, the other factor should be quadratic,
but it is NOT factorable. So the only solution is w = 3.
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CH 56 — EXPONENTIAL FUNCTIONS

‘ N ] hat worried Steve McQueen was
not that The Blob was growing
by a constant amount every hour, but
rather that it was doubling in size
every hour. If our hero had known his
math, he could have warned the town

that The Blob was not growing linearly,
but exponentially.

O EXPONENTIAL FUNCTIONS

EXAMPLE 1 Analyze The Blob function.

Solution:  To give you an idea of the concept of an exponential
function, let’s look at two scenarios regarding the rate of growth
of The Blob. An example of a linear rate of growth might be the
formula B = 4t, where ¢t is the time in hours and B is the size of
The Blob. An exponential formula could be B = 2. If we
construct a table, showing the time and the amount of The Blob
for each formula, we can see the true effect of exponential growth.

t 1,23 ,/4 |5 ]6| 7|8 ]9 10 |11

4t | 4 | 8 (12|16 |20 |24 | 28 | 32 | 36 40 44

2t | 2 | 4|8 |16|32]|64]| 128256512 1,024 | 2,048

For the first three hours, there’s more blob in the linear formula
than in the exponential formula. At ¢t = 4, the blob amounts are
equal. But after that, it’s not even a contest — the exponential
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formula shows that The Blob will probably eat the town, the
state, and eventually the entire Earth!

EXAMPLE 2: Find some ordered pairs for the exponential
function f(x) = 4%.

Solution:
fQ =4 =4 = (1,4
(=47 = S=g = (2
O = 1,3
f(0) =4° =1 = (0,1

fH=4”2=Ja=2= &,2
f(2) = 4% = 16 =  (2,16)

We now try to determine exactly what the formula for an exponential
function looks like, and how it differs from that of a polynomial. Look
at the exponential functions given in the previous examples:

B=2! f(x) = 4°

Notice that in each function, the base is a constant (the 2 and the 4)
and the exponent is a variable (the ¢t and the x). Thus, an exponential
function is a function of the form

f(x) — b.lT variable
where b 1s some

appropriate real
constant number (a constant)
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This is in sharp contrast to the notion of a polynomial, which is the
other way around. Thus,

y =10% is an exponential function,
y = x1%is a polynomial function, and

y = x” is neither an exponential nor a polynomial function.

The question of which real numbers b serve nicely as the base of an
exponential function will be discussed later.

Homework

1. a. Fill in the following chart, similar to Example 1:

¢t |1 ]2 13]4 |56 7|89 10
9¢

3t

b. Is the 9¢ row of the chart a linear or exponential function?

c. Is the 3! row of the chart a linear or exponential function?

d. For how many hours does the linear growth produce more blob
than the exponential growth?

e. At what hour do both growths give the same amount of blob?

f. At 10 hours, what is the ratio of the exponential amount of
blob to the linear amount of blob?

2. Let’s find some more ordered pairs in the function f(x)=4" from
Example 3.
a. (37 —) b (_37 —) C. (_%) ) d (%7 )

3. Take a guess what the domain of f(x)=4" is.
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O GRAPHING EXPONENTIAL FUNCTIONS

Let’s use the function y = 4* discussed in the previous section to make
our first exponential graph.

EXAMPLE 3: Graph: y = 4%

Solution: Here are some ordered pairs for this function that we
found in Example 2 and Homework #2:

(_17 i (_%7 %) (07 1) (%, 2) (17 4) (29 16)

Notice that the point (0, 1) is the y-intercept.

Next we analyze a pair of limits. First we’ll let x — o. As it
does, the functional value 4* approaches « much faster than x
does. For example, as x takes the values 6, 8, 10, the y-values go
4096, 65536, 1048576. Wow! The functional values are growing
like crazy. The following limit should now be clear:

Asx —> 00,y > [an amazingly fast increase]

Second, we analyze what the y-values do when x — —0. Consider
the three ordered pairs (confirm with your calculator):

(-5, 0.000977) (-8, 0.000015) (-10, 0.000000954)

It appears that as x grows smaller (towards —«), the y-values are
positive numbers shrinking toward zero. That is,

Asx — -0,y -0

The ordered pairs we listed and the limits we calculated lead us
to the following graph:

The domain is R. Also, there
1s no vertical asymptote, but

N L 4L
") O

the line y = 0 (the x-axis) is a

-
[e2] Q0 (=]

horizontal asymptote.

'

e

-1 0 2

| 5 |

\ - \
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Last, it appears that there is no x-intercept on our graph. Even
more importantly, this confirms that

The equation 4* = 0 has no solution.

X
EXAMPLE 4: Graph: y = (%)

Solution:  Let’s get right to some ordered pairs.

-3
If x=-3,then y = (l) S S = 8, which gives us

2

the ordered pair (-3, 8). It’s now your job to verify each of
the following ordered pairs in our function:

0, 1) (1 L @ 1) 3L @)
(-1, 2) (-2, 4) (-3, 8) (-4, 16)

The y-intercept is (0, 1). There is no x-intercept, since the

X
equation (é) =0 has no solution. The ordered pairs listed above

give credence to the following limits:

Asx—>o0,y—>0 and Asx—>—0,y—> oo

The ordered pairs and the limits lead us to the following graph:
\

We can see that the

domain of this function \

1s R. Notice also that N

we have a horizontal

2w & th &y~ R D

asymptote at y = 0, but

there is no vertical —

(]
|
—
[=]
=
]
"]
=

asymptote. -3 -

2
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EXAMPLE 5: Graph: f(x) = 27°

Solution: Two observations and we’ll be done in a jiffy. First,
we know that f(x) can be written simply as y. Second, check out
the following calculation:

g _ 1 _ 1% _ (1Y)
2% 9F 2
X
In other words, the original formula can be written y = (%) ,

which we just finished graphing. So the solution to this problem
1s identical to that of the previous example.

EXAMPLE 6: Graph: y = 2* and y = 2°+3 and y = 2%%3.

Solution: Let’s make one table showing x and all the y-values
at once and a single grid containing all the graphs at once.

x 2% 2%+ 3 2x+3
—6 1/64 3 1/64 1/8
-5 1/32 3 1/32 1/4
-4 1/16 3 1/16 1/2
-3 1/8 3 1/8 1
-2 1/4 3 1/4 2
-1 1/2 31/2 4
0 1 4 8
1 2 5 16
2 4 7 32
3 8 11 64
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You should note that the graph of 2* + 3 is just the graph of 2*
but shifted 3 units up. Also, we see that the graph of 2°*3 is the
result of taking the graph of 2* and shifting it 3 units to the left.

Homework
4, Graph: f(x) = 3* 5. Graph: y = 3¥ -2
6. Graph: y = 3%*2 7. Graph: g(x) = (%)x

8. Graph: hA(x) = 37

0 THE LEGAL BASES OF AN EXPONENTIAL FUNCTION

In the previous section we graphed exponential functions with bases 4,
%, 2, 3, and % Now it’s time to figure out exactly which bases we’ll

allow in the exponential function
f(x) = b*

Whatever values of b we allow to be the base of an exponential
function, we’d like the domain of the function (the legal x-values) to be
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R, the set of real numbers. And we don’t want the exponential function

to degenerate into some simple function that doesn’t possess the

“exponential” properties we’ve seen up until now.

b<0

S
I
=

0<b<l1

b>1

What about negative bases? Consider f(x)=(-4)". If we
choose x = %, the functional value is (—4)1/ 2 = /~4,nota
real number. We thus disallow any base b that is negative.

Now consider f(x)=0*. But 0" is fraught with problems.

For example, if x = 0, we get 0°. Can we assign a value to
0°? On the one hand, 0 to any power should be 0. On the
other hand, anything to the 0 power is supposed to be 1. So
0° is meaningless (but can be solved in Calculus). Even
worse, consider 072, Since a negative exponent indicates
reciprocal, we get O% = %, which i1s undefined. All in all, a

base of 0 really stinks.

These bases are just fine. We used bases of % and % in the

previous section. Even the number % would be a legal

base, although I've never seen it used.

This gives us the function f(x)=1%, which is the function
f(x) =1, a constant function (the horizontal line y = 1).
Exponential functions aren’t supposed to be flat, so b
shouldn’t be allowed to be 1.

Any base bigger than 1 is appropriate. In fact, in computer
science a base of 2 is very popular. In basic science, the
best base 1s 10 (for things like acids, earthquakes, and the
volume of sound). And in calculus and the more advanced

[Pl

sciences, we use a strange number you may have seen: “e”.
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Homework

9. Describe precisely the legal bases for an exponential function.
10. Explain why -9 is not a good base for an exponential function.

11. Which of the following real numbers are legal bases for an
exponential function?

-1 ~.01 0 % 0.987 1 T 200

Review
Problems

T/F: y = x> is an exponential function.

Describe the real numbers which can be used as the base of an
exponential function.

Explain why 1 is not a good base for an exponential function.

Give a function which is both an exponential function and a polynomial
function.

Graph y = 5",
Graph y = 37 —2 and state its horizontal asymptote.

Let f(x)=2". Now let g be the graph which results from taking the

graph of f and shifting it 7 units to the left and 4 units up. Find a
formula for g.

T/F: y = 3" is an exponential function.

T/F: In the exponential function f(x) = b*, b can be any positive real
number.
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21. What is the domain of the function y = 10°**! —10?
22. Find all the asymptotes of the function f(x) = 99”.

X
23. Explain why the graphs of g(x) = (%) and A(x) = 3™ are the same.

24. How does the graph of f(x) = 552 +4 compare with that of y=5%?
25. T/F: All exponential functions are increasing functions.

26. Explain why 0 is not a good base for an exponential function.

27. True/False:
a. y= x% is an exponential function.
b. y =n* is an exponential function.
c. The domain of the function y = 4% is [0, ).

d. The function y = x* is neither polynomial nor exponential.

e. The function y = 2% — 1 has an x-intercept.

f. For the function above, as x — %, — 0.

g. Consider the function g(x) = (%) . Asx — 00,y = .

h. Compared to the graph of y = 4%, the graph of y = 4%79 is five

units lower.
1. Any real number b > 0 is a legal base for an exponential function.

j. Any real number b > 0, but not equal to 1, is a legal base for an
exponential function.

k. The number n + /2 is a legal base for an exponential function.

1. All exponential functions are decreasing functions.
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t 1|1 2|3|4]| 5|6 7 8 9 10
9t 9 | 18 | 27 | 36 | 45 | 54 63 72 81 90
3t 9 | 27 | 81 | 243|729 | 2187 | 6561 | 19683 | 59049
b. linear c. exponential d. first two hours
e. t=3 f. 59,049/90 ~ 656
a. 64 b. L c. * d. 8
64 2

x can be all kinds of numbers, so the domain is probably R.

L= N L L L L s L

!
6
5
4
3
2
1
0
32 -1 P 2 3
B
°
8
7
6
5
4
3
2
0
2 -1 P 1] 2 3
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10.

11.

12.

13.

14.

15.

16.

3* 3

K — 1 3—.’)6

X
Same graph as #14, since (%) =

The base must be positive but not equal to 1. That is, the function
f(x)=0b" is an exponential function if b > 0, but b # 1. In other words,
the base b must be in the set: (0, ©) — {1}.

If we consider the exponential function y = (-9)*, then we could not use

1
X = % , since y=(-9)2 =-9 ¢ R.
2/3, 0.987, =, 200

False

{xeR | x>0, x# 1} —OR- Any positive real number = 1
—OR- (0, 1) U (1, 0) ~OR- (0, ) — {1}

If b were 1, then f(x) = b* would become f(x) = 1* = 1, which is a simple
constant function whose graph is a horizontal line, rather useless to

describe exponential growth and decay.

Ain’t no such animal
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19.

21.

23.

24.

25.

26.

27.
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I*‘J
'\_‘
IL’/OHMUJ-‘-U\O\\]
[=]
—
b
(¥
5

Horizontal asymptote: y = -2

g(x) = 2577 + 4

T 20. F (any positive real number = 1)
R 22. horiz: y =0; vert: none
x X
Because (lj =L -1 _ g
3 3* 3

The graph of f is the graph of y shifted 2 units to the right and 4 units
up.

F

Because if f(x) = 0%, then f(x) = 0, which is just a horizontal line. Even
a better reason: If f(x) = 0* and we choose x = —4, we get an output of
0_4, which is 1/04, which 1s 1/0, which is verboten!
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“The most beautiful experience
we can have is the mysterious.
It is the fundamental emotion
which stands at the cradle

of true art and true science.”

Albert Einstein
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CH 57 —THE GROWTH AND
DECAY FORMULA

‘) {l any things grow and shrink (decay)

at a rate based on how much stuff j
there is at the moment. '

For instance, the number of births in a
population is based on the number of
people living at the time (since the more
people there are, the more new people

there will be).

)]
| , a®
Another example is compound interest: As money ' ."-.f)

accumulates in the account (due to earned /-1}""" ~
e - L \

__j e 1

interest), the more interest the account will earn; |L

that is, the interest will earn interest. \I_
n

In science, we can observe the radioactive

decay of an element like uranium. As the
uranium decays, less of it will decay because as
time goes on, there’s less of it left to decay.
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O THE GROWTH AND DECAY FORMULA

Here’s a formula to help you predict how much of something there will
be in the future. Among hundreds of applications, it works for business
depreciation, the spread of disease, and the half-life of a drug:

Let
AO = starting amount (read: "A sub zero" or "A naught")
A = ending amount
e = a constant whose value is approximately 2.718.
k = growth or decay rate (expressed as a decimal)
[ = time
Then

This formula assumes

continuous growth or decay,
kt which means at “every

A — A e moment in time.” Don’t be

0 dismayed if that is hard to

fathom.

Get your calculator out. Here’s a quick review of the “exponent” button.
To calculate (3.2)4'15, try either

32[y] 4150 OR 32/ 4.15F

The answer i1s about 124.845. [Your calculator may use instead
of the equals sign.]

The number e used in the growth formula is one of
the most important numbers in math, statistics,
science, engineering, and business. Like the number
T, this real number contains an infinite number of
digits which never form a repeating pattern (e and &t
and ﬁ are called irrational numbers).
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EXAMPLE 1. Assuming an initial population of
1,506 and a growth rate of 25% per

year compounded continuously,

predict the population in 10 years.

Solution: Let’s start by writing the formula that will solve this
problem:

A = A() ekt
The initial population is 1,506; so AO =1,506.
The growth rate is 25%; thus & = 0.25.
We're talking about a period of 10 years; therefore ¢ = 10.

Plug all these values into our formula (using 2.718 for e):

A = 1,506(2.718)(*-2910)
= A = 1,506(2.718)%°
= A = 1,506(12.18) (we'll round this result to 2 digits)
= | A =18,343

EXAMPLE 2: Assuming a starting investment of $2,401 and
an annual interest rate of 13%
compounded continuously, o
predict the value of the ﬁ

investment in 11 years.

Solution:  The formula we used for population growth works
equally well for compound interest.

A= Ape"
-~ A= 2401(2.718)-1901D
= A = 2401(2.718)'*3
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= A = 2,401(4.18) (we’ll round this result to 2 digits)

= A = $10,036

EXAMPLE 3: Starting with 624 grams of
uranium and assuming an annual (
decay rate of 5%, compute the C
\v

number of grams of uranium

remaining after 9 years.

Solution: We use the same growth/decay formula; but since the
amount of uranium is shrinking (decaying) rather than growing,
we will use a decay rate of —=5% (that’s negative 5 percent) in our

formula:
A= At
= A = 624(2.718) 00
= A =624(2.718) "%
= A = 624(0.64) (we’'ll round this result to 2 digits)
= A = 399 grams
Homework

Note: The result of raising 2.718 to the exponent is assumed to be
rounded to 2 digits, as in the examples.

1. Starting with 178 grams of uranium and assuming an annual
decay rate of 17%, predict the number of grams remaining after
18 years.
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Assuming an initial population of 3,902 and a growth rate of 14%
per year, determine the population in 10 years.

Assuming an initial investment of $1,299 and an annual interest
rate of 14% compounded continuously, predict the value of the
Investment in 4 years.

Assuming an initial investment of $9,574 and an annual interest
rate of 11% compounded continuously, compute the value of the
Investment in 2 years.

Starting with 416 grams of thorium and assuming an annual
decay rate of 3%, determine the number of grams remaining after
26 years.

Assuming an initial population of 2,586 and a growth rate of 16%
per year, predict the population in 4 years.

Assuming an initial population of 1,422 and a growth rate of 12%
per year, compute the population in 2 years.

Assuming an initial investment of $6,897 and an annual interest
rate of 14% compounded continuously, compute the value of the
investment in 6 years.

Starting with 215 grams of plutonium and assuming an annual
decay rate of 15%, calculate the number of grams remaining after
26 years.

Assuming an initial population of 2,159 and a growth rate of 6%
per year, calculate the population in 11 years.

[As mentioned on the second page of this Chapter, technically speaking,
the growth/decay formula we’ve been using applies only when the growth
or decay is continuous, which means the growth or decay occurs at every
single moment. This may not strictly be the case in all situations (for
example, in the births of people), but let’s not worry about it in this
chapter. Let’s just use the formula to solve the problems.]
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Solutions
1. 9¢g 2. 15,803 3. $2,273 4, $11,968
5 191¢g 6. 4,913 7. 1,806 8. $16,001
9. 4g 10. 4,167

“Education 1s not the
filling of a pail,
but the lighting of a fire.”

— William Butler Yeate
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CH 58 —=THE NUMBER e

Recall the special number 7. It is the ratio
of the circumference of any circle to its
diameter, and we learned that it’s irrational
(an infinite, non-repeating decimal). There’s
another extremely important irrational number and it’s
the topic of this chapter. It will be defined in terms of a
limit, and will be the basis of applications in banking,
biology, and radioactivity. In Calculus, it’s absolutely
the most important base for exponential functions.

O NEw LimiTt NOTATION

Let’s review an example of limits. Consider the function

f@=x%.
We know that as x grows larger and larger, f(x) gets closer and closer
to 0. We usually write:

Asx > o, f(x) 0.

In our new notation, we would write this fact as

Iim f(x) = 0.

X —>©

In general, instead of writing

Asx—a,f(x) > L, These two statements
we write mean exactly the
. same thing.
Iim f(x) = L.
XxX—>a
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Homework

1. If A(x) = x2, find lim A(x).

x—3

2. If f(x) = %, find lim f(x). Hint: Consider the graph of f.

X—>0

3. If Ex) = —2.find lim E(x).
1+x x—0

O EARNING INTEREST AT THE BANK

In simple interest at the bank, the interest you earn on your

investment is calculated just once at the end of the year. Suppose you
place $70 in the bank at 10% interest per year. At the end of the year
you will have earned $7 in interest, making your current balance $77.

Now let’s consider compound interest. As an example, we’ll divide
the year into four compounding periods (each one called a quarter), and
we’ll pretend we have $1 invested at 100% annual interest. At the end
of each quarter, you earn interest in the amount of 25% (100% divided
into 4 equal parts) of your current balance. This means that from now
on, your interest itself is earning interest.

Start: $1
1st Quarter: previous balance + 25% of the previous balance

= $1 + 25% of $1

= $1+ $i (balance = $1.25 after 1 quarter)
2nd Quarter: previous balance + 25% of the previous balance

= ($1+ $%) + 25% of ($1 + $%)
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= ($1+3 )+ 7 G1+8])

= ($1+$i)($1+$%) (factor out 1 + i)
= ($1+ $%)2 (balance = $1.56 after 2 quarters)
3rd Quarter: previous balance + 25% of the previous balance

= ($1+$7 +25% of ($1+$7)°
= (BL+3)° + § ($1+8)°

= ($1+$D° ($1+8$) (factor out (1+ 1)%)
= ($1+$ %)3 (balance = $1.95 after 3 quarters)
4th Quarter: previous balance + 25% of the previous balance

= ($1+$%)3 + 25% of ($1+$i)3
= ($1+$D° + L 31451y
1 = ($1+$%)3 ($1+$%) (factor out (1 + i)g)

= ($1+$ i)4 (balance = $2.44 after 1 full year)

Note: To compare simple interest with compound interest, $1.00
invested for one year at 100% simple interest would yield
$1.00 in interest, for a final balance of $2.00. Using compound
interest, we see that the last calculation in the 4th quarter
above is

($1+3$1)* = $1.25" = $2.44

To summarize, investing $1 at 100% annual interest compounded four
times a year yields a final balance, after one year in the bank, of

$1+$1)*
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From this example we can generalize: Investing $1 at 100% annual
interest compounded n times a year yields a final balance of

s

at the end of one year. For example, investing $1 at 100% annual
interest compounded 360 times a year would give you a balance of

360
(1+ﬁ) — (1.002777778)%%° — $2.7145

Summarizing,

Investing $1 at 100% annual interest for
one year, compounded n times a year,
yields a final balance of

i

Homework

n
4. For each problem, use the formula B = (1+%) to find the

balance at the end of one year if the original investment was $1,

earning 100% annual interest, and assuming the given number
of compounding periods:

a. 1 b. 12 ¢ 365 d. 1,000 e. 5,000,000
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O THE MosST IMPORTANT EXPONENTIAL BASE OF ALL !

Now suppose that we consider compounding so often that it occurs at

every instant of time. This 1s called

Whatever every instant of

continuous compounding. What will your time means, it drove the
account balance be after one year of continuous Greeks bonkers, and it wasn’t
compounding? It would come from the formula until the 17" century that
n Newton and Leibniz made
(1 + l) some sense of this when they
n .
invented Calculus.]

0.0]
with n replaced by oo: (1 + %) . But this would

be meaningless, so we use the new limit notation introduced a few
pages back. We keep the n’s in the formula, and then specify that n
should approach infinity; that is, n becomes infinitely large:
n

lim (1 ¥ l)

n—o\ 1
It’s hard to see this now, but this limit is actually a specific real
number. In fact, this number is one of the most important numbers in
math, science, statistics, and business. It is given the name “e”,
perhaps due to the word “exponential,” or perhaps due to its creator
Leonard FEuler.

Though e is defined as a limit, a decimal approximation of e will be
discussed in the homework. In summary,

n
e = lim (1+l)
n

n—o0
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Homework
5. Define e in two ways: as a limit, and as the result of a certain
Investment.
6. The number e is irrational, although I have no idea how to prove
it. Nevertheless, explain exactly what it means for e to be
irrational.

7. a. Use the definition of e with a value of n = 10,000,000 to
approximate the value of e.

b. Use the e* button on your calculator to approximate e.
Hint: e =e'.

c. Which approximation do you think is more accurate?

8. Use your calculator to approximate each of the following:
2

3.7 1 e’ e
a. e b. = c. Z/E d. m

e

1 n

0. Some books define e as lim (%) . Prove that this is the same
n—» oo

as our definition.

L THE LAwS OF EXPONENTS

All the laws for exponents with which we’re familiar work for
exponential expressions like 2 and e” just as well as they did for xZ.
Here are the six main rules. Assume a and b are positive constants.

—x 1 x

a ax a“a a ay a
X
@) = a® (ab)* = a*b* al’ —a
b b*

Ch 58 — The Number e



539

Homework

10. Simplify each expression:

a. 2¥27 b. e° c. e d. % . €
e e’
. (e¥)e g. (10e)* h. (g)n i (e®)0r . 2320
Review
Problems

11. By making a sketch of the function y = e calculate:

a. lim y b. lim y
X —>0 X —>—00
12. a. Define e as it applies to continuous compounding in the bank.
b. Define e as a limit.
c. Is e areal number?
d. Is e rational or irrational?
e. Explain exactly why e is a valid base for an exponential function.
f. Ise>mnorise<mn?
7
13. a. Simplify: e’ +e—2 + (e )4 b. Approximate: e +3/e
e
c. Approximate: (t — e)? d. Approximate: e”.
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~

Solutions

In this limit, x is approaching 3. This means that x is approaching 3 by
taking values like 3.2, 3.1, 3.05, 3.001, 3.000001 — or perhaps x is taking
values like 2.9, 2.95. 2.99, 2.999, etc. Now, as x does this, what does the
functional value x? do? Well, it gets closer and closer to 9. Therefore, the
limit is 9.

Since x is approaching infinity, this limit is equivalent to finding a
horizontal asymptote. Take your calculator and evaluate the function for
a really huge value of x. You should see that the limit is 2.

As x shrinks toward 0, the x? term in the denominator essentially
disappears, leaving a functional value of 9, which is the answer to the
limit question.

a. $2.00 b. $2.6130 c. $2.7146  d. $2.7169 e. $2.7183
n
e = lim (1+lj .
n—o n

If you invest $1 at a 100% interest rate compounded continuously, your
balance at the end of one year will be $e.

e 1s an infinite, non-repeating decimal.

a. My TI-30X gives the answer 2.718288827, but your calculator might
give 2.718281693, or something close.

b. 2.718281828 ¢. The second value

a. 40.4473 b. 0.3679 c. 1.1536 d. 2.5162
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9. Since1+1 =241 _ n_+1, the definitions are equivalent.
n n n n
10. a. 2% b. 1 c. L d. e e. 77
JG
f. e g. 10%¢* h. e i 0™ j. 8
2n
11. a. O b. 0

12. a. Invest $1 for 1 year at an interest rate of 100%/yr compounded
continuously. At the end of the year, the account balance is $e.

n
b. e = lim (1 + l) c. Yes d. Irrational
n—»o n
e. eilsreal number that is greater than 0 but not equal to 1.
f. e<nmn
13. a. 1+e’+e'? b, 21.4811 c. 0.1792  d. 23.1407
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“Many of life’s failures are people
who did not realize

how close they were to success
when they gave up.”

- TAOIH&S EC]iSOH

Thomas Edison
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CH 59 — GRAPHING WITH BASE e

ince e is a positive real number not equal to 1
(it’s greater than 1), it’s allowed to be the base
of an exponential function. In fact, the

4
base-e exponential function, y = eX is ,“O
one of the most important exponential /
functions in business, biology, ’
chemistry, ecology, statistics, physics, 1 -
and electronics. Let’s graph one of — .
these.

EXAMPLE 1: Graph: y = ¢! -2
Solution:  Use your calculator to verify that each of the
following ordered pairs is on the graph of the function:
(-4,-1.95 (-3,-1.86) (-2,-1.63) (-1,-1) (0,0.72) (1, 5.39)
8 /-‘
5 ‘{
4 / Exponential
: 7 Growth
/|
5 -4 3 1 0 1 )
— 2
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The domain of the function is R. To determine the range, we
need to verify what the graph appears to show, that the line

y =-21s a horizontal asymptote. Let x be a large negative
number, for instance x = —20. Then the y-value is

y =e % _2 = ¢19_92 = 000000006-2 = —1.999999994

which i1s extremely close to (and slightly above) —2. We can be
pretty confident that the horizontal asymptote is y = -2. From
this fact, we can conclude that the range of the function is all
real numbers greater than —2: (-2, ).

For our last bit of analysis, we summarize the behavior of the
function at extreme values of x by writing the limits

lim (e -2) = ©  and lim (7 -2) = -2

X —>0 X —>—00
The first of these two limits indicates that the graph is
increasing; that is, as you move from left to right along the
graph, the graph grows taller and taller (and never levels off).
We can call this exponential growth. In our following example,
we change one little (but critical) part of the equation (which
part?) and we get a curve which represents exponential decay.

EXAMPLE 2: Graph: y = e *+1

Solution:  Let’s go for the y-intercept first. Letting x =0
produces y = e%+1=¢"+1=1+1 =2 The y-intercept is
therefore (0, 2). Use your calculator to verify some other points
on the graph:

(-3, 21.09) (-2, 8.39) (-1,3.72) (1,1.37) (2,1.14) (3, 1.05)

To emphasize the limits as x approaches o or —o, let’s calculate
two more points:

(-10, 22027.47) (10, 1.000045)

It appears that as x — —o0, y — . Also, as x — o, y — 1.
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\ The domain of the function is R, simply because
\ ° any real number x can be used in the formula
4 without a problem.

The range is all real numbers greater than 1:
(1, )

1 - From the graph and the points we calculated, we

see that there’s a horizontal asymptote at y = 1.

0

Exponential Decay

Homework

Graph each of these exponential functions:

1. y =e" 2. f(x) =¢e* 3. g(x) = e +2
4. R(x) = &2 5. f(x) = e -1 6. y =142
7. E(x) = ™2 -3 8. y=e* 9. y = e -1
10. Alx) = e +2 11. Describe the graph of y=ex +e.

O THE BELL-SHAPED CURVE

Some of you will take Statistics soon, and you will learn that the most
important function in the course is a special bell-shaped curve called
the standard normal curve (or Gaussian Curve). It’s an exponential
function, and its formula is a bit complicated, but we have all the tools
needed to find some of its points and then sketch it.
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The formula for the standard normal curve is given by

1,2
y :Le_éx
2r

Note that this function is a type of exponential function because the
base 1s a constant (in this case, ¢) and the variable x occurs in the

exponent. Let’s decipher this formula before we try to plot any points:

The coefficient of the exponential function is 1 , the base 1s e, and the

J2r

exponent on the e is —%x2.

Let’s calculate some (x, y) pairs for this function and see what kind of
graph we get. Let’s start by letting x = 0. This, of course, will yield the
y-intercept:
1,02
-5(0)
L2 =_L0=_L (1)~ 03989

YT o NeTS

This gives us the approximate point (0, 0.4). We're off to a good start.

Now we’ll choose x = 1. Plugging this number into the function gives

T e S
2 = L .2 = 1 (0.6065) ~ 0.2420

N NG Jon

Our second point is therefore (1, 0.24). Now for x =-1. You should be
able to do this one in your head. First, the —1 is squared, giving 1 — but

this is exactly what we had in the previous calculation, and so the
y-value must also be 0.2420. Our third point is therefore (-1, 0.24).

Choosing x = 2 (or —2) gives the following calculation for y:

~L12)2
L2 1 2 - 1 (01353) ~ 0.0540

N N o

We now have two more points for our graph: (2, 0.05) and (-2, 0.05).

ﬁH

Continuing in this manner, we can find the points (3, 0.0044) and
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(-3, 0.0044). It appears that as we get farther from the origin, the
y-values are getting smaller and smaller, but always remaining
positive. If we plot the seven points we've just computed and then
connect them with a smooth curve, we get the following:

(0,0.4)

\ (1707242)
N

e N
(2, 0.05) %~

3(-3,0.0044) 2 - 0 2 (3,0.0044)%

What can we infer from this graph? Lots of stuff:

A. The domain is R, all real numbers. [The graph goes infinitely

to the right and infinitely to the left.] This means that x can
take on any value at all and the formula will work out just fine.

B. The range is all numbers that are bigger than 0 but less than
or equal to approximately 0.4. In interval notation: (0, 0.4].

C. If we fold the portion of the graph in Quadrant I over into

Quadrant II, the curves will coincide. We therefore have
y-axis symmetry. [You may have learned to change x to —x
and see if you get the same formula; you do.]

D. The calculations and the graph indicate these two limits:

Iim y=0

X —>too

E. And from the limits we deduce that the line y = 0 (the x-axis)
1s a horizontal asymptote of the graph.
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12.

13.

14.

15.

16.

17.

F. One reason for some of the numbers in the function is

that we want the total area between the curve and the x-axis
to be 1.

Review
Problems

a. List the domain, range, intercepts, and asymptotes of y = e*.
b. lim e* c. lim e* d. lime*

X —> o0 X —>—00 x—0

Let f(x)=e" and g(x)=e*"" +100. Describe the graph of g relative to
the graph of f.

Graph: = ¢* 2 _3. Calculate the y-intercept and any asymptotes.
Y

Graph: y = e —3. Calculate the y-intercept and any asymptotes.

2 2
Graph: N(x) = ¢* . Hint: Ifx=1,then el = ¢! = % ~ 0.3679.

Prove that the graph has y-axis symmetry.

Explain why the graph of y = x?+ex+m isa parabola, and then
prove that it has no x-intercepts.
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True/False:
a. lim f(x) = L means the same thing as “As x — o, f(x) — L.”
X —>0

b. If P(x) = —5 then lim P(x) = 6.

1+x x—0
c. The function y = e” is a polynomial.
d. The domain of the above function is R.
e. The range of the above function is (0, o).
f. Compared to the graph of y = e¥, the graph of y = ¢* + 2 is two
units higher.
g. The function y = e~ is decreasing.
h. The function y = e~ * has a horizontal asymptote.
1. The function y =e™* has a vertical asymptote.
j. The slope of the liney = nx +eise.

k. The y-intercept of the graph of
h(x) = e7™* +2

is (0, e + 2).
1. e>m
Solutions
7 2. 7
6 6
5 5
4 4
3 3
2 2
1
0 0
[ R, S | 710 1 2 3 _2 -1 _10 1 2 3

—2 -2
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3.

4.

I'd like to see what you think the graph is.

I
7 5.
6
6
5
5
4
4
3
3
5 2
. 1
_ o] 9
2 -1 p 1 2 3 a4 A A= ] UL
2 -2
8 7. 6
7 5
8 4
5
4
2
3
1
I B
) 0
6 -5 -4 3 2 B
0
2 -1 ,p 1 2 3 -2
2 -3
Lol |
6
\
| ] 6 1\ 5
. \
\ a
\ :
3 \
N \
N N
o\“-—_‘
-1 lo i b -1 | P
: SRS
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11. The graph of y = ex + e is a straight line with slope e and having a

y-intercept of (0, e).

12. a.

b.

Domain = R; Range = (0, »);

x-int: none; y-int: (0, 1);

vert asy: none; horiz asy: y =0

o0

c. 0 d. 1

13. The graph of g is the graph of f shifted © units to the left and 100

units up.

14.

y-int: (0, e 2 —3) ~ (0, — 2.86)

-2

5 . 7 +~ horiz asy: y=-3
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15.

9

\ : y-int: (0, 4)
6
5

horiz asy: y=3

16.
To prove y-axis symmetry,

we change each x in the
/ formula to —x and see what

2 2
e . we get: e )" = ™ the
= 1 o 1 2 same formula. We’re done.

17. It’s a parabola because it fits the form y = ax’ + bx + c;1n fact,a =1,

b=e, and c = .
To find x-intercepts, set y to 0; solve the resulting quadratic equation
for x using the Quadratic Formula. You should get a negative

radicand, indicating no solutions in R, and thus no x-intercepts.

18. a. T b. T
j. F

d T e T f. T g T  h T
1. F . F

“The direction in which education

starts a man will determine
his future life.” Plato
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CH 60 — EXPONENTIAL
EQUATIONS, NO LOGS

P
‘ N ]atching your investments grow, 1132 '
tracking populations, the U
decaying of a radioactive substance — [Rulspears:
these are the kinds of problems that Uranium, atomic number 92,
lead to exponential equations. decays exponentially — the
less that remains,
QO EXAMPLES the less that decays.

An exponential equation is an equation with the variable in the
exponent, something you might not be used to seeing. Let’s start with
two basic examples.

#1: Consider the exponential equation
5% = 25

Five raised to what power equals 25?7 Well, 5 to the 2nd power is
25, so x = 2. Not so tough.

#2: How about the equation
321 = 819

You might solve this equation by asking yourself, “3 to what
power 1s 81?7 Since 3 to the 4th power is 81, it follows that the
exponent, 2n — 1, must be equal to 4.

Writing this last phrase as an equation, we can find the value of
n:

5

9" Done!

2n-1=4 = 2n =95 = n =
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327L—]_

Check: Placing n :% into the equation = 81 gives

32®_1 -
RN

9

3>l = g1
?
3* = 81
81 =81 vV
EXAMPLE 1. Solve for x: 3’ = gl4

Solution: Each side of the equation is an exponential
expression. Notice that the bases are the same (the 3’s), so the
only way the two sides of the equation can be equal is if the
exponents are equal. In other words, 7x must equal 14:

Tx = 14

from which we determine that

x = 2

EXAMPLE 2: Solve for y: 5% = 25

Solution: We're not as lucky here as we were in Example 1 —
the bases are not the same. But maybe we can make them the
same. Suppose we think of 25 as 52. Then, each side of the
equation will have the same base, and we can set the exponents
equal to each other to find the value of y. Let’s try all of this:
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54y = 25 (the original equation)
= 5% =5 (rewrite 25 with a base of 5)
= 4y =2 (set the exponents equal to each other,
since the bases are the same)
— 1

EXAMPLE 3: Solve for z: 2774 =

1
9

Solution:  This equation’s terrible! The bases aren’t the same,
and it contains a fraction. But look at the 27 in the equation — it
equals 33. And check out the 9 in the denominator — it can be
written as 3%. So maybe we can write everything in terms of the

base 3:
-4z _ 1 . . .
27 =9 (the original equation)

3y4z _ 1

= (39) = = (express 27 and 9 as powers of 3)
3
= 37122 = 372 (exponent rules)
= 12z = -2 (bases are the same - set exponents equal)
—_ 1

= 2 = 6 (solve for 2)
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Homework

Solve each exponential equation:

1. 16%? = 8 2. 419 = 16 3. 125> =%

4. 16%% =16 5. 4720 = 64 6. 2560 = 2i5
7. 255 =195 8. 6254 = _L_ 9. 1257100 = L
625 25
10. 16% = 2 11. 49 = % 12. 97%P = 799
. 2_3y:i . 19‘%:L 2_2k:L
13. 625 o 14. 8 5 15. 25 o

16. 16™* = 512 17. 2780 = _L_ 18. 81%@ =3

729

19. 817" = 81 20. 625% = 2i5 21. 277 =3
22 8174k = 1 23. 125°7 = L 24, 1957104 = 1
9 25 5

EXAMPLE 4: Solve each equation for x:

A, e =%

= bx =20 = x =4

B €2x+1 — (63)95_5
= 2+l = 815 o 9y 11 = 3x-15
= —-x=-16 = x =16
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C l — e2x—1
e
— el =2l o 1=29x-1 = x=0
1 1 g
D. L =|1
e (eZJ
1 _ 1" 1 _ 1
= RIE - (ez)x = RIE - 2%
= l=9y = x=1
3 6
EXAMPLE 5: Solve forx: 3* =5

Solution: Now we'’re really up a stump! How can we make the
bases the same? We can’t, so our current method for solving
exponential equations dies at this point. In fact, the solution to
this equation will not be a rational number as in the previous
four examples, so the best we can do is approximate it. Here’s
one way to solve the problem, using a calculator.

This is simply a guess-and-check method. Clearly, the solution x
of the equation 3* = 5 is bigger than 1, since 31 = 3; but x must be
smaller than 2, since 32 =9, So the solution is between 1 and 2:

1 <x<2

Now try 1.5. 31 = 5.196, a little too big. Let x = 1.4; then
314 = 4.656, a little too small. Thus, we’ve narrowed the solution

to a number between 1.4 and 1.5:
14 < x <1.5

Since 1.45 is halfway between 1.4 and 1.5, let’s give it a try.
3145 = 4.918, which is really close to 5. Consider 1.46:

3146 = 4.973. Now nudge x up to 1.47: 347 =5.028, a little too
big. So the value of x is between 1.46 and 1.47:
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1.46 < x <1.47

This is getting boring, but I hope you’re getting the point. Let’s
just take the average of 1.46 and 1.47, and figure we’re close

enough.

Our best guess is therefore

x = 1.465

In fact, 31-465 - 5.0001, so we have a really accurate value of x.
The following chart is a summary of the calculations we made in

this problem:

X 1 1.4 1.45 1.46 | 1.465 | 1.47 1.5 2

3" 3 | 4.656 | 4.918 | 4.973 | 5.0001 | 5.028 | 5.196 | 9

In the next chapter we will study what are called “log” functions.
Then we’ll have a third (and much better) way of solving any kind
of exponential equation, even if the base is e.

Homework

Solve each equation for exact solutions:

25. oTx+l _ g3« 26. 631 = 36 27. 8% — %
28. 1x = 195%%1 99 73x _ b 30. 81*%* = 729
25
X
31, Xt — ¢ 32, L -l 33. | L| =4
e2 Je
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17.

21.

25.

27.

28.

559

Use your calculator to approximate the solution of each equation:

34. 2 =6 35. 10” =50 36. ¢ =12

37. Solve by inspection (this means stare at it and guess): 8 = 5%

-1 =1 -_1
p 3 2 q 5 3 t 9 4
- _3 -_1 -3
h 5 6. b o 7. w 16 8
-1 -1 -_1
a=- 10. v= 11 r=--g 12.
-1 —_1 =1
Y=g 14. x=— 15. k=3 16.
-_1 -1 —-_1
b= 18. a=5, 19. r=- 20.
—_1 =1 —_2
v=-12 22. k=g 23. p=- 24.
-1 26. 657" =6 = 8y-1=2 = y=3
8—62 — l :> (23)—62 — 2—1 :> 2—182 — 2—1
2
= =182 = -1 = z:L
18
3 29. 0 30. 12 31. 0
11 12
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NG

e

= —=x =

x x _1
33. [%) = e = (e_l/z) =/t = 2" =
-

X = —

1 1
4 2

DO [

34. 2.58 35. 1.7 36. 2.48

37. Hint: The solution is the only number with no reciprocal.

“Education is not merely a means for
earning a living or an instrument for the
acquisition of wealth. It is an initiation
into life of spirit, a training of the human
soul in the pursuit of truth, and the

practice of virtue.”

— Vijaya Lakshmi Pandit
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CH 61 — LOGARITHMS

O MELANIE’S ALLOWANCE

M

entire college education if he agrees to the
following plan: He gives her 2¢ on the first

elanie tells her father that she will pay
the entire cost (room and board) of her

Day # Pennies
1 2
2 4
3 8
4 16
5 32
6 64
7 128
8 256
9 512
10 1,024
30 |1,073,741,824

(almost
$11 million)

day of the month, 4¢
on the second day of
the month, 8¢ on the third day of the month,
16¢ on the fourth day of the month, and so on
till the 30th of the month. After that month —
no more money. Dad (who was a philosophy

major) thinks this is a great money-saving
1dea and accepts Melanie’s proposal.

In the chart, we have calculated Melanie’s
earnings for each of the first 10 days of the
month. Take your calculator and verify the
number of pennies Melanie will receive on the

30th day.

Now let’s come up with a direct formula that
computes the money earned from the day of
the month, without knowing all the previous

days’ amounts. Notice that each amount of

money is simply 2 raised to the power of the day. For example,

consider the 9th day. If we raise 2 to the 9th power (use the exponent
button on your calculator), we get 512. That 1is, 29 = 512.

Now, for the 30th day, calculate 230 and you should get 1,073,741,824
(which, remember, is the number of pennies Melanie gets on day 30;
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you can divide this number of pennies by 100, and then round off to see
that it’s equivalent to about 10.7 million dollars!

Homework

1. a. How many pennies will Melanie earn on the 15th day of the
month?

b. How many pennies will Melanie earn on the 31st of the month
if Dad agrees to extend the plan that far?

c. On which day of the month did Melanie earn half of what she
earned on the 30th day?

2. Now for a little practice on the concept to be covered in this
chapter. I'll give you a penny amount, and you tell me which day
of the month Melanie earned that amount of money.

a. 512¢  b. 4,096¢ c. 1,048,576¢  d. 33,554,432¢

3. Similar question, but a little more abstract: I'll give you a
number, and you tell me the exponent that 2 would have to be
raised to, in order to get the number I gave you. For example, if I
give you the number 2,048, then you say “11” because

2 = 2,048.

a. 2 b. 256 c. 64 d. 1
e. 8,192 f. 131,072 g. 524,288 h. 1/2
4. Another question like #3, but now when I give you the number,

you tell me the exponent that 10 would have to be raised to, in
order to get the number I gave you. For example, if I give you the
number 1,000, then you say “3” because 10 = 1,000.

a. 100 b. 10,000 c. 10 d. 1
e. 100,000 f. 1,000,000 g. 1billion h. 1 googol

Ch 61 — Logarithms



563

0 THE MEANING OF A LoG

A log (short for logarithm) is an exponent.
It’s the exponent to which one number lo gartthm
(called the base) must be raised to get a
specified number. This definition is so far from the Greek:

off in the clouds that we need an example logos = logic
right now. arithmos = number

For our first example, to calculate

log, ,(1000) [read: “log, base 10, of 1000”
or “log of 1000, base 10]

we ask ourselves, “10 raised to what power equals 1000?” In other
words, 10 to the “what” equals 1000? The answer is 3, since
103 = 1000. Therefore,

log,,(1000) = 3 [log, base 10, of 1000 is 3.]

For a second example, let’s analyze log, 32, which asks us, “2 raised to
the “what” equals 32?77 Well, 2 to the 5th power equals 32, and so
log,(32) = 5 [log, base 2, of 32 is 5.]

Our third example will describe a log a little differently: If you can fill
in the box in the equation
4|:| = 16
then you have found the “log, base 4, of 16,” which is 2. That is,
log,(16) = 2

Notation: A log is a function, so notation like log,(128) certainly

makes sense, just like when we use parentheses in function notation:
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f(x). Butif it’s clear what we’re taking the log of, we don’t really need
the parentheses; so, for example, log,(128) 1s simply written log,128.

[Although in computer programming, the parentheses are required.]

Summary: log,,1000 = 3 because 103 = 1000

log,32 = 5 because 2° = 32

log,16 = 2 because 4% = 16

This is really abstract, isn’t it? Let’s get right to some homework.

Homework

5. To find log, 25, which is read “log, base 5, of 25,” ask yourself,

“5 raised to what power equals 25?7 5|:| = 25

6. To find log, 8, which is read “log, base 2, of 8,” ask yourself,

“2 raised to what power equals 8?” ZD =8

7. To find logy 9, which is read “log, base 9, of 9,” ask yourself,

“9 raised to what power equals 977 9[| =9

8. To find log,. 1, which 1s read “log, base 17, of 1,” ask yourself,

“17 raised to what power equals 1?” 17[| =1

0. To find log, 4, 10, which is read “log, base 100, of 10,” ask

yourself, “100 raised to what power equals 10?” 100D =10
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10. To find log6 (%), which is read “log, base 6, of 1/6,” ask yourself,

“6 raised to what power equals %?” GD =1

6

O THE OFFICIAL DEFINITION OF LOGARITHM

log, x =y means b =x

The notation “log, x” is read either

“log, base b, of x” or “log of x, base b”

Here’s another way to visualize the meaning of logarithm:

results

Loin ]
log— |x| = |y
]

L

raised to

EXAMPLE 1.

A.  1og,,10,000 = 4  Why? Because 10*=10,000

B. log, e’ = 2 because e” = e?
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log,,17 = 1 because 17' =17
log,1 = 0 because =1

log,. 5 = % because 25Y2=./25=5

log,, 4 = 5 because 643 =364 =4

1
3

2
log 4 = % because 82/3:(%) =22=4

10g13 (%) = -1 because 137'= %

10g6 (%) = —2 because 672 = é =

&l

10g49 (%j = —% because 49 /2=_1 —_1 -1

3
log, (%j = 3 because (%) :%

EXAMPLE 2:

A.

log, b = 1 since bl=1b
log,1 = 0 since %=1

logb% = —1 since b! =

S =

10gb\/5 = % since b'/2 = b
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E. logb% = % since '™ = b

E. log, b" = n since b" =b"

Homework

Find the value of each log:

11. a. log,,100 b. log. 125 c. logg 64 d. log, 64
12.  a. log, e® b. log, b> c. logﬁ\/@ d. log, L
13. ril(.)giolglol b. log,1 c. log%1 d.

14. a. log,, 6 b. log,, 7 c. log,,, 12 d. log, b
15. a. log5(%) b. 1oge(%) c. log,, 1 d. logn(%)
16. a. logQ Q" b. log 1 c. log,,2.3 d. log, 81
17.  a. logg2 b. log,, 4 c. log;,-5 d. loga%

0 CALCULATING LOGS

The homework problems above were designed to be solved by inspection
(with a little experimentation and insight). Some logs aren’t easy to do
that way. So now we present a longer, but more systematic, method of
evaluating a log by solving a certain exponential equation.

EXAMPLE 3: Calculate: log,.9

Solution: Let’s give our log expression a name — call it y. Now
we can write an equation:
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log,,9 =y

The definition of log shows us how we can convert our log
equation into an exponential equation:

277 =9

And now we solve for y. The chapter Exponential Equations (INo
Logs) showed us how:

277 =9 = 3 =32 = 3 =3 = 3y=2 = y=

w0

But y was the name we gave to the original log problem. So we
can conclude that

log,, 9 = %

To check our result, we can raise 27 to the % power and make
sure it comes out 9:

9723 = (327)2 =32=9 VvV

Homework

Find the value of each log:

18. logy, 16 19.  logys(}) 20. log,,8
21, log, (}) 22.  log,16 23, logg,($)
24. logy 5 (%) 25. log,,, 64 26. log,1
27.  log_n° 28. log_+/n 29. log, @
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30. log.[L 31.  log,| L 32. log,|L
5(25 3\ 3 4| 64
33. log, (ﬁ) 34.  log,,+10 35. log,,¥100

1 1

36. loglo m) 37. 10g10 (ﬁj 38. 10g10 (ﬁj

O THE PH SCALE FOR ACIDS AND BASES

One of the uses of logs is defining the pH scale for
acids and bases. The official definition of the pH of
a substance is the negative logarithm (base 10) of
the hydrogen ion concentration of the substance.
Acids (like lemonade) have a pH smaller than 7,
while bases (like Drano) have a pH higher than 7.
The pH of pure water is a neutral 7. [The word

alkali is another term for base.]

We'll use the official chemistry notation for the hydrogen ion
concentration, [H'], which has the units of moles/liter. It is not
necessary to understand any of the chemistry — indeed, the math takes
care of everything. Devised by a biochemist while working on the
brewing of beer, the pH of a substance is defined to be the negative
logarithm (base 10) of the hydrogen ion concentration:

pH = —log,, [H]

Logs are also used in
the definition of the
Richter Scale for
earthquakes, and for
the decibel scale for
measuring the
loudness of sound.
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New Notation and Calculator Hints:

1. On a TI-30, to enter a number like 1.6 x 10_13, first press 1.6,
then press the “EE” button, and then press 13, and last the +/—
key. Your display should then look something like 1.6 13 (the
base of 10 1s understood).

2. To find log,,1000, enter 1000 into your calculator and then press
the log button. You should, of course, get an answer of 3. On
newer calculators, try pressing the log button first, followed by
1000. Using 10 as a base for logs is so “common” that it is
officially referred to as the common log, and we dispense with

[13

writing the base, 10 — it’s “understood”:

log,,x is written log x
3. [Skip the following if you've never come across the number e.] A

base of e is so important and occurs so “naturally” in the universe
that “log, base e” also gets its own name and notation:

log, x is written Inx

You read “In x” either as “el en x” or “el en of x” or “the natural

log of x.” Teachers will many times write it on the whiteboard in
y

cursive:

ln X ([ for log, n for natural )

EXAMPLE 4. A sample of orange juice has a hydrogen ion
concentration of 2.9 x 10~% moles/liter. Find the

pH of the orange juice.

Solution:  According to the definition,

pH = —log,,[H'] = —log(2.9x107*) ~ —(-3.54) = 3.54
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According to the text next to the lemonade stand above, this
should mean that orange juice is an acid, as indeed it is (the sour
taste is one clue). Thus, the pH of the orange juice is

3.94

Homework

39. The hydrogen ion concentration of household ammonia is

1.26 x 1072 moles/liter. Find the pH of the ammonia. Isit an
acid or a base?

40. Pure water has a hydrogen ion concentration of 1.0 x 1077
moles/liter. Prove that water has a neutral pH of 7.

41. Find the pH of each substance given its molarity:

a. 1.3 x 102 moles/L b. 2.8 x 107 moles/L
c. 0.3x 107 moles/L d. 9.2 x 1072 moles/L

e. 5.9x 10”7 moles/L f. 8.0 x 10”! moles/L

Review
Problems
42.  a. log,,1,000,000 = b. log,3" = c. log,e =

d. log,1 = e. log,,4 = f. 10g9(é) =

1 1) — 1) — . _

g. 0g5(2—5j = h. 10g36(gj - 1. 10g2512 =
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7N =

43. a. log a = b. log.1 = c. log.

44, The hydrogen ion concentration of an unknown liquid is 3.4 x 10~
moles/L. Find the pH of the liquid.

45.  What kind of music do they play in a lumber camp?

Solutions
1. a. 32,768 b. 2,147,483,648 c. I’'m not gonna tell you that.
2. a. day9 b. day 12 c. day 20 d. day 25

3. a1 b. 8 c. 6 d. 0 e. 13 f 17 g 19 h. -1

4, a. 2 b. 4 c. 1 d. 0 e. b f. 6 g. 9 h. 100

5. 50 = 25 since 5% = 25,log, 25 = 2.
6. 27 = 8 since 2% =8 log, 8 = 3.
7.1 8. 0

9. 1008 = 10;since 1002 =100 = 10,log,, 10 = L.

2
10. -1
11. a. 2 b. 3 c. 2 d. 6 12. a. 5 b. 2 c. 1 d. 1
1 1 1 1
13. a. O b. 0 c. 0 d. 0 14. a. 5 b. 5 C. 5 d. 5
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17.

18.

19.

25.

30.

35.

39.

40.

4].

42.

43.

44.

45.

a. -1 b. -1 ¢ O

1 1
Loy L
a3 3

d. -1 16. a. n b.

Lety = log,, 16 = 64Y =16 = (4%)” =42
64

= 4% -4 = 3y=2 = y-=

_1 3
: 20.
-3 26. 0
_1
-2 3L -5
2 -
5 36. —2

21

27.

32

37.

2

3
. —% 22. % 23. -
5 28. L 29. -
. -3 33. 7 34, %

38. -

DO |
DO | o

pH =11.9; it’s a base (an alkali), since its pH is greater than 7.

pH = —log[H'] = —log(1.0x1077) = —(=7) = 7

a. 1.89 b. 555 c. 10.52 d. 11.04 e. 6.23 f£. 0.10

1
d. 0 e. 5

10.47 (an alkali, or base)

I just can’t give the answer away.

Ch 61 — Logarithms

f. -1 g



574

'Learning is not the
product of teaching.

Learning is the

product of the
activity of learners.’

— John Holt, American psychologist and educator
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CH 62 — THE LAWS OF LOGS

S ince a log is really just an exponent,
and since we have laws for
exponents, it makes sense that we need
to learn some laws for logs, too. These
laws of logs will be used to solve new

kinds of equations. This chapter also Adapazari, Turkey
shows us another application of logs, the Aug 17, 1999
Richter scale for measuring the magnitude  Richter 7.8

of an earthquake.

L THE Two CANCELATION RULES
Carefully study the next five examples:
log, 9% = log, 81 = 2
log,,10° = log,,100,000 = 5
log, 5° = log, 125 = 3
log, ol = log,2 =1
log, e = log,1 =0

Something’s going on here. In each problem, the final answer matches
the exponent at the front of the problem. For example,

log9 9 =
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Also notice that the base of the log matches the base of the expression
that we’re taking the log of. For instance,

5
log =5

Using these two insights, we might now see that log,, 127 = 7. We can
now generalize this whole discussion into the first of two cancelation
rules:

log, b* = x

We call it a canceling rule because the log function (done second)
cancels out the exponential function (done first), leaving just the x.

To motivate the second cancelation rule, consider the following four

calculations:
10101 = 103 = 1000
28232 — 95 = 39
5612 = 5% = 125

7981t = 70 =4
For each example, notice that the base of the entire question matches
1 1 .
the base of the log — for example, °87]" . We also see that in every

case, the final answer matches the number we’re taking the log of — for
Instance, 210g2 = 2° = [32|. In a nutshell,

blogbx -

This is a canceling rule because the exponential function (done second)
cancels out the log function (done first), leaving just the x.
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EXAMPLE 1. Use the canceling rules to simplify each
expression:
A, log,3" =n B. 1ogl0*™ = x+y
c. 7% _ gp D. e — o4y
E. log, 5" cannot be simplified by a canceling rule, since the

base of the exponential (the 5) does not match the base of
the log (the 4).

F. 887 3150 cannot be simplified by a canceling rule, since the
base of the exponential (the 8) does not match the base of
the log (the 10).

Homework

1. In the second canceling rule, explain why we must restrict x to
the positive real numbers.

2. Simplify each expression:

a. log10 b. Ine c. logl0¥* d. Ine®~
e. log, go00 f. 10'8() g. en(log?) h, 9°82(ne
glogz(a~b) j. log, ok k. loge” . 8@
3. A common student error is to figure that

log, (x +y) = log, x +1og, y. We need to dispel this myth right
now. Let b =2, so that we’re working with base 2. Then let both
x and y equal 8. Show that the left side of the formula results in
4, whereas the right side comes out 6.
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4, Prove that the conjecture log (xy) = (log x)(log y) is false. Hint:
Let x = 100 and y = 1000 and work out each side.

O THE SUM OF LOGS

We know how to calculate certain logs in our heads; for example,
log5 25 = 2, because 52 = 25. Sometimes in a problem we have the
sum or difference of two logs, and our goal is to convert that sum or
difference into a single log. For instance, here’s how we can

Convert log 100 + log 1000 into a single common log.

Start with the sum of the logs: log100 +1og1000
Calculate each log separately: 2 + 3
And add the numbers: 5

Now we have to write 5 as the

common log of something.

Since 10° = 100,000, we can finish

by writing log100,000
In short, log100 + log1000 = log100,000

For a second example, let’s

Find the sum of Ine® and Ine>.

Start with the sum of the logs: Ine® +1ne®
Calculate each log separately: 5 + 3
And add the numbers: 8

Now we have to write 8 as the

natural log of something. Ine®

That is, Ine® +1lned = Ine®
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Homework

5. Express each sum of logs as a single log:

a. log10+1log1000 b. log10,000 +1log100

c. logl0+logl d. log1000 +1log1000

e. log, 8+log, 64 f. log,9+log,3

g. log, 64+log, 4+log,1 h. log10+1og100 +1og1000
i. lne® +lne’ j. Ine'® +1ne'®

O THE DIFFERENCE OF LOGS

To find the difference of logs, we use the same logic as above:

Express log, 32 —1log, 8 as a single log.

log, 32 —log, 8

= 5-3 (since 2° =32 and 23=8)
= 2 (arithmetic)
= log2 4 (since 9% = 4)

In short, log, 32 —1log, 8 = log, 4

For a second difference of logs problem,
Express Ine” —1ne® as a single log.

Ine? —1ne®

= 9-6 (take the individual logs)
3 (arithmetic)
= Ine? (write 3 as an In)

So, Ine? —1Ine® = Ine®
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Homework

6. Express each difference of logs as a single log:

a. log100,000 —1og1000 b. log1000—1log10

c. log,125-log, 25 d. Ine'® —Ine’

e. log,36—log,6 f. Ine®® —Ine®

g. log1000 —log100 h. logg 512 -log, 64
1. log,32-log, 8 J. log,144 —log,,1

O SYNOPSIS OF THE TWO PRECEDING SECTIONS

Let’s look at two of the results from the preceding sections:

1)  1og100+1og1000 = log100,000

This shows that the sum of two logs can be combined into a
single log — as long as the numbers are multiplied:
100 x 1000 = 100,000

2) log,32-log,8 = log, 4

This shows that the difference of two logs can be combined

into a single log — as long as the numbers are divided:
32 _
3 = 4

These two results, that the sum of logs is the log of the product, and
that the difference of logs is the log of the quotient, can be written like
this:
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logbx+logby = logb(xy)

log, x —log, y = logb§

Traditionally, these two laws of logs are written the other way around;
indeed, that’s the way we need one of them in the next section.

The log of a product is the
1Ogb (xy) = 1Ogb X+ logb Y | sum of the logs.

logb X = logb X — logb Y The log of a quotient is the
Y difference of the logs.

EXAMPLE 2: Use the two Laws of Logs to expand each

expression:

A. log(ABC) = log A +log B+logC

B. ln(%j = In(xy)—-Inz = Inx+Iny—-Inz

a) _ _
C. log, (Ej = log, a—log,(bc) = log, a—(log,b+log, c)
log, a —log, b—log, ¢

O THE LoG OF A POWER

Another type of log expression we’ll come across is the log of a power,
e.g., log(7 3). We can break it down and use the notion of exponent and

the “log of a product” law above to do the problem. Let’s work log73:

log 73
= log(7-7-7) (definition of exponent)
= log7+log7+log7 (use the “log of a product” law)
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= 3log7 (combine like terms)

This may not seem very profound, but this maneuver will be necessary
to solve exponential equations later in the course. Let’s do one more
example, and we’ll even put a variable into the expression.

Inx* = In(x-x-x-x) = Inx+Inx+Inx+Inx = 4lnx

This “log of a power” law can be summarized as

To calculate the log of a power, bring

n _—
1Ogb Xo= nlogb * | down the power as a coefficient.

O SUMMARY OF LOGS

We can summarize our knowledge of logs in the following six
statements — one definition, two cancelation rules, and three laws:

Statement Example
y = log,x means b’ =x | 2 = logl00 means 102 =100
log, b* = x Inel =T
blogbx S 210g299 — 99
log, (xy) = log, x +log, y log(100x) = 2+logx
logb% = log, x —log, ¥ In% = Inx-1
log, x = nlog, x log5</§ = %log5Q
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EXAMPLE 3: Use one of the Laws of Logs to expand each

expression:
A. log (7x) = log 7 +log x
B. In(xyz) = Inx+Iny+Inz
C. In(ex) = Ine+lnx = 1+Inx
D. log2§ = log,8~1log,3 = 3-log,3
E. log% = logA-logB
F. log,,[(@a+b)(a-b)] = log ,(a+b)+log,,(a—0b)
G. log(x®) = 3logx
H.  log, Jx = log, xM2 = %log3 x
I ln\3/w2 = lnw?'? = %lnw
J. (In x)2 cannot be simplified because the power is on the

In x, not the x. Note that Inx? = 2lnx. See the
difference?

EXAMPLE 4: Use the Laws of Logs to expand each

expression:

A. ln(ax3) = lna+Inx® = lna+3Inx

B. log% = log(xy)—logz = logx +logy—logz

C. ln% = lna—-In(bc) = Ina-[Inb+Inc] = Ina—-Inb-Inc
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D.

E.

cd’ 3 4
log, = = log, cd” —log, e” = log, c+3log,d—4log, e
e

fEE

In+x %E—lnezit’jw—‘g
ezi’/w—3

= ln\/;+ln§/;—[lnez +1n§’/w—3}

_ 1 1 _5_3
= 2lnx+3lny z 5lnw

EXAMPLE 5: Use the Laws of Logs to condense each

w

moom o N8

expression into a single log with coefficient 1:

logx +logy = log(xy)

Ina—Inb = In¢

b
3log, T = log, T3
%logn = logn®" = log{n®
%lnx+5lny = ln\,§+lny5 = ln(ﬁylg’)
210gx+%1ogy+%logz = logx2+log\f7+log{’/2_2

log(xz\/; {’/z_zj

Inx+Iny—-Inz = lnx_g

2
210gx—%logy = logxz—logy1/3 = log;CT
Yy
a
Ina—Inb-Ilnc = In% —1nec = lnﬁ =In%
b c bc

Alternate approach:

a

be

Ina—Inb—Inc = Ina—(Inb+1Inc) = Ina—In(bc) = In
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J. 2log(a+b)—Lllog(a-b)-"T7log(ad)
3 2

= log3/(a+b)% —log\Ja—b —log(ab)’

= log —loga’®’
a—->b
«3f(a+b)2
-b
= log a
a’b’
3(a+b)?
= log o
a'b’Ja-b
Homework
7. Expand each expression:
a. In (ab) b. log (wyz) c. log, (abcd)
h a+b x—
d. logk e. log - f. logg D
g. Inx® h. log 7" i. log, 57
8. Expand each expression:
a log7\/; b. logdx c. IndQ?
1 1
d logx—3 e. 1HW f IOgT—4/5
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9. Expand each expression:

a. ln(azb) b. log(xy3) c. ln(azb3c4)
2 b x2y5
d. log,*— e. In92 f. log
6,3 K 10
10. Expand each expression:
2
a. log3i b. InXY c. 1og£
be w23 Y=
2 ° a® 3y
7 wx
d. log(a@®bic) e, h{yz} f. logs—~

11. Condense each expression:

a. Inx—In7 log y +log12

1 2 1
c. §1n4+1n2 glogt—glogt

e. In(x?®)+Ilnx+1In7 logx —logy+logz

o

g. Ina—Inb-3Inc 210ga—%logb—%logc

12. Evaluate each expression without a calculator:

a. log10'° b. 7 c. logh5+log2
'l 1
d. lne—2 e. log,, 8+log,, 3 f. lnx+ln;

g. log50+1log20 h. log, % +log, 162 1. log, 50 —log, 2

13. True or False:

a. log10? = 9 b, 7987 % _ 7R
c. Ine®® = In(abc) d. In(xy) = Inx+Iny
b _ b a _ Ina
e. loga” = (loga) f. lnb = nb
g. In(x+y) = lnx+Iny h. log(a-b) = loga—logb
. 1 :
1. ln; = —-lnx j. log,,(x*b) = (alog,, x)(log,, b)
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k. In(xy®) = zln(xy) . loggx—log,y = log3§
m. loga +1logb = log(ab) n. Inet = ¢
0. 1089 = g p. ml = 1
X Inx
q ™ = o3 r. In%
Yy
a® 2
s. log(ab™) = loga+nlogh t. In*= = =

O THE RICHTER SCALE FOR EARTHQUAKES

In 1935, Charles Richter devised a scale for earthquakes called the
Richter scale (what a coincidence!). If E represents the energy (in
joules) of the earthquake, then the Richter magnitude M is given by

2 E
M = Z2log| &
3 Og[2.5><104J

EXAMPLE 6:

Solution:

e

~

The energy release of the 1906 San Francisco

earthquake was 5.96 x 10'6 joules. Find the

Richter magnitude of the quake.

According to Richter’s formula,

= glog(a%xwﬂ

3 2.5x10%
= %10g(2.384x1012)

= %(12.3773)

=] 825
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Homework

14. An earthquake releases 1.75 x 101! joules of energy. What is the
Richter magnitude of the quake?

15. A more serious quake releases 100 times as much energy as the
one in the previous problem. Find the Richter magnitude.

O PROOFS OF THE THREE LAWS OF LOGS

The laws of logs we've developed and used in this chapter were arrived
at using a few examples and noting a consistent pattern. We know that
all the examples in the world never constitute a genuine proof, so now
it’s time to set the record straight and prove the laws the right way.
There’s no homework for this section, so ask your instructor what
you're responsible for on the test.

THEOREM: The First Law of Logs
log, (xy) = log, x+log, y

PROOF: Let w=log, x and z=log, y. Then
x=b" and y=5b° (from the definition of log).

To prove the First Law of Logs, we’ll begin with the left-hand side
of the equation, substitute the results just obtained, and work our
way to the right-hand side of the equation.

logb (xy) (the left side of the formula)
= logb bY -b%) (substituting from the results above)
= logb (bw+z) (the first law of exponents)
= w+z (the first log cancelation rule)
= logb X+ logb y (substituting back) Q.E.D.
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“The log of a product is the sum of the logs.”

THEOREM: The Second Law of Logs

log, (%j = log, x—log,

PROOF: Let w=1log, x and z=1log, y. Then x =b" and y=»5".
We proceed like the previous proof:

log b (%j (the left side of the formula)
w
= logb — (substituting from the results above)
b
= log, bY™?) (a law of exponents)
= w—=z (the first log canceling rule)
= logb X — logb y (substituting back) Q.E.D.

“The log of a quotient is the difference of the logs.”

The Third Law of Logs is used whenever there’s an exponent on the
quantity we're taking the log of.

THEOREM: The Third Law of Logs

log, x™ = nlog, x

PROOF:  Asin the two previous proofs, let w =log, x, which
implies that x =b". Thus,

log, x" (the left side of the formula)
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16.

17.

18.

19.

20.

21.

= log, ()"
= log, (0"

= wn

- nw

= nlog, x

(substituting the expression for x)
(one of the laws of exponents)
(the first log canceling rule)

(commutative property for multiplication)

(substituting back) Q.E.D.

“To calculate the log of a power,

bring down the power as a coefficient.”

Review
Problems

Ine+logl-log,3—log 49 =

a. log1212N =

logg 56 _

c. Ine®?® = d. loglo?® =

e. log,5” =
log, b* plogs® =
ln(loglO) =

Expand: log (%j

E d: 1 x’
Xpand: In|—=
vz

f. 5809 =

y = log, x means b’ =x

log, b* = x

blogb X _

log, (xy) = log, x+log, ¥

logb% = log, x —log, ¥

log, x™ = nlog, x
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23.

24.

25.

26.

Condense: Inx+Iny—-Inz

Condense: 3logx + % logy — % logz

True/False:

a. In(a—b) = Ina—1Inb

b. loge' = ¢

c. ln(zj - In2

x) Inx
d. In(ab®) = 10In(abd)

591

The energy release of an earthquake is 1.23 x 1017 joules. Use the

3 2.5x10%

formula M = 2log (Lj to find the Richter magnitude of the

quake.

True/False:

a.

Oa+b —

log1 a+b

loge"™ = u-w

6log6 z

elogQ =Q
In(ab) = Ina+Inb

Ip% - Inx
y Iny
logab” = ylogab

=z

logab” =loga+ ylogb

Inp-Ing = In?

np-lng nq

log, 32—log, 8 = log, 4
In(x+y+z) = Inx+Iny+Inz

log77 = Tlog7
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m. (lnx)3 =3lnx
n. %logx+4logy = log(3 x? y4)

o. If the energy release of an earthquake is 2.807 x 10%° joules, then
the Richter number of the earthquake is about 7.37.

d To oo AND BEYOND

Prove: In(x®+8x%+24x*+32x% +16) = 4In(x?+2)

Solutions

1. Because the first operation in blogb s log, x, whose domain is (0, «).

2. a.l b. 1 c.cutv d. . xyz e 500 f xy g log7 h.1
. a-b j. R k. Asis 1. Asis

3. log,(8+8) = log,16 = 4, whereas
log,8+1og,8 = 3+3 = 6

4. log (xy) = log(100 - 1,000) = log 100,000 = 5, but
(log x)(log y) = (log 100)(log 1,000) = 2-3 = 6.
5. a. log 10,000 b. log 1,000,000 c. log 10
d. 1,000,000 e. log,512 f. log, 27
g. log, 256 h. log 1,000,000 i. Ine™
j. Ine?"
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10.

11.

12.

13.

o

oo

,.g .

™o o o

. log 100 b. log 100 c. log,5
. Iné® e. log,6 f. Ine'
. log 10 h. log,8 1. log, 4
). log,,144
Ina+Inb b. logw+logy+logz
log, a +log, b +log, c+log, d d. logh-logk
log(a+b)—logc f. logg(x—y)—logg(u+v)
3lnx h. nlog7 1. 7
1 1 2
Elog7 x b. glogx gln Q
—3logx e. —glnu 2logT
2lna+1nbd b. logx+3logy
2lna+3Inb+4Inc d. 2log,x—3log,y
Ina+Inb—-9lnc f. 2logx+5logy—10logz
log, a—log, b—log, c b. 2lnx+Iny-lnw-3Inz
%logx—logy—logz d. 210ga+logb+%logc
5Inw+5Inx—-5Iny—-5lnz f. 210g5a+%10g5y—log5w—1og5x
1n§ log(12y) ¢ 1n(234) d. log¥t
2
In (7x%) log *< g. In-% h. log—%
bed N E
100 b. c. 1 d 8 e. 1
0 4 1. 2
T b. F F d T e F f F g F h F 1T
F k. F m. T n T o. T p. F q. F (tricky!)
T s. T
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14.

15.

16.

17.

18.

21.

=

23.

26.

M=4.6

M=5.9. Notice that this magnitude is only 1.3 Richter points higher
than the previous answer, yet the earthquake was 100 times more
powerful. Even a small difference in the Richter magnitude represents a
huge difference in the actual power of the earthquake.

-2
a. N Db. 56 c.a-b d. 25 e. Asis f. Undefined

x2 19. 0  20. loga+logb-1

31nx—lny—%lnz 22. ln(xz—yj

3 3[q2
log XN 24. They'’re all false. 25. 8.46
Jz
T b.F ¢ T d F e T F F h T
T 3. T F 1T m. F n o. T

“Nothing can stop the man with the right mental

attitude from achieving his goal; nothing on earth can

help the man with the wrong mental attitude.”

Thomas Jefferson

Ch 62 — The Laws of Logs



595

CH 63 — LOG FUNCTIONS

To better understand logs, it would be
nice to graph them; but to do that, we
need to express the log concept as a
function.

You learned how to perform operations like
squaring back in basic algebra. But it wasn’t
until later in your studies that you looked at
squaring as a function: a collection of inputs
and outputs where the output is always the
square of the input, and where each input

The decibel scale for
measuring the loudness of
sound is discussed at the
end of the chapter.

has exactly one output. This new function approach

led to concepts such as domain, notation like

f(x)= x2, and the parabolic graphs of the squaring

functions.

We do the same thing now with logs. We’ve learned

what the definition of log is, and we’re able to

calculate logs, using a variety of bases. Now it’s time
to formalize the concept of log in the parlance of

functions.

Ch 63 - Log Functions
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O DEFINITION

Let b be a positive real number not equal As with exponential functions,
to 1. Then the function the base, b, of a logarithmic

1s called the log base b function.

function satisfies the property:
y = log, x PTOPETY
b>0,b#1

Note that another way to describe what the base b can be is to say that b
must be in the interval (0, o) — {1}.

Homework

In the log function y = logb X, what real numbers can b be?

Let f(x) = log,x. Compute:

a. f(2) b. f4) ¢ fae) d. f(128) e. f(1)
f. f(%) g. f(%) h. f(0) 1. f(=1) - f(=2)

Let g(x) = log x. Compute:
a. g(10) b. g(1) c. g(0)
d. g(100) e. g(-100)  f. g(5550)

Let h(x) = In x. Compute:
a. h(0) b. h(1) c. h(e) d. h(e?) e. he'?)

f. he® g n&)  h h(/e) i, h(%) j. h(-e)

Note that there are a variety of log
functions, one for each valid value
of the base, b.
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d DOMAIN

From the previous Homework we extract three problems:

log2 (%) = -3 log0 1s Undefined In(—e) 1s Undefined

NOTE: What these three logs, along with the rest of the Homework,
should tell you is that the log function (for any legal base) is
defined only for inputs that are positive numbers; that is,
you can take the log of positive numbers only. Equivalently,
you can never take the log of 0 or any negative number. In

short,
The domain of the function y = log, x is x> 0.

[In interval notation, the domain 1s (0, ©).]

EXAMPLE 1. Find the domain of each function:

A. f(x) = logs(x+7)

We can take the log of positive quantities only; therefore,
we must solve the inequality x + 7 > 0, which implies that
x>-7. So the domain is

Interval notation: (=7, o

B. g(x) = log(x®—5x—14)
Again, we can take the log of positive quantities only. So

we must solve the inequality x? - b5x-14 > 0. Using the
Boundary Point Method, we solve the associated equation

Ch 63 - Log Functions
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and calculate the boundary points: x2-5x-14 =0 =
(x+2)(x—-7 = 0 = -2and 7 are the boundary points.

By choosing test points and checking them in the original
inequality, together with checking the boundary points, you
can verify that the domain is

Interval notation:

x<-2 OR x>17 (o0, =2) U (7, )

C. h(x) = In(25-x?)

2 > 0, we solve the equation

To solve the inequality 25 — x
to get the boundary points —5 and 5. When the test points

and boundary points are tested, the domain is

-5<x<5bH Interval notation: (=5, 5)

Homework

5. Consider the function y = ln(x2 —3x —10). Without actually

calculating the domain, determine which of the following are in
the domain of the function:

a.n b.-2 ¢ -10 d.0 e b5 f e g 12

6. Find the domain of each function:

a. y=log,,x b. y=log(8—-2x)
c. y=In(x?+2x-3) d. y=10g5(x2 —49)
e. y= loglz(x2 +1) f. y=log (100- x2)
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0 GRAPHING

EXAMPLE 2: Graph: y = log,x

Solution:
If x =8, then y=1log,8=3 (since 23 = 8).
If x =2, then y=log,2=1 (since 2! = 2).

If x=1/2, then y=log,1/2=~-1 (since 271 = 1/2)

Continuing in this way, and remembering that the domain of the
log function is x > 0, we can calculate the following ordered pairs
in the function. Plotting the points in the table and connecting
them with a smooth curve gives us the following graph:

N I PN ST g [ R NI TR P
|
—
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Let’s confirm what we said earlier. The graph seems to indicate
that the domain of the function is x > 0; that is, x must be a
positive real number.

As for intercepts, the table and the graph indicate that (1, 0) is
the only x-intercept. There is no y-intercept, since x can never
be 0.

Let’s look at some limits for this function. Check out the first
five points in the x-y table. As x grows larger and larger, so does
y, albeit rather slowly. As slowly as the graph rises, it
nevertheless rises higher and higher as x gets larger (tough to
see; just trust me). Therefore,

As x — o, y — o,

which can be written lim log, x = o.
X —>00

Now look at how the graph gets closer and closer to the y-axis as
x gets closer and closer to 0. Remember, even though x can never
be 0, that doesn’t prevent us from analyzing what happens to y
when x approaches 0. But, of course, looking at the graph (and
the domain of the function) shows us that x cannot approach 0
from the left because there’s no graph there, so we consider x
approaching 0 only from the right.

Now to the question: As x approaches O from the right, what does
y approach? It’s going down and down, so it appears to be
approaching —co. Here’s what we're saying:

As x - 0 (from the right), y —> —o0

The two limits discussed seem to give evidence that the y-values
take on all real numbers. In addition, the second limit indicates
that the function has a vertical asymptote at x = 0 (the y-axis).
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EXAMPLE 3: Graph: y=Ilnx

Solution:  Using a calculator when necessary, we can compute
the following ordered pairs for the function:

(f5,-2.3) (1, -.69 (1, 0)
e, 1) (5, 1.61) (8, 2.08)

These points, together with the conclusions of Example 2, yield
the following graph:

EXAMPLE 4: Graph: y = log(x+2)

Solution:  Note that this is a common log, base 10. We begin
our analysis of this function by finding the domain. To do this,
we create the inequality x + 2 > 0, which implies that x > -2.

The x-intercept is found by setting y to 0. This produces the
equation log (x + 2) = 0. Converting this to log form gives
10Y = x + 2, from which it follows that x = —1. Thus, the
x-intercept is (-1, 0).

To calculate the y-intercept, we of course set x to 0. This yields
the equation y = log (0 + 2), which produces a y-value of about 0.3.
Therefore, the y-intercept is (0, 0.3).
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We can find a few ordered pairs for our graph without a

calculator by letting x = —1%, 8, and 98:

(-155,-1)  (8,1) (98,2
We can use our calculator to find even more ordered pairs:
(-1.98,-1.7) (3,0.7 (5,0.8) (6,0.9)

[If you're smart, you’ll verify each of these ordered pairs.]

We can be pretty sure that the graph goes infinitely down, and
we’'ve already determined that log functions go infinitely up
(extremely slowly). From these facts, we see that all y-values are
obtained by the function. We can summarize these ideas with a
pair of limits:

As x > -2 (from the right), y —» —0

which can be written lim log,(x +2) =—o.
x—>-2"

Asx >0,y > o

As a final observation, we can see that the line x = -2 1s a vertical
asymptote, but there is NO horizontal asymptote.
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Homework

Prove that the graph of y = log, x eventually reaches a height
of 10. Hint: Find an x that yields a y of 10.

Explain why x cannot approach O from the left in the function
f(x) = logx.

Graph y = log (x — 1) and describe completely.

Graph the three functions Inx, In(x —2), and In(x +3) on the

same grid. Describe how the -2 and the 3 affect the graph of
Inx.

Find the domain and the vertical asymptote of y = In (x — 5).

Graph the three functions Inx, Inx +2, and Inx —1 on the same
grid. Describe how the 2 and —1 affect the graph of Inx. Note:

the expression Inx +2 means take the In first and then add 2.

Find the domain and the vertical asymptote of y = Inx + 9.

O LoG FUNCTIONS IN A NUTSHELL

Yy = logbx means X =b”

an Treal T _ positive
Y positive,
number 21

b e (0, ) — {1}

Domain = (0, «)
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Homework

14.  Let y=log, x. True or False?

a. x must be a non-negative real number.
b. y can be any real number.

c. bcould be 1.

d. The domain of the function is [0, o).

e. y can be any real number.

f. The equation is equivalent to b* = y.
g. The graph of the function lies in Quadrants I and II.
h. x could be 1.

1. ycould be 1.

j. Asx— oo,y — 0.

k. As x - —0, y — nothing at all.

I. Asx— 0 (from the left), y — —oo.

m. As x — 1 (from the right), y — 0.

n. As x - 1 (from the left), y — 0.

0. x must be a positive number.

p. b could be 0.

q. b could be negative.
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O THE DECIBEL SCALE

Named after Alexander Graham Bell, the decibel scale is a measure
of the loudness of sound waves. If I is the intensity of the sound,
measured in watts per square meter (W/mz), then the number of
decibels 1s given by

_ I
D =10 log(lo_lzj.

[The denominator 10_12, or 0.000000000001, is the intensity of the
softest sound the human ear can detect.]

Calculator Hint: On a TI-30, to enter a number like 7.3 x 1013, first
press 7.3, then press the “EE” button, and then press 13. To enter the
number 10_12, press 1, then EE, then 12, and then +/-.

EXAMPLE 5: The sound produced by a jet engine has an
intensity of 8.3 x 102 W/m2. Find the decibel

value of this sound.

Solution:

— 1
D = 10log (10_12j

2
= 1010g(—8-3X}20 J
10

= 10log(8.3 x 1014) (bring up the negative exponent)

= 10(14.919)

= 149

The jet engine sound has a value of

149 decibels
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17.

18.

19.

20.

21.

22.

Homework

15. Find the decibel value of a whisper whose intensity is
5.2 x 1071° W/m?.

16. Find the decibel value of each sound whose intensity is

given:
a. 1.0 x 1072 W/m? b. 2.3 x 1077 W/m?
c. 6.3x 1077 W/m? d. 8.7x107° W/m?

Review
Problems

Describe the legal values of b in the function f(x)=log, x.

If f(x) = log,x, calculate f(1024) + f(1/8).
If g(x) = logx, calculate g(1000) — g(0.01).
If h(x) = 1ln x, calculate h(eG) + h(1) - h(%).
d. Calculate f(512) + g(1 million) + A(e)

IS

o

Find the domain: f(x) = log(35—"7x)
Find the domain of y = In(x? —144).

Prove that the function y = log,(x—2) has no y-intercept.

If y = log, (7x-21), find x if y = 2,
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Graph: y = In(x—2) State any intercepts and asymptotes.

Let f(x) = Inx and g(x) = In(x—-3)+4. Describe the graph of g
relative to the graph of f.

Consider the function y=1Inx. Find the following limits:

a. Asx > oo,y —>

b. Asx —> -0,y >

c. Asx — 0 (from the right),y > __
d. Asx — 0 (from the left),y >

Use the formula D = 1010g[ ! - 2) to find the decibel level of a sound
10

whose intensity 1s 7.2 x 107° W/m?2.

True/False:

a. The base of a log function can be any positive real number.

b. The base of a log function can be any positive real number
except 1.

c. The domain of the log function y =log, x 1s x> 0.

d. If g(x) = log,(x +10), then g(22) = 5.
The domain of the function y = log6(x2 —25)1sx<-5 OR x > 5.
The x-intercept of the graph of y = log(x +2) 1s (-1, 0).

The graph of a log function has a horizontal asymptote.

5o0e O

The graph of a log function has a vertical asymptote.
The graphs of f(x) = In(x+3) and g(x) = Inx +3 are identical.

— e

If the intensity of a sound is 2.765 x 102 W/m?2, the decibel value
for that sound is about 154.

e
.
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Solutions

1. b, the base of the log function, can be any real number greater than 0 but
not equal to 1. Thatis, b >0, b # 1. [This is exactly the same as what b

is allowed to be in the exponential function y = b%.]

2. a. 1l b. 2 c. 4 d. 7 e. 0
f. -1 g. -3 h. Undefined 1i. Undefined j. Undefined

3. a1 b. 0 ¢. Undefined d. 2 e. Undefined f. -3

4. a. Undefined b. 0 c. 1 d. 2 e. 10
f.x g -1 h i. -1 j. Undefined

Do [

5. c¢. and g. only, since the quantity x? — 8x — 10 must be > 0.

6. a. x>0
b. 8-2x>0 => -2x>-8 => x<4
c. x<-30R x>1
d x<-7O0R x>7
e. R
f. -10<x<10

7. Setting 10=log, x = x= 210 =1024

8. The domain of log x 1s x > 0. And x can’t approach O from the left because
x can’t be negative; that is, there’s no graph to the left of the origin.
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The domain 1s all real numbers greater than 1: x> 1.

The x-intercept is (2, 0).

There i1s no y-intercept.

There’s a vertical asymptote at x = 1.
There 1s no horizontal asymptote.

Some important limits:
The limit as x — 1 (from the left) does not exist.
As x — 1 (from the right), y —> —o.

Asx — o0, y > .

The -2 shifts the graph of Inx two units to the right.
The +3 shifts the graph of Inx three units to the left.

11. Domain: All x> 5, or (5, ) Vert Asy: x=5
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12.

4
3] lnx+2
2
1

The +2 shifts the graph of In x two units up.
The -1 shifts the graph of In x one unit down.

13. Domain : All x> 0, or (0, ) Vert Asy: x=0

14. a. F b. T c. F d. F e. T f. F g F hhT 1T
j. F k. T 1. F m. T n T o. T p. F q. F

15. 27 decibels

16. a. O b. 33.6 c. 58 d. 79.4

17. b>0,b=#1

18. a. 10+(-3) = 7 b. 3-(-2) =5 c. 6+0-1/3 = 17/3

d 9+6+1 = 16
19. x<5 20. x<-12 OR x>12

21.  Setting x = 0 yields log,(~2), not defined. Therefore, no y-intercept.

22. 2 = log(Tx-21) = 7Tx-21 =5 = «x = 476
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23.

x-int: (3, 0)

o 1 2 /3 a4 5 6 1 8 9 vert asym: x =2

24. g is obtained by moving f 3 units to the right and 4 units up.
25. a. © b. Does not exist c. —oo d. Does not exist

26. 78.6 decibels

27. a. ¥ b. T c. T d. T e. F
f. T g. F h. T 1. F j. T
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Knowledge is the eye
of desire
and can become the

pllot of the soul.

WILL DURANT, AMERICAN WRITER, HISTORIAN, AND PHILOSOPHER
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CH 64 — LOG EQUATIONS

D l ow that we have the laws of logs at our
disposal, we can solve equations containing

logs. We will also revisit the Richter scale, the pH

scale, and the decibel scale.
Decibel Scale

O REVIEW OF THE LOG FUNCTION AND LAWS OF LOGS

Some log equations can be solved by 5

mspection. For instance, the solution
of the equation logx =2 is x = 100, <

since log 100 = 2. But some others aﬂ' @
aren’t so easy. The key to solving log i@

equations will be the conversion from Richter Scale
a log expression to an exponential expression; this conversion is

none other than our definition of log:

pH Scale

log,x = y means &7 = x

In addition, let’s restate the 1st and 2nd laws of logs — these will also

be used in this chapter:
First Law of Logs: logb(xy) = logbx - logby

Second Law of Logs: 1ogb %} = logbx — logby
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O LEVEL ONE EQUATIONS

EXAMPLE 1:

Solution:

U

EXAMPLE 2:

Solution:

U

EXAMPLE 3:

Solution:

be e.

Solve for x: loggx-2 = 0

log8 x—2 =0 (the original equation)

log8 x = 2 (begin to isolate the x)

82 =y (change to exponential form)
x = 64 (calculate the value of x)

Solve for y: log(8y+5) =1

Note: This is the common log, base 10.

log(By+5) =1 (the original equation)
10! = 3y+5 (change to exponential form)
3y+5 =10 (rearrange and simplify)
3y = 5 (subtract 5 from each side)
y = g (divide each side by 3)

Solve for x: In(7-4x) = %

In is just another log, and its base is understood to

In(7-4x) = % (the original equation)

eM? = 7 4x (convert to exponent form)
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= —4x+7 = \/g (flip the equation around)

= —4x = \/g -7 (subtract 7 from each side)
e—"7 .. .

= X = 1 (divide each side by —4)

= X = e \/z (multiply top and bottom by —1)

We can use a calculator to approximate the solution as 1.338.

Homework

1. Solve each log equation:

a. loggx = 2 b. log.x = 3

c. log,x = % d. logzx = -4
e. log.(x+2) =1 f. log(2x—-1) = 2
g. Inx =3 h. In(x-1) =1
i. In(Bx-5) =0 i. In(2x+5) = i
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O LEVEL Two EQUATIONS

EXAMPLE 4: Solve for x: logx+1log2 = 3

Solution: Be honest — you don’t like logs, and this equation has
two of them 1n 1it! But we have a way out, using the first law of
logs: log(ab) = loga+logb

Let’s begin:
logx+1log2 = 3 (the original equation)
= log(2x) = 3 (first law of logs)
= 10% = 2x (exponent form — base is 10)
= 2x = 1000 (rearrange and simplify)
= x = 500 (divide each side by 2)

EXAMPLE 5: Solve for n: log (n—-3) = log 5 +4

Solution:  For this problem, the second law of logs,

log% = loga—logb, comes into play:

log(n—-3) = logh+4 (the given equation)
= log(n-3)—logh = 4 (bring the logs together)
= log(n?_‘g) =4 (second law of logs)
- 10* = 2= 3 (convert to exponent form)

= n-3 = 5(104) = 50,000 (multiply each side by 5)

= n = 50,003 (solve for n)
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Solution:

L
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As a quick check, note that if we plug 50,003 into the original
equation, we are taking the log of a positive number —a
good sign, since the log of a negative number or zero is
undefined. Using a calculator, we can compute the
following:

log(n—3) = log5+4

log (50,003 —-3) = log5+4
log (50,000) = log5+4
4.69897 = 0.69897 + 4
4.69897 = 4.69897 V'

Solve for z: logz+log (z+15) = 2

Let’s just do it:

logz+log(z+15) = 2 (the given equation)

log [2(z+ 15)] = 2 (the first law of logs)
log (z% + 152) = 2 (distribute)

102 = 2% + 15z (change to exponent form)
22 +152-100 = 0 (put in quadratic form)
(z+20)(z-5) =0 (factor)

z =-20 OR z=5 (set each factor to 0)

That yields two potential solutions, but only checking will tell
which, if either, will work in the original equation:

z=-20: Immediate meltdown:
logz+log(z+15) = 2
log (—20) + ... we can stop here;
this log is undefined; thus, —20 fails.
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z=5: It might work. Using a calculator:
logz+log(z+15) = 2
log5+log (5+15) = 2
log5+1log20 = 2
0.698970004 + 1.301029996 = 2
2=2V

N
I}

Thus, the final solution to the equationis | 2 = 5

EXAMPLE 7: Solve for x: log,(x+5) = 3+log,(x-2)

Solution: Notice that the base of the log is 2, but the equation
1s really no more difficult than if it had a base of 10.

log,(x+5) = 3+log,(x—2) (the original equation)

= log,(x +5)—log,(x—2) = 3  (bring the logs together)

= 10g2 (x +5) _ 3 (the second law of logs)
x—2
3 _ x+5
= 2° = v_9 (change to exponent form)
= 8 —-16 = x+5 (clear the fraction)
= Tx = 21 (subtract x and add 16)
= x =3

To check our candidate, x = 3, we see that we won’t be
able to use our calculator, since log base 2 is not on
the machine:

log, (x +5) ? 3 +log,(x —2)
log,(3]+5) 2 3+log,(3]-2)
log28z 3+log, 1

3 z 3+0

3=3 V
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EXAMPLE 8: Solve forx: Inx2+Inx+In7 = 3

Solution:  For this log equation, notice that the log has the
understood base of e.

Inx?2+lnx+In7 = 3

= In (:)C2 cx-7) =3 (sum of logs = log of product)
= In(7x® =3 (simple algebra)

= e = 7x3 (change to exponent form)
= x% = (divide each side by 7)

U
8
I
[°Y]
m \]|®w

(take the cube root of each side)

3/ 3

-  x = ;F (split the radical)
7

= x = % (simplify the top)

An approximate answer, given by the calculator, is 1.421.

EXAMPLE 9: Solve fora: Ina = In(a+5)—-4

Solution: Ina =In(a+5)-4 (the original equation)

= Ina-In(a@+5b5) = -4 (subtract In (a + 5))
= ln( a j = -4 (second law of logs)
a+b
a _ 4
= = e (convert to exponent form)
a+b
a _ 1 .
= = = (convert exponent to fraction)
a+d

Ch 64 — Log Equations



620

(cross-multiply)
(subtract a from each side)

(factor out the variable)

(divide each side by e* - 1)

Homework

Solve each log equation:

2.

4.

10.

11.

12.

logy+log3 = 4

log,(w+1)-logsw = 3

log(2x+1) = 1-1log (Bx—4)

In(x+2)—In(x-3) = 2

log,, x? + log, x +log,3 = 5

Solve each log equation:

a. lInx+1Inb5 = 2

c. log,(y+1)—log,y = 4

e. log (8x+1) = 2-log.(x—2)

g. log, n? +log,n+log, 7 = 2 h.

Check your solution to problem 11h.

N

Inz =1+Inb
log u + log (u + 246) = 3
log (2x+ 1) —log b5 = logx

Inx-In(x+5) = 4

loga = 2+1log3
log(u+24)+log(u+3) = 2
In(2x)—In(x-1) = 4
log(5—x)+log(x+15) = 2
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0 LoG APPLICATIONS REVISITED

Now that we can solve equations containing logs, we will go back to our
formulas for pH, decibels, and Richter numbers and solve more
problems. Here are the three formulas from previous chapters:

pH = —log[H"] where [H'] is the hydrogen ion

concentration in moles/liter

D = 10log [10+12j where I is the intensity in watts/m?
2 E : .

M = Zlog| ——— where FE is the energy in joules
3 [2.5 x 104J

EXAMPLE 10: If the pH of an acid is 2.3, find the hydrogen ion

concentration.

Solution:  To simplify the symbols, let’s use just the letter H to

represent the concentration.

pH = —logH
= 2.3 = —logH
= logH = -2.3

= H = 10723, and so the concentration is

approximately

0.005 moles/liter
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EXAMPLE 11. A certain sound has a decibel value of 85. Find

the intensity of the sound.

Solution: D = 101og( Il2j
10~

= 85 = 1010g( I j

_ 1
= 85 = log(lo_mj
I _ 1,85
= 012 =10

= I =10"12x10%°

= I =1073°

— | I = 0.00032 W/m?

EXAMPLE 12: An earthquake had a Richter magnitude of 6.

Find the energy release in joules.

Solution:
2 E
- el
3 2.5x10%
= 6 = %bg (LJ (we need to solve for E)
2.5x10
= 9=1lo E I ] 3
= log " (multiply each side by <)
2.5x10 E
= E__ - 10° (definition of log)
2.5x10

- E =10°%x25x10* = | E = 25x10J
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22.

23.
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Homework

13. The pH of a strong base is 12.3. Find the hydrogen ion
concentration.

14. Find the intensity of a sound wave whose decibel value 1s 50.

15. Calculate the energy released in an earthquake of magnitude 4.5
on the Richter scale.

16. The pH of a weak acid is 5.8. Find the hydrogen ion
concentration.

17. Find the intensity of a sound wave whose decibel value is 100.

18. Calculate the energy released in an earthquake of magnitude 7.8
on the Richter scale.

Solve for x:

Solve for x:

Solve for x:

Solve for x:

Review
Problems

log,(x+4)—logsx = 4
Inx®+Inx?-Ilnx-2 = 0
log(x—-3) = logx—3

log,(x +14) = 5—-log, x

a. Find the hydrogen ion concentration of a base with pH = 12.
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b. Find the intensity of a sound whose decibel level is 40.

C.

Find the energy released in an earthquake of Richter 3.

24. True/False:

a. The equation log,x = 0 has a solution.
b. The solution of In(7-4x) = Ligw =1,
2 14 - 8x
c. The solution of logx +1logh = 4 is x = 2000.
d. The solution of log,(x +1) —log,(x—1) = 3 is x = 14/13.
e. The equation logn = 2-log(n+15) has two solutions.
, 10
f. The solution of Inx®+Inx? +lnx+1n2 = 10is x = § 67 .
g. If an acid has a pH of 2.5, then its hydrogen ion concentration is
0.02 moles/liter.
h. The intensity of a sound whose decibel level is 125 is

3.1623 W/m?.

1. If the Richter magnitude of an earthquake is 9, then the energy

release is 7.9057 x 107 joules.

Solutions

1. a 36 b. 125 ¢ 2 d é e. 5
4/, _
g 101, 3 h. e+1 i 2 ;. -5
2 2
10,000

3. be, whichis~13.5914 4. L

5. —2501s an extraneous solution; the solution is {4}.
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You should reach the quadratic equation 6x2 — 5x— 14 = 0, whose two

solutions are 2 and —%. Only 2 works.

1
3

In(x+2)-In(x-3) = 2 = In¥*+2 _ 9 - x+2 _ ;2

x—-3 x-3
= x+2 = e’x-3¢? = x-e’x = —3e2-2
2 2
= x(1-e€?) = —3e2-2 = x = =3¢ ;z,or e +2
2
1-e e” -1
4
x = o€ 1 is the solution obtained by following the rules. The problem
l1-e

1s that this value of x is negative. Placing this value of x into the original
equation yields an error; the final solution is therefore &, a notation that
indicates No Solution.

You should get the equation 3x>

Solving for x gives 3/ or 9 \/7 or

2
e 1
a. = b. 300 c. ix d. 1
4
e. 3 £ g 32 h. -5
et -2 7

We suppose that x = -5 1s a solution of log(5 —x) +1log(x +15) =
Placing —5 in for x in the original equation, log(5 —x) +1log(x +15) =
gives
log (5—-(-5)) +1log(-5+15) = log(5+5) +log(-5+15)

logl0+1logl0 = 1+1 = 2 It works. ©
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13.

15.

17.

19.

21.

23.

24. a.

5.01 x 10~ 13 moles/liter
1.41 x 101! joules

0.01 W/m?

14.

16.

18.

20.

10”7 W/m?
0.000001585 moles/liter

1.253 x 1016 J

x=+Je

22. x=2

b. 1x10°8 W/m? ¢ 7.91 x 10® joules

“Education 1s what

survives when what

has been learned has

been forgotten.”

BF Skinner
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CH 65 — EXPONENTIAL
EQUATIONS, WITH LOGS

hen we studied the growth and decay formula

a while back, we found that we had no way to
determine the growth rate or the amount of time.
The chapter The Laws of Logs will give us the nec-
essary tools.

0 EXPONENTIAL EQUATIONS

A = Aoekt

The exponential decay of
radioactive elements allows
us to determine the age of

dinosaur bones.

Remember the hassles in the chapter we encountered in trying to solve
the exponential equation 3* =5? We had to use a calculator to guess
an answer, and then adjust and guess again, and so on, until we had a
couple of digits of accuracy. We're now ready to solve this problem

more efficiently.

EXAMPLE 1. Solve for x: 3*=5

Solution: The variable is in the exponent. This is a dilemma —
how do we get the unknown out of the exponent so that we can
solve for it? Do you recall the third law of logs? It states that
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X =

log, a xlog, a

It allows us to move the exponent to the front (making it a
coefficient), but only if we're taking the log of an expression. So
the procedure here will be to take a log (we’ll choose /n, since it’s
on your calculator and In is used in calculus), bring down the
exponent, and then solve for it.

3¥ =5 (the original equation)
= In3* =1n5 (take the In of both sides)
= xIn3 =1Inb (the third law of logs)
_ Inb .
= x = —= (simple algebra — solve for x)
In3
= x = 1.609437912 (use your calculator)

1.098612289

= x = 1.464973521

When we did this problem by guessing with a calculator, a lot of

work produced a guess of 1.465. Clearly, our new method is

superior. Note that the true answer, x = In5 45 an irrational

In3’
number, while the answer in the box is a rational approximation
of the true answer.

EXAMPLE 2: Solve for n: 23"%2 = 7

Solution:
93n+2 = 7 (the given equation)
= 1n2*2 = In7 (take the In of each side)
= Bn+2)In2 = In7 (third law of logs)
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[Notice the parentheses around the 3n + 2]

= @BIn2)n+2In2 = In7 (distribute)

= @BIn2)n = In7-2In2 (subtract 2 In2)

= n = In7-2In2 (divide each side by 3 In 2 to
3In2

get the exact answer)

= n = 0.269118307 (use your calculator to get

a rational approximation)

EXAMPLE 3: Solve for a: 523 = ¢*1

Solution:

5203 = gatl (the original equation)
=  1n5%93 = Ine?"! (take the In of each side)
= (2a-3)Inb = (a+1)In6 (third law of logs)
= 2aIn5-3In5 = aln6+In6 (distribute)
= 2alnb5—-aln6 = In6+3In5 (variables to the left and

constants to the right)
= a(2In5-1n6) = In6+3In5  (factor out the variable)
— q = In6+3In5 (divide to isolate the )

2In5-1n6

This is the exact answer. A rational approximation would
be a = 4.638776075.
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Homework

Solve each equation and round your answers to the nearest ten
thousandths place:

1. 2% = 179 2. 57 =3 3. g1 = 5
4. 32+1 — 83—2’ 5 350 — 7100 6 e3x+4 — 25
7. 3" =43 8. 7 =9 9 ¢ =2"

O THE GROWTH AND DECAY FORMULA REVISITED

The growth and decay formula

A :Aoekt

worked just fine before, when we were searching for either the starting
amount, A0 , or the final amount, A. But when the unknown was in the
exponent (the & or the t), we were stuck. Now we’re not stuck.

EXAMPLE 4: Assuming an initial population of 7500, a final
population of 12,000, and a time period of 7

years, find the annual growth rate.

Solution:  We will write the growth formula, substitute the
given values, and then solve for the unknown k:

A = Aoekt (the growth formula)
= 12,000 = 7500 e (substitute the given values)
= e7k = 12,000 (isolate the e7k)
7500
= et =16 (calculator)
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= Ine’® = Inl.6 (take the In of each side)
= Tklne = Inl.6 (the third law of logs)

—~ 7k =1nl.6 (ne=1)

- k= 1“% (solve for )

= k = 0.067 (calculator gives a decimal)

And therefore the annual growth rate is

6.7%

EXAMPLE 5: How long will it take for an investment of
$10,000 to reach a total of $32,000 if the interest
rate is 7.3% per year compounded

continuously?

Solution: The phrase “compounded continuously” justifies the
use of our growth formula.

A = Aoekt (the growth formula)

= 32,000 = 10,000¢%073 (remember: 7.3% =.073)

32,000 _ 10,000¢%073

= 10.000 10,000 (divide each side by 10,000)
= 0073 — 3.9 (simplify and reverse)

= Ine®073 = In3.2 (take the In of each side)

= 0.073t = In3.2 (third law of logs & In e = 1)
= t = én037§ = 15.933 (solve for t)

Thus, the amount of time it will take to reach the goal is

15.933 years
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EXAMPLE 6: A population is growing at 13% per year,

compounded continuously. How long will it
take for the population to triple?

Solution: It would appear that the answer should depend on
the starting or ending population. But an interesting aspect of
the exponential growth/decay formula is that it doesn’t matter. If
it takes 10 years for the population to triple from 12 to 36, then it
takes the same 10 years for the population to triple from 5,000 to
15,000. The following calculations should prove this.

A = Aoekt

36 = 12¢0-13 15,000 = 5000¢0-13

In each case we divide by the initial population:

36 _ ,0.13¢ 15,000 _ ,0.13t
12 5000
g = 0131 g = 0131

Note that under either scenario we arrived at exactly the same

equation:
Q018 — g
= Ine"® = 1n3
= 0.13t = In3
= = % = 8.45

Therefore, the amount of time needed for the population to triple,
regardless of the actual populations, is approximately

8.45 years
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Half—life The half-life of a radioactive substance is the time required for half

of the material to disintegrate into energy and other particles,

which therefore means it’s the time it takes for the final amount of
the substance to be half of the starting amount. For instance, start
with 100 grams of plutonium, and assume the half-life is 7 years.
After 7 years, 50 g remain. After another 7 years, 25 g remain.
Another 7 years and 12% g remain, etc., etc. The concept of half-
life also pertains to the time it takes for the amount of medication

remaining in the body to be half of its starting amount.

EXAMPLE 7: Find the half-life of a radioactive substance

which decays at an annual rate of 9%.

Solution:  Recall the preceding example on tripling the
population. It didn’t matter whether we went from 12 to 36 or
from 5,000 to 15,000 — the tripling time was the same either way.
In the same manner, the half-life of a substance does not depend
on the starting and ending amounts, as long as the ending
amount is half of the starting amount. We can prove this general
statement by using variables instead of numbers for the starting
and ending amounts.

Let’s assume a starting amount of A, grams. When half of it
decays, the remaining amount is half of A, or %AO. In other
words, A = %AO .

A = Aoekt (the growth/decay formula)
= %AO = Aoe—0.09t (note: k is negative)
= 5=t (divide both sides by A, )
= ln% = Ine 0.09¢ (take the In of each side)
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10.

11.

12.

13.

14.

15.

16.

= -0.09t = ln% (simplify and flip the equation)
Inl
_ 2 _
= t = — 0.09 7.7

And thus the half-life of the substance is about

7.7 years

Homework

In the growth formula A = Aoekt , solve for
a. A, b. & c. t

Find the interest rate if an investment of $7200 reached a total of
$18,000 in 5 years.

If the population is growing 9% per year, how long will it take for
a population of 25,600 to reach a population of 100,000?

How long will it take for a population to double in size if the
growth rate 1s 18% per year?

Find the half-life of a radioactive substance whose annual decay
rate is 23%.

At an annual rate of 8%, how many years will it take for you to
quadruple your money?

The decay rate of a radioactive substance is k (where k < 0).

Prove that the half-life of the substanceis ¢t = %
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21.

23.

24.

25.

26.

27.
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Review
Problems

Solve fora: 5% = 3 18. Solve forx: T = Toeax

Solve for x: 73%~1 — 96-5x 20. Solve for n: 22n+3 = g4-on
Solve for b: 30 = 9b+1 22. Solve for x: 10714 =1

Find the annual growth rate if a population increased from 2000 to
7,500 in a period of 9 years.

$25,000 is invested in a money market account paying 9.5% per year
compounded continuously. How many years will it take for that
Investment to reach a total of $75,000?

How long would it take a population to quintuple in size if the growth
rate is 12.7% per year?

Find the half-life of a substance whose annual decay rate is 6.3%.

True/False:

a. The solution of the exponential equation 6* = 4 is about 0.774.

In1.75
In8

c. Ifit took 12 years for the population to increase from 500 to 2,250,
then the annual growth rate was 20%.

b. The exact solution of the equation 2342 _7 = 0 is

d. If the amount in the 7%/year continuous compounding savings
account went from $7,500 to $14,000, then the time span was about
8.916 years.

Ch 65 — Exponential Equations, With Logs



636

e. A population is growing at 23% per year compounded
continuously. It should take about 1.76 years for the population
to grow 50%.

f. The half-life of a substance which decays at an annual rate of
1.3% 1s about 35 years.
g IfA=Ae thent = 1ln4 .
0~ 7 kA,

1. 6.1699 2. —0.6826

3. 31l -5 = @) =In5 = (Arn-1)In3 = In5
lni5+1
= n = ID3T ~ .6162

4. 1.6173

5. 8% = 710¢ - In@®) = In(7%) = 5cln3 = 10cIn7
= 5¢Iln3-10cln7 = 0 = ¢(5In3-10In7) = 0

_ 0 _
= ¢ = fm3_tom7 = ¢~ 0

6. -0.2604 7. -3.4236 8. 1.2146 9. -13.5533

b. A= Attt — A _ Gkt lnAA:Inekt
0

InA-1InA
kh=— "0
t
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lnA—lnA0

. t
¢ A

11. 18% 12. 15 yrs 13. 3.9 yrs 14. 3yrs 15. 17.3 yrs

16. A = Aoekt. We assume that the final amount is half of the starting
amount: A = %AO. Also assume that £ <0, since it’s a decay problem

and not a growth problem.

lag = A = Inl=1Ine®” = kt =Inl-In2
2770 0 2

= t = O_Tlnz = t = _122 Q.E.D.

InT -1InT
17. o =103 | 06826 18, x=_—— 0
In5 a

_ 6In2+In7 _ _ 4In3-3In2 ~

19. «x = 307 1BIng ~0.6562 20. n 9In2+5In3 0.3365
In2 _
21. = _—<2 = 0. 22. x=2
b 319 0.3005 X

23. k=14.7% 24. 11.56yrs25. 12.67yrs 26. 11 yrs

27.a. T b. T ¢ F d T e T fF g. T
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[t’s better to light a candle
than to curse the darkness.

Chinese proverb
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CH 66 — RATIONAL FUNCTIONS

Remember what we call a number like
%? This is called a rational number
because it is the ratio of two integers. In a
like manner, a rational function is the ratio
of two special functions called polynomial
functions. Since a rational function is
essentially a fraction, we will have to avoid
dividing by zero, which means the domain
of a such a function may not be all real numbers.

O POLYNOMIAL FUNCTIONS

Each of the following is a polynomial function:

y =17 (a linear function — it’s a horizontal line)

y = —3x+ \/5 (a linear function — it’s a line with slope = -3)
y = 2x% —x+9 (a quadratic function — it’s a parabola)

ft) = ‘\1/5153 — 2 (a cubic function)

Pw) = - rw* + 50w + 8 (a quartic function)

Q(a) = %a5 —4a+1 (a quintic function)

The key to any polynomial function is that all the exponents on the
input variable come from the set of whole numbers: {0, 1, 2, 3, . . .}.
The coefficients (the numbers in front of the variables), on the other
hand, can come from anywhere in R, the set of real numbers.
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Consider the quartic (4th degree) polynomial function

y = —2mx* —%x3+9.2x+\/§

First look at the exponents; they are all whole numbers. Notice that
the x in the term 9.2x has an understood exponent of 1. Even the last
term, /2, can be written as ﬁ x0 , and so even the exponent on this
last term 1s a whole number.

Thus, all the exponents on the x’s (4, 3, 1, and 0) come from the whole
numbers, while all the coefficients (-2, —%, 9.2, \/5 ) come from R.
Considering the definition of polynomial function, the given function is

indeed a polynomial function.

Each of the following is not a polynomial function:

y = % (% =x ' and -1 is not a whole number)

y = xj; (\,/; =x""? and % 1s not a whole number)

f(x) = % (% =x "% and —% is not a whole number)

g(x) = ‘x — 1‘ (no absolute values allowed around the x)

E(x) = 2F (since x 1s in the exponent, it can be any number)

T(x) = sinx (it’s on your calculator, but it’s not a polynomial function)

y = logx (a log function can never be a polynomial function)

x2 + y2 = 25 (it’s a circle — it’s not a function of any kind)
Homework

1

(Xx—17.5 is a polynomaial

1. Explain why y = e® =23 +

function.
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2. Explain why A(x) = i”/gx‘L —2x +% 1s not a polynomial

function.

3. The highest exponent on the variable in a polynomial function is
called its degree. Find the degree of each polynomial function:

a.y =mxn b.y=x3—17x2+8

c. yzﬁs—%xlo d y="7x+5
a. What is the domain of any polynomial function?
b. T/F: Every parabola is a polynomial function.

c. T/F: Every non-vertical line is a polynomial function.

oL

. T/F: Every line is a polynomial function.

O RATIONAL FUNCTIONS

A rational function is defined to be the ratio of two polynomial

functions. If P and @ are polynomial functions, then R = P isa

Q

rational function. A typical example of a rational function is

2
y = 3.9xx:’;x —9 (a quadratic function over a linear function).

EXAMPLE 1: Graph: Yy = ﬁ

Solution:  Since y is the ratio of a constant polynomial function
and a linear polynomial function, we know that y is a rational
function.

We begin our analysis of this rational function by determining
the domain. In order that the fraction be defined, we must not
divide by zero. What value of x makes the denominator zero?
The value x = 2 will. (Just set x — 2 =0 and solve for x.)
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Therefore, the domain is all real numbers except 2; that is, the
domain is R — {2}.

Intercepts come next. If x =0, then y = 01—2 = —%. Thus,

o, - %) is the y-intercept. To find an x intercept, set y = 0. This

gives 0 = 1 = 0(x-2) = L (x-2 = 0 =1, which
x—2 x—2

has no solution. Thus, there are no x-intercepts.

Now for some ordered pairs that satisfy the formula y = %:
x p—

X y If we plot these points and connect them with a
1 smooth curve, we would get the following graph:
-3 5
1
2 4 “ N
1 ™ 11
_1 —g -
il 0| 1 2 3 4 5 6 7 8
0 -1 f h
2 |
1 -1
2 Und.
3 1 What some students do at this point is to lazily
1 connect the points (3, 1) and (1, -1) with a
4 2 straight line. Talk about jumping to
5 % conclusions! Our domain of R — {2} implies that
1 x cannot be 2 in this function; the straight-line
6 4 trick won’t work. So we agree that a major
7 1 chunk of the graph is missing. How do we get a
5 better picture of the graph? We try some
x-values that are near 2:
(13,-2) (13,-4) 1£, -8
(23.2) 25,9 (23,8
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Adding these points to our previous attempt at a graph gives us a
much better picture:

S

w

[l

&)

(3]

This graph has some real cool limits. Suppose we let x
approach . The y-values are positive (the curve is above the
x-axis), but are getting smaller and smaller, approaching zero.
Thus, as x > o,y = 0. [This can be read: “As x grows infinitely
large, y is getting closer and closer to 0.]

Now let x approach —. The y-values are negative but are rising
toward zero. Therefore, as x - —0,y —> 0.

The number 2 seems to be an interesting x-value. Although x can
never be 2 in this function, it looks like the curve is getting closer
and closer to the vertical line x = 2. In fact, if we let x approach 2
from the right, the curve is growing taller and taller, and so we
have the limit: As x &> 2 (from the right), y - . [This can be
read: “As x gets closer and closer to 2, approaching 2 from the
right (meaning values larger than 2), y is growing infinitely
large.]

Now let x approach 2 from the left. This time the curve is
dropping rapidly, toward negative infinity. This observation
yields the limit: As x —» 2 (from the left), y — —oo.
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Let’s summarize the four limits we’ve deduced:

¢ Asx— o0,y —0. limy =0
X —> 0

¢ Asx—> -0,y —>0. lim y =0
X —>—00

¢ Asx — 2 (from the right), y — oo. lim y = o
x—>2"

¢ As x — 2 (from the left), y — —o0. lim y = —©
x—>2"

Do you see that as you move far to the right or far to the left, the
curve gets closer and closer to the x-axis? We say that the line
y = 0 (which is the x-axis) is a horizontal asymptote.

Now look at the region of the graph near x = 2. The curve gets
closer and closer to the vertical line x = 2 (in fact, on both sides of
the vertical line). We call the line x = 2 a vertical asymptote.

EXAMPLE 2: Graph: y = 2x-1

x+2

Solution: First we find the domain. Recall that this function

will be undefined when the denominator is zero, which occurs
when x = —2. Thus, the domain is R — {-2}.

Now let’s explore the intercepts:

- _20-1 _ 1 S 8 y-] _1
If x=0, then y= 0:s - o There’s a y-intercept at (0, 3) -
Ify=0,then 0 = 2*=1 = 9y 1-0 = x=1 So@,0)is

xX+2 2 2

an x-intercept.

It’s time for some more ordered pairs for this function. Use your
calculator to verify each of the following:

-1, -3) (1, 0.33) 3, 1) (5, 1.29) (10, 1.58)
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(15, 1.71) (20, 1.77) (100, 1.95) (1000, 1.995)

What’s happening as x grows very large? It appears that yis
approaching 2. That is, as x > o,y > 2.

Now we’ll let x go the other direction:
(3,7 (-5, 3.67) (-10, 2.63) (-20, 2.28)
(=100, 2.05) (-1000, 2.01)

These points show that as x > —0, y > 2.

Finally, here are some ordered pairs for x’s near —2 (the only real
number not in the domain):

(-1.5,-8) (-1.9,-48)  (-1.99, -498)
Thus, as x > -2 (from the right), y —» —oo.

(2.5, 12) (2.1, 52) (-2.01, 502)
So, as x > -2 (from the left), y — .

Plotting as many of the calculated points as possible, including
the two intercepts, and considering the four limits we've found,

the following graph emerges:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(0. 20.35)

The graph is the two
curvy pieces. The
two dashed lines are
the asymptotes.

S P A A T e IS T T T Y e e
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EXAMPLE 3: Graph: y - —4

We can now be reasonably sure of the asymptotes (denoted by
the dashed lines). Either by recalling the limits described above
or by looking at the graph, we conclude that there’s a vertical
asymptote at x = -2 and a horizontal asymptote at y = 2.

1+ x2

Solution:  Why is this function rational? Because it’s the
P

ratio = of two polynomial functions: the constant polynomial

Q
P(x) = 4 and the quadratic polynomial Q(x) =1 + x2.

To find the domain, set the denominator to zero to see what’s not

in the domain: 1 + x2

= 0. This equation has no solution in R,
since solving it leads to x = ++/—1, which are not real numbers.
2 is at least 1 (why?),

so it certainly can’t be zero. Since the denominator can never be

In fact, for any value of x, the quantity 1 + x

zero, there’s nothing to be excluded from the domain, and
therefore the domain is R. We can also figure that the graph will
not have a vertical asymptote, since the denominator can never
be 0.

Notice that if we put in some positive value of x, we'll get a
certain y-value. Now look at what will happen if we put —x (the
opposite of x) into the formula. Since (—x)2 is equal to x2, we will
get the same y-value. This implies that the left side of the graph
will be the mirror image of the right side. We say that the graph
has y-axis symmetry (or is symmetric with respect to the y-axis).

Now we seek the intercepts. Set x =0 to get y = 4, and so the
y-intercept is (0, 4). Now set y =0, giving

0=—2> = 00+xH) =2 (1+x%) = 0=14
1+x 1+x

This absurd result indicates that the equation has no solution;
hence, there are no x-intercepts.
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It’s time for some additional ordered pairs for this function:

(1,2) (2,0.8) (3,0.4) (4,0.24) (10,0.04) (200,0.0001)
These points suggest the limit: As x — o, y = 0. This implies
that y = 0 is a horizontal asymptote.

Here are some more ordered pairs, designed to see what happens

as we approach the y-axis from the right:

(0.75, 2.56) (0.5, 3.2) (0.25,3.76) (0.1, 3.96) (0.02, 3.998)

If we plot all the points calculated so far, and if we recall the
y-axis symmetry, we get the following graph:

N

-/ -6 - -4 -3 -2 -1 o |1 2 3 4 5 6 7
-1

We determined at the outset that the domain of this rational
function is R. Is it clear from the graph that this is indeed the
case?

If you happen to know what the range of a function means, you
can see that the range of this function is all real numbers that
are greater than 0 but less than or equal to 4: Range = (0, 4]
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10.

Homework

Consider the rational function in Example 2: y =

2x —1
x+2°

Without referring to the graph, prove that y can have the value

2.01, but y can never have the value 2.

Find the domain:

a. y = 2x9+7
. &) = 5
2_
e. f(x) = 925—9
x“ —100

Find the intercepts:

_ x—-4

a. fx) = <=1
_ 2x+1
c. y 3

Find the asymptotes:

a. R(x) = —i’gj}l
_ 3x-1

¢ v x+2

_ 2x-3
- fx) 4+x
— x-1
- R(@) —Tx+4
glx) = SE=10
x° +25
_ 3
Y T Bx-15
_ b—x
- 8() 6x +1
_ 2x-3
YT o
_ 2x+7
. h(x) Ar—d

Find the domain, the intercepts, and the asymptotes of

_ 1
4+x

2

2

Perform a complete analysis of the function y = —=—.

x—3
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11. Perform a complete analysis of the function y = 326:25 .
12. Perform a complete analysis of the function y = 2 5 -
2+x
13. Perform a complete analysis of the function y = x_—+11
14. Consider the graph
/ \ — 1
4 0 \y r— 15 20 25 30 35 40

Explain why the horizontal line y = 0 (that is, the x-axis) is a
horizontal asymptote for the curve.

Review
Problems

15. a. Explain why f(x) = ﬁxlo +mx’ —6x-1lisa polynomial function.
What is its degree?

b. Explain why y = 3x° - \/; + 1 18 not a polynomial function.

16. a. A horizontal line (is, is not) a polynomial function.

b. The function y = % (is, 1s not) a polynomial function.

. What is the degree of the polynomial function y = 7x — n?

o

d. Is a circle a polynomial function?
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7
2x -8

17. Consider the rational function y =
. Find the domain.

. Find all the asymptotes.

a
b. Find all the intercepts.
c
d. Calculate y if x = 4.1.

8x+6
2x -3’

18. Find all the intercepts and asymptotes of r(x) = and graph.

19. Graph y = %

As x — 1 (from the right), y —> .
As x — 1 (from the left), y —> __ .
Asx—> oo,y —>_ .

Asx— -0,y > __ .

20. Graph y = 5 . Discuss domain, symmetry, and asymptotes.
Y 2+ x2

Asx—> oo,y —>_ .

Asx —> -0,y —> _ .

As x - 0 (from the right), y > .
As x — 0 (from the left), y > .

21. True/False:

a. y = 31x'% —ax® +/2 is a polynomial function.

b. y = % is a polynomial function.

X

c. The graph of f(x) = has a vertical asymptote at x = —5.

2x +10

d. The graph of g(x) = 15(3;C—+1519 has a horizontal asymptote at y = 10.

e. The domain of the function y = —5 _ is R—{+1}.
1+x
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3x +1

f. For the graph of y =

,asx > o,y > 3.

Solutions

All coefficients are from R, and all exponents are from W (the whole
numbers).

The middle term is \/5 x! 2 and % ¢ W.

a. 0 b. 3 c. 10 d. 1

a. R b. False c. True d. False

y=2=1 5 201 =221 5 201x+4.02 = 2x-1 = x=-502.
x +2 X +2

So, (-502, 2.01) is on the graph, and indeed y can be 2.01.

Now let’s pretend that y could be 2; then

2 :% = 2x+4 = 2x-1 = 4=-1 = No solution. Thus,

there 1s no x which will make y = 2.

a. R b R—{-4 c R-{5 d.IR{—{%} e. R—+10} £ R

a. (47 O) (03 2) b. (Oa_%) C. (_l70) (07_% d. (57 O) (0, 5)
a. x=1 y=2 b.x=—% y=1 c. x=-2 y=3 d. x=1 y=%

Since the only way the formula can be messed up is by dividing by 0, and
since the denominator can never be zero (verify this yourself), the domain
is R.
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Setting x = 0 gives a y-value of 1/4, so the y-intercept is (0, i) . If you set

y =0, you’ll get no solution for y. Thus, there is no x-intercept.

There are no vertical asymptotes, since the denominator is never zero.

Letting x approach either o or —o, y approaches 0. Thus, a horizontal

asymptote is y = 0 (the x-axis).

10.
8 Domain = R — {3}
5 x-int: none
. y-int: (O, —%)
5 As x — 3 (from the
right), y —> o
e 0 1o Asx— 3 (from the
-2 left), y —> —o0
-4 Asx—> o0,y —>0
6 Asx —> -0,y >0
e vert asy: x =3
horiz asy: y=0
11.
10 Domain = R - {2}
g x-int: (2, 0)
6 y-int: (0, 2)
a As x — 2 (from the right),
— 3 Yy —>©
\ As x — 2 (from the left),
4 2 ° o y =%
=2 Asx —> o,y —> 3
—4 Asx —> -0,y —> 3
_6 vert asy: x =2

horiz asy: y=3
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Domain = R x-int: none
Asx—> o,y —>0
vert asy: none

maximum point at (0, 1)

6
4
2
0

7 6-5-4-3-2-1 0+t 3 4 5 6

y-int: (0, 1)

Asx — -0,y —> 0
horiz asy: y=0

Domain = R —{-1}
x-int: none

y-int: (0, —1)

As x —» —1 (from the right),
Yy > —®

As x —> —1 (from the left),
Yy —>®

Asx —> o,y —>0

Asx — -0, y—>0

vert asy: x=-1

horiz asy: y=0

14. Because of the limit: As x — o, y — 0. Even though the graph intersects

its own horizontal asymptote infinitely often, the curve nevertheless

continues to get closer and closer to the x-axis (the line y = 0), and this is

ultimately what is meant by a horizontal asymptote.
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15. a. f1is a polynomial because the coefficients are real numbers and the
exponents (the 10, 7 and 1) are whole numbers. Its degree is 10.

1/2

b. Look at the middle term; it can be written as x™'“, a term whose

exponent is not from the whole numbers.

16. a. 1s b. 1s not (1/x = x_l) c. 1 d. It’s not even a function,
let alone the special function called a polynomial.

17. a. R-{4} b. (0, =7/8) c. x=4 and y=0d. 35

18. Intercepts: (0, -2) and (—§, 0); vert asy: x :%; horiz asy: y=4

12
10
8
6
4
2
0
-12 -10 -8 —6 —4 -2 7}\0 2 4 5] 8 10 12 14
-4
%
-8
19.
12
10
8 Limits: —o0; oo; —2; -2
5
A
2
8 5 = ,b 2 4 5 8
4
-6
8
10
1
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21. a. T

b.

F

C.
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Domain = R
y-axis symmetry
No vert asy

Horiz asy: y=0
Limits: 0; O;

DO|OT

pojon
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“The universe cannot be read until
we have learned the language in
which it 1s written. It is written in

mathematical language.”

Galileo Galiliei
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CH 67 —THE CIRCLE, CENTER AT
THE ORIGIN

‘ N ]e're now ready for a new type of graph. In
this chapter, we analyze “nature’s perfect

shape,” the circle. Whereas the equation of a line
has no squared variables, and a parabola has
one squared variable, we will see that the
equation of a circle has both variables squared.

0 GRAPHING A CIRCLE

EXAMPLE 1: Graph: xZ+y% = 25

Solution:  The graph is undoubtedly not a line, since the
variables are squared. Let’s plot points and see what we get.

Let’s first check out the intercepts. If we set x = 0, the resulting
equation 1s y2 = 25, whose two solutions are y = +5. Thus, there
are two y-intercepts, (0, 5) and (0, —5). You can
set y to 0 and calculate the x-intercepts to be (5, 0)
and (-5, 0). We now have four points on our
graph, but it’s unclear how to connect them —
maybe the graph looks like a diamond? We'll find
some other points; for example, if we let x = 3,
then

32 + y

=925 = 9+y2 = 25

Are four points
enough to make an = y2 =16 = y=#4
accurate graph?
Perhaps, perhaps
not.

= (3, 4) and (3, —4) are on the graph.

Ch 67 — The Circle, Center at the Origin



658

If x 1s chosen to be -3, then
-3)2+y2 =25 = 9492 =25 = y2=16 = y=+4
= (-3, 4) and (-3, —4) are also on the graph.

Now let x = 4:
42492 =95 = 164y =25 = y’=9 = y=4+3
= (4, 3) and (4, —-3) are on the graph.

Our last choice for x will be —4:
-)2+y2 =25 = 16+y2 =25 = =9 = y=43
= (-4, 3) and (-4, —3) are also on the graph.

This set of 12 points should be enough data to get a decent
picture, which looks a lot like a circle:

Summary: The graph of
x2 +y2 = 25

is a circle with its center
at the origin, (0, 0), and
with a radius of 5.
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Homework

1. For each circle, determine the four intercepts:

a.x2+y2=1 b.x2+y2=2 c.x2+y2=4

d. x2+y2=7 e. x2+y2=49 f. x2+y2=60

2. Given the circle and the x-value (i.e., an input), find the
y-values (i.e., the outputs):

a. x2+y2=100;x=6 b. x2+y2=100;x=—8
c. x2+y2=1;x=1 d. x2+y2=169;x=5
e. x2+y2= 169; x=-12 f. x2+y2 = 169; x=-5
g. x2+y2=10;x=2 h. x2+y2=12;x=—2
3. Consider again the circle x? + y2 = 25 from Example 1. Its

center is the origin and its radius is 5. Now look at the graph and
notice that there’s no point on the graph with an x-value of 8.
Prove this fact algebraically (that is, use the equation).

EXAMPLE 2:
A. Consider the circle x? + y2 = 81. Using Example 1 as a
guide, we infer that its center is the origin and its radius
s 9.

B. Now look at the circle x% + y2 = 13. The center is (0, 0),
and the radius is /13.

C. If the center of a circle is the origin, and if its radius is 15,
what is the equation of the circle? It’s x% + y2 = 225.
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D. What is the equation of the circle with center (0, 0) and

radius 37 ?

x? +y = (3\/_) whichisxz+y2

:32.ﬁ2 _

Note: (Sﬁ )2

Homework

4. Find the center and radius of each circle:

a. x2+y2 =25 b. x2+y2 = 144
c. x2+y2=1 d. x2+y2=17
e. x2+y2=27 f. x2+y2=200
g. x2+y2=0 h.x2+y2=—9
. x+y =10 j. x2+y:49

5. Find the equation of the circle with center
at the origin and the given radius:

b. r=25
e. r=4/11
h. r=3ﬁ

a. r=10
d. r=16

g. r:4\/5

c. r=1

f. r=.18

63.

= 63

Note: Working with
the radius can be
confusing. If given
the circle equation
in standard form,
the radius of the
circle is found by
taking the positive
square root of the
number to the right
of the equal sign.

On the other hand, if
you know the radius,
you square it when
you put it into the
formula.

6. The unit circle is the circle whose center is at the origin and

whose radius is 1.

What is the radius of the unit circle?
What is the equation of the unit circle?

What is the area of the unit circle?

SN

What are the coordinates of the center of the unit circle?

What is the circumference of the unit circle?
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Consider the circle x% + y2 = T.

a. What is the radius?

b. What is the diameter?

c. What is the circumference?
d. What is the area?

Sketch a circle (whose center is not necessarily at the origin) that

has exactly

a. 4 intercepts
b. 2 intercepts

3 intercepts

e o

. 1 intercept

e. 0intercepts
Consider the equation x? + y2 = k. Describe the graph of this

equation for each situation:

a. k>0 b. k=0 c. k<O

Review
Problems

Find the center and radius of the circle xZ + y2 = 20.

True/False:

a. Every circle has at least one intercept.
b. The radius of the circle x% + y2 = lis1.
d. x? +y2 +4 = 31s a circle.

®

x? + y2 = 11s called the unit circle.

The area of the circle x? + y2 = 251s 257.
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1. a
C.
e.
2. a
e.

Solutions
(+1, 0) (0, 1) b. (£J2,0) (0,++/2)
(2, 0) (0, +2) d. /7,00 (0,£7)
(+7,0) (0, +7) f.  (£215,0) (0,+215)
+8 b. +6 c. 0 d. +12
+5 f.  +12 g. +/6 h. 22

3. Hint: Let x = 8 in the circle equation and try to solve for y.

C@0,0) r=5 b. C(0,0) r=12 c. C0O,0 r=1
C(0,0) r= 17 e. C0O,00 r=3J3 £ C0,0) r=10J2
It’s not a circle; the graph is just the origin.

It’s not a circle; there are two reasons. First, the radius would be
V-9, which is not a real number. Second, if two numbers are

squared and then added together, there’s no way that sum could be
negative.

It’s a line, not a circle.

It’s not a circle — do you know what it is?

x2+y% =100 b. x%+y% = 625 c. x2+y2 =1
2 +y? = 256 e. x2+y? =11 £, x?+y2 = 18
x?+y2 = 80 h. x?+y% = 63

(0, 0) b. 1 c. x2+y% =1
A=mr?=n(1%=nl)=n e. C=2nr=2n(1)=2n
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7. a. r=4"7 b. d=2J7 c. C=2J7n d A=Tn
8. You're on your own.

9. a. If k>0, the graph is a circle with center at the origin and radius /% .
b. If £ =0, the graph is just the single point (0, 0); i.e., the origin.

c. If k<0, the graph is empty (there’s no graph at all).
10. C(0, 0); r=2\5

11. a. F b. T d. F e. T . T
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“Only those who dare
to tail greatly

can ever achieve greatly.”

— Robert F. Kennedy
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CH 68 —THE CIRCLE, CENTER OFF
THE ORIGIN

w

‘_ 7 ou’ve graphed circles whose

centers are at the origin in the 1. N

Chapter The Circle —Center at the A1, AN

BEN

Origin. For example, the center of the

circle x? +y? = 16 is (0, 0), and its

radius is 4. Our goal in this chapter is \}

W N =0

to allow the center of a circle to be

w

somewhere else in the plane.

What kind of equation would result in such a circle?
The example in the next section,

(x—2)2+(y+1)® = 25

will provide us with one. But before we get there,
we need to understand why this equation is likely a
circle: If you square (expand) the binomials, note
that you’ll get an x? term, a y2 term, some x’s, some
y’s, and some numbers. The squared terms lead us
to believe that the graph of the
equation is a circle, but that’s only
a theory.
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0 USING THE ANNIHILATOR METHOD

EXAMPLE 1 Graph: x-2)%+@y+1)? = 25

Solution:  First, it might be clear (due to the -2 and the 1) that
the center of the circle is not the origin. Second, our best guess
right now 1is that the radius is 5 (since 5 is the positive square
root of 25). Let’s check out these ideas.

It’s hard to know what values of x we should choose to find our
points to plot, but here’s a neat trick to find four useful points.

We'll start with x = 2 (this rids us of the first term), and then
solve for y in the circle equation (x — 2)2 +(y+ 1)2 = 25:

2-22+@y+1)2%= 25

xX=2 =
= 02+@+12%=25
= (y+1)? =25
= y+1=1=%5 [Don’t forget: 25 has 2 square roots]
= y=-1£5

= y =4o0or-6

Since letting x = 2 produced two y-values, we have the two
points (2, 4) and (2, —6) on our circle.

Next, we’ll let y = —1 (this annihilates the second term), and then
solve for x in the circle equation (x — 2)2 +(y + 1)2 = 25:

y=-1= @-22%+(1+1)% = 25
= x-22+0% =25
= (x-2)? =25

= x-2 =5

ov |+

= x =2

= x = Tor-3

By letting y = -1, we determined that two more points on
the circle are (7, —1) and (-3, —-1).
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What have we done here? By cleverly choosing values of x and y
(do you see how we chose them?), we have discovered these four
points on our circle:

(29 4) (23 _6) (79 _1) (_39 _1)

Let’s plot these four points, connect them to make a circle, and
then figure out the circle's center and radius.

5 [ W\
A (24)
P _—
3
2
[, 6 -5 -4 > -1 0 2 4 5 6 F 8 9 10 |
A3 1-1) 4 o " o (71
; ! (N
2 Center (2,|-1)
2
4
5\..._ L1
7 (2|_6

Can you see that the center of the circle is the point (2, —1) and
that the radius is 5? Let’s summarize:

The circle (x — 2)2 +(y+ 1)2 = 25 has its
center at (2, —1) and has a radius of 5.
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Homework

1. Find the center and radius of each circle by mimicking
Example 1 (the annihilator method):

a. 3c2+y2 = 64
c. x2+(@y-7% =4

e. x+ D%+ (y+8)?% = 60

O A QUICKER APPROACH

b. x? +y2

= 24

d. x-3)2%2+y%2 =5

£ x-2%+(@y-3)2 = 99

Look at the problem and the solution in Example 1. Do you see
any connections there? The x-coordinate of the center (the 2) is
the opposite of the number following the x in the circle equation.
Also, the y-coordinate of the center (the —1) is the opposite of the
number following the y in the circle equation. And last, the
circle's radius, 5, is the positive square root of the 25 on the right
side of the circle equation (just as we expected).

The following table shows the relationships between the
equations of some circles and the circles’ centers and radii. Study

1t carefully.

Equation of Circle Center Radius
x-7%+@y-4)2 = 121 (7, 4) 11
x+3)2+(@+572 =49 (-3, -5) 7
x-1D%2+(y+12)2% = 21 (1, -12) J21
x+1D%2+(y-92 = 93 (-11, 9) J93
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Equation of Circle Center Radius
X+(y-82% =1 (0, 8) 1
(x +13)2 +y2 = 50 (-13, 0) 52

x2+y% = 108 (0, 0) 6.3
Homework

Find the center and radius of each circle using the
“shortcut” described in the chart above:

a. (x+5)2+(y-238)2 = 144

c. x+D2+@y+m? =50

e. (x+3)+(»-1) =9

b. (x— D%+ (y+11)2 = 48

d (x-J2)2+@p-232 =1

f. x-3)2+(@y+2) =7

Find the equation of the circle with the given center and

radius:

a. C(0, 0) r="1

c. C@3,0) r=3

e. C(0,-2) r=+/3
g. C2,7) r=10
i C3,-49 r=3%

k. C(1, 2) r=0

Ch 68 — Circles, Center Off the Origin

b. C(0, 0)
d. C(0, 4)
f. C(-12, 0)
h. C(-1, -3)
j. C(-2,9)

1. C(-3,5)
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O A NEwW TWwiIST FOR THE CIRCLE

Now for a tricky circle question:

Find the center and radius of the circle x*> +y%2 +8x—6y+9 = 0.

This circle is not in the standard form we’ve been using to extract the

center and radius. So, how in the heck do we convert this circle

equation containing no parentheses into the proper form with the two

sets of parentheses? Any ideas before you read on?

EXAMPLE 2: Graph the circle x?2 +y2+8x—6y+9 = 0.

Solution: Creating the graph will depend on finding the circle's
center and radius. To calculate these, we need to convert the
given equation of the circle into standard form.

Remember the “magic number” we used to solve quadratic
equations by completing the square? We use the same trick here,
except we will complete the square in both variables. Cool. .. we
get to calculate two magic numbers!

Start with the given equation of the circle:
x2+y2+8x—6y+9 =0

Rearrange the terms, putting the x-terms next to each other and
the y-terms next to each other:

x> +8x+y*—6y+9 =0
Take the constant 9 to the other side of the equation:
x2+8x+y2—6y = -9
Now calculate the two “magic numbers”:
Half of 8 1s 4, and 4% = 16. This is the magic number for x.

Half of -6 1s -3, and (—3)2 = 9. This is the magic number for y.
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Now we add the magic numbers to both sides of the equation so

that perfect square trinomials will be formed on the left side:

x” +8x +[16] + y* -6y +[9] = —9+[16]+[9]

factorable factorable

Now factor the first three terms, then factor the next three terms,
and then do the arithmetic on the right side of the equation:

(x+4)%+(y-32 = 16

We made it! Now that the circle equation is in standard form, we
can read the center and radius directly from the equation. The
center is (—4, 3) and the radius is 4 (the positive square root of
16). This info is just what we need to graph our circle:

} // \\\ e
/| Ns
/
( radius = 4
k (al3)of |
\
N )4
-8 -7 \e\szL -:s/-/- 0
!

Homework

Find the center and radius of each circle:

a. x> +y2 +8c—10y—40 = 0
b. x2+y2 - 16x+8y+31 = 0
c. x2+y2+12x+14y+49 = 0

Ch 68 — Circles, Center Off the Origin



672

d. x2 +y2 +14x+24 = 0 Note: If you come across a
e. x2+y2—6y—216 = 0 circle equation like
£ x2+y2+8x+6y+10 = 0 3x%2 +3y2 +24x—15y+6 = 0

g x+y”-2x-4y-3 =0 just divide each side of the
h. 22 +y2 +4x— 10y +12 = 0 equation by 3 (meaning divide
every term by 3), and then

.9 2 _
Lox”+y" =200+ 6y +101 =0 | 55c0ed as usual.

. x2+y2+2x—4y+25 =0

Review
Problems

5. Describe the graph of each equation:

a. x2 +y% = 1,000,000 b. x2+y% =1

c. x2+y2=O d. x2+y2=—9

6. Consider the equation (x — h)2 +(y - k)2 = C. Describe the graph of
this equation

a. ifC>0 b. if C=0 c. ifC<0
7. Find the center and radius of the circle xZ + y2 = 20.
8. Find the center and radius of the circle x? + y2 —10x+2y+3 = 0.
9. Matching:

___y=3 A. parabola

_ 2x% — 3y = 10 B. circle

X%+ (y — 1)2 =2 C. horizontal line

__ x-y+10=0 D. non-horizontal line
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e

True/False:

®

=

¢ g

—.
.

Every circle has at least one intercept.

The radius of the circle x? + y2 = lis 1.

2

The graph of y = x“ —9x + 17 is a parabola.

x? +y2 +4 = 31is acircle.

x? + y2 = 1 1s called the unit circle.

The center of the circle (x — 2)2 + (y - 5)2 = 101s (-2, -5).
The radius of the circle x? + y2 +8x—-6y+9 = 01is 4.
The graph of 10x2 + 1Oy2 = 37 1s a circle.

The graph of 10x2 - 10y2 = 37 1s a circle.

The graph of 10x2 + 9y2 = 37 1s a circle.

The area of the circle x? + y2 = 251s 257.

Solutions

C(0,0) r=38 b. C(0,0) r=2J6
CO,7) r=2 d. C@B,0) r=+5
C(-1,-8) r= 215 C(2,3) r= 311

[}

C(-5,3) r=12 b. C(1,-11) r= 43

C(-7,-n) r= 52 d. C/2,23 r=1
Trick: It’s a line Trick: It’s a parabola

lwr)

xz+y2 = 10

2 2 _
xX“+(@y-4° =1
(x+12)2 +y% = 144
x+ D2+ @y +3)2 = 12

x?‘+y2 = 49
x-3)*+y* =9

>+ (y+2)?2 =3
x-2)2+@y-72% = 100

=
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x-3)>2+@+4)?% = 45 i x+2%2+(y-9?% =175

k. Not a circle; just the point (1, 2)
I. Not a circle; in fact, no graph at all
4, a. C(-4,5) r=9 b. C(8,-4) r=17
c. C(-6,-7 r=6 d C-7,0) r=5
e. C@0,3) r=15 f. C(-4,-3) r=415
g. C1,2) r=2J2 h. C(-2,5) r=417
i. CQ10,-3) r=2J2 j.  Not a circle
5. a. A circle with center at the origin and a radius of 1,000.
b. A circle with center at the origin and a radius of 1.
c. The point (0, 0), and that’s it.
d. Since the sum of two squares is never negative, there is NO graph.
6. a. If C> 0, the graph is a circle with center at the origin and radius \/6 .
b. If C =0, the graph is just the single point (A, k); i.e., the “center” of a
phantom circle.
c. If C <0, the graph is empty (there’s no graph at all).
7. C(0,0); r=2J5 8. C(5,-1); r=423
9. C,A, B D
10. a. F b. T c. T d F e. T f. F
g. T h. T 1. F j. F k. T

“The educated differ from the uneducated

as much as the living from the dead.”

ApiototAe (Aristotle)
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CH 69-THE ELLIPSE

An ellipse is oval-shaped and may be described

as a circle that never quite made it. It’s the

shape of orbits. For example, the orbit of the Earth

around the Sun is an ellipse, and the ﬁ\
orbits of many satellites (including our / ‘A ‘
Moon) revolving around the Earth are " !
elliptical. The elliptical shape is also used ‘

T _ in certain gears, and it is the \_. /

g :'_“-r | key behind a medical procedure
/') e S| ’E" called lithotripsy (Greek for
e

stone-crushing) — the use of shock waves
to break up kidney stones.

Q FINDING INTERCEPTS

In this section, we recall the procedures for finding intercepts; the
practice will help us with the following ellipse problems.

EXAMPLE 1 Find all the intercepts of the graph

49x2 + 9y% = 441
Solution: To find any x-intercepts, we set y = 0 and solve for x:
49x% +9y% = 441 = 49x% +9(0)% = 441
= 49x% = 441 = x* =9 = x = 43
Thus, the x-intercepts are (3, 0) and (-3, 0).

To find any y-intercepts, we set x = 0 and solve for y:
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49x% +9y% = 441 = 49(0)% + 9y% = 441
= 9% =441 = y2 =49 = y = 47

Therefore, the y-intercepts are (0, 7) and (0, =7).

Homework

1. Find all the intercepts of each graph:

a. 3x+5y = 30 b. y = 4x+ 20 c. x =3
d y=-4 e.y=x2 f.y=x2—x—6
g. x2+y2=121 h.x2+y2=50 1. 9x2+y2:9

i. x2+36y%2 = 36 k. 81x% +25y%2=2025 1. x2+4y? = 16
m.x2—y2=100 n. y2—x2=121 0.y =x"+x+1
O GRAPHING ELLIPSES

2 2
EXAMPLE 2: Graph the ellipse: xT+z— =1

(91

Solution:  Let’s begin by finding all the intercepts of the ellipse.
These points, and a few others, will convince us that the graph is
indeed elliptical.

x-intercepts: Set y =0 to get
2
.’)C_ =~ _ = x_ = 2 = =+ =4
4+251:>4 1 = «x 4:x_ﬁ_2
and so the x-intercepts are (2, 0) and (-2, 0).
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y-intercepts: Set x = 0 to get
T taE =l = 5==1 =y 25 = y=+.25=1%5

and thus the y-intercepts are (0, 5) and (0, —5).

Additional points: Let x =1. Then

F

This yields the points (1, 4.33) and (1, —4.33).

2 2
1_+y_ _

iy_:]_:_:
=

I+
Il
et
90
\1

Note that if we let x = -1, we obtain the same y-values.
Thus, two additional points are (-1, 4.33) and (-1, —4.33).
[Can you explain why?] We now have a total of eight points
we can plot. When we do, we get the graph of the ellipse:

(0]

AR
J 1N

s

Note: The center

—
- N W
e}

of the ellipse
3 2 -1 0] 1 * 3 o
X Yy _
WD, R
\ f / is the origin.

(o)}

A Final Note:

The graph shows that an x-value of 3, for example, should
not be allowed in the formula (since there’s no point on the

Ch 69 — The Ellipse



678

ellipse whose x-coordinate is 3). But how can we verify this
fact before we graph anything? We’ll let x = 3 in the ellipse
equation and see what happens:

2 2 x=3 9 2 2
X2 Y - 37, Y = 9, _
stes = = Sty Tl = ytos Tl
2 2

¥ _ .9 y2 _ 5 s _ 125
Y o =1_2 J —_9 = _ 149
25 4~ 25 s — 7 4

= y =+ ’—% , which are not real numbers.

Since letting x = 3 resulted in no real-number solution for y,
we conclude that no point on the graph will have an
x-coordinate of 3, and thus 3 is not an allowable x-value; it’s
not in the ellipse’s domain.

9 2
EXAMPLE 3: Graph the ellipse: x_6 +% =1

3

Solution:  Since this equation is very similar to the previous
one, its graph is likely an ellipse with center at the origin. You
can calculate the intercepts to be (6, 0), (-6, 0), (0, 3), and

(09 _3)

For extra “resolution,” we can find four more points by letting

x =4, and then calculating y to be i\fg . We thus get four points
with the approximate values (4, 2.24), (4, —2.24), (-4, 2.24), and
(-4, -2.24). [Be sure you can use a calculator to determine the
decimal approximations.] Here’s the graph:

29—
Il I
/‘/ 2 \'\\

/ . N
-7-{-5-4-3-2-1012345)67
1
N 2 %
\\R 1 //o’

4
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EXAMPLE 4: Graph the ellipse: 16x2 +y% = 16

Solution: Is this an ellipse? It doesn’t have the same form as
the equations in Examples 2 and 3. Let’s find the intercepts,
then a few other points to construct the graph.

By letting x = 0, we get y-values of +4. By letting y = 0, we get
x-values of £1. Therefore, the intercepts are
(1, 0), (-1, 0), (0, 4), and (0, —4)
Now we’ll let x = 0.5. This will give us
16(0.5)2 +y2 = 16 = 16(0.25) +y2 = 16
= 4+y2:16 = y2=12 = y=+J12 = y ~ +3.46

Similarly, letting x = —0.5 will give the same y-values: +3.46. We
now have four additional points to graph:

(0.5, 3.46), (0.5,-3.46), (-0.5, 3.46), and (-0.5, —3.46)

Let’s plot all eight of our points — sure enough, we get another

ellipse:

If we take the given ellipse

1622 +y2 = 16

and divide each side by 16, we get

16x2+y2 _ 16

-2 0 > 16 - 16
2 2

x~ Y
1716 !

which is the same form as the two
previous examples.
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Homework

2. Prove that no point with an x-coordinate of 12 will lie on the
2 2
lipse X+ =
ellipse 7 O 0 + 19

3. Consider the ellipse % E + yz =1.

&

Find all four intercepts.
b. Find two more points on the ellipse by letting x = 2.
c. Find two more points on the ellipse by letting x = -3.

d. Sketch the ellipse.

4, Find all four intercepts of the ellipse * —2 + y_2 =1.
a

Graph each ellipse by plotting the four intercepts and four
additional points:

2
x2 y _ 2_ Yy  _
5. —25 5 1 6. X +49 1
2 2
2 _ X Yy
+ e >~ AR
7 x“ + 9y 9 8 1t g 1
9 v 10. 25x% +4y? = 100
. —_— 4 = . —+ =
497700 ~ ! r TR

O LINES, PARABOLAS, CIRCLES, AND ELLIPSES

If you’ve covered lines, parabolas, circles, and ellipses in your course,
it’s the right time to consider the question: Given an equation of one of
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these four graphs, how can we tell (without graphing) which shape it

will be?

The answer depends primarily on how many of the
two variables x and y are squared in the equation.
In a line, neither variable is squared; for example,

3x—4y = 10 x=-3 y=1

are the equations of lines.

If exactly one variable is squared, then it’s a
parabola. In a beginning course, a typical
parabola might have the equation

y = 2x% — 5x + 3, whose graph opens up. It’s
also possible that the y is squared, like

x = y2 + 3, whose graph is a sideways parabola.

An equation with both variables squared, such as
x? + y2 = 25, has a graph which is a circle
whose center is the origin and whose radius is 5.
The equation (x — 2)2 + (y + 7?2 = 20 alsois a
circle, since it’s pretty clear that, if expanded,
both variables are being squared. In each circle,

e

D

the coefficients of the two squared terms are the same, namely 1.

As for the ellipse, a typical equation was 9x2 + 4y2 = 36, or perhaps

ine like &2 4 ¥ =
something like o5 T 4 1. Both

variables are squared in these equations, so

why aren’t they circles? Here’s the answer: \//

In a circle, the coefficients of the squared
terms are always the same; in an ellipse,

they're different but have the same sign. In the first ellipse formula

above, the coefficients are 9 and 4 (both positive); in the second ellipse,

the coefficients are —= and %(again, both positive). Note that the

25
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equation Tx? + 7y2 = 30 1s actually a circle because both variables are
squared and the coefficients are the same. In fact, if you divide each
side of the equation by 7, it might be clearer that it’s indeed a circle.

We close the chapter by looking at the equation

x? - y2 = 6. It’s not a line because both

variables are squared. It’s not a parabola for

precisely the same reason. It’s not a circle since
the coefficients (1 and —1) are different. And it’s
not an ellipse because the coefficients don’t have

the same sign. In other words, it’s likely a new
graph to you and is called a hyperbola (hy-PER-bo-1a),

Homework

11. For each formula, determine whether its graph is a line, a
parabola, a circle, or an ellipse.

a. 3x—4y = 22 b. x = -9
c.y—-7=20 d y=—x2+13x
e x2+y2=7 f 2x2+3y2=23
2 2
2 2 _ X Yy -
— + = A 4L =
g. (x—2)"+y 9 h 5 g 1
x2 y2 2 2
1 A4 L = + =
1. 23+2 1 J. 17x° + 22y 44
k. 3x+y%2-6 =0 L (x+ D%+ (y-2)2 = 29
m. y = 17x-19 n. x2—y2 = 12
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Review
Problems

2 2
Consider the ellipse % +1y'#0 =1.

a. Prove that x = 0 1s allowed in the formula.
b. Prove that x = 4 1s not allowed 1n the formula.

Find all the intercepts of 25x2 + 4y2 = 100.

True/False:

a. The ellipse 25x% + 4y2 = 100 has four intercepts.
b. The graph of 9x% — 16y% = 144 is an ellipse.
c. The graph of 1052 = y2 + 100 1s an ellipse.

Matching:
9?18y 4+ Tx+ 9% +1 =0 A. line
_ 18x—my = 171.45 B. parabola
_ y = ﬁxz - 200x + % C. circle
L %+§ =1 D. ellipse
- y=-9 E. hyperbola

Graph the ellipse by plotting the four intercepts and four additional
2 2

ints: X4 =
points: 9+25

Graph the ellipse by plotting the four intercepts and four additional
points: 9x2 + 16y2 = 576
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poe oo

®

Solutions

Setting y = 0 gives x = 10. Setting x = 0 gives y = 6. The intercepts
are (10, 0) and (0, 6).
(-5, 0) and (0, 20)
(3, 0)
0, -4)
(0, 0) 1s both the x- and y-intercept.
Setting y = 0 yields the quadratic equation x? —x -6 = 0, which
factors into (x — 3)(x + 2) = 0, whose solutions are x = 3, —2. The
x-intercepts are therefore (3, 0) and (-2, 0). The y-intercept is (0, —6).
There are four intercepts: (+11, 0) and (0, £11).
(+5+/2, 0) and (0, + 5/2)
(1, 0) and (0, £3)
(6, 0) and (0, +1)
(5, 0) and (0, £9)
(#4, 0) and (0, +2)
Setting y = 0 yields the quadratic equation x? = 100, with solutions
x =+10. But setting x = 0 gives —yz =100, or y2 = -100, which has no
solutions in R. The intercepts are (+10, 0).
(0, +11)
0, 1)
Remember: In this book, every intercept is written as

an ordered pair.

Let x = 12 in the ellipse equation, and you should end up with y2 equals a

negative number, resulting in no solutions in R.
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3. a. (4> 0) (_4> 0) (07 2) (07 _2)
b. Letting x = 2 gives

9 2
2_+yZ:1 =

2
1 ¥y _
4= =1
16

2
¥
472 = g

N

= y2 =3 = y=x+./3, which give us the two approximate points
(2, 1.732) and (2, -1.732).

c. Letting x = -3 gives the points (-3, 1.323) and (-3, —1.323).

d. 3
o
y 1 N
/ 0
3\—|3 21,0 1 p B M
L
‘\u.*_—z e
-3

4. (a,0) (-a,0) (0,b) (0,-b)

5. 6.
3
2
1
0
- -4 -3 -2 -1 710 1 2 3 4 5
-3
7. 8.
1 =T | ; T
/ 1
0 10%-8-7654321101234567891
3.2 1 p 1 2 73 N 4
_1 \\—-_ 2 _-—//
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11.

.
10
9 /ﬂ \
8 4
; A
6 3
; [
4
3 \ :
2 1
1
4-3- 27-:1 012345678 3 - -1 o 1 2 3
2 1
3
3 / 2
: \ /
3
. N/
4
°
| 4

oo P

o

Neither variable is squared, so it’s a line.

It’s a vertical line.

It’s a horizontal line.

One variable is squared; the other isn’t. It’s a parabola.

Both variables are squared, each with the same coefficient (1), so
it’s a circle.

Both variables are squared, but with different, positive
coefficients; therefore, it’s an ellipse.

Both variables are squared, each with the same coefficient (1).
It’s a circle.

Both variables are squared, and the coefficients are 1/5 and 1/6;
thus, it’s an ellipse.

Both variables are squared, and the coefficients are 1/23 and 1/2;
it follows that it’s an ellipse.

Both variables are squared, and the coefficients are 17 and 22; so
1t’s an ellipse.

One variable is squared; the other isn’t. It’s a parabola.
Circle

Line
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n. Both variables are squared, but their coefficients have opposite
signs. So it 1s neither a line, a parabola, a circle, nor an ellipse;
1t’s a hyperbola.

a. Letting x = 0 in the ellipse equation results in y = +10, which of
course are real numbers. Therefore, 0 1s allowed in the formula.
b. Letting x = 4 in the equation results in y2 = - %, which has no

solution in the real numbers. Thus, 4 is not allowed in the
formula.

(£2, 0) (0 +5)

a. T b. F c F 15. C,A,B,D, A

17.
/—5 =
6
,/ 4 \\ = . el
/ 3 \ 4
/ 2 \ 2
2
/ 1 / 1 \
0 0
Tk 21 o2 o4 9 F-765-43-2-1,0t 23k 5679
\ -2 /
\ -2 -3
\ -3 / -4
-5
\\\ -4 /// T~ |6 il
-5
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“Courage and perseverance have a
magical talisman, before which
difficulties disappear and obstacles

vanish into air.”

- Gotin 2ucncy 4dams
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CH 70 — THE HYPERBOLA

he hyperbola is the basis for a | \
navigation system called LORAN, L |
(Long Range Navigation.) The hyperbola mé;‘ b 7 s
is the shape of the orbits of
4“* . certain comets, and is also used to design
., telescopes and the cooling towers at

% "< nuclear power plants.
S

~

L THE MAIN EXAMPLE

Graph the hyperbola x2 —y2 = 9.

First, let’s find the domain. We solve for y, and then analyze all the
legal values of x:

xz—y2 =9 = —y2 = x*+9 = y2 =x"-9 = y = £yx* -9

Because of the square root, y is a real number only when the radicand,
x? -9, is greater than or equal to zero: x> -9 > 0. You can solve this
inequality by the Boundary Point Method. When you do, you will
conclude that the domain of the graph is (-0, —3] U [3, ®). By the way,
can you explain why the hyperbola is not a function?

Second, we’ll check out intercepts. Since O is not in the domain, there
cannot possibly be any y-intercepts. [Indeed, letting x = 0 gives

02-y2 =9 = y2=-9 = y=+.-9, not members of R.] Thus,
there are no y-intercepts. As for x-intercepts, let y = 0; this gives
x>-02 =9 = x*=9 = x=43 Therefore, there are two
x-intercepts: (3, 0) and (-3, 0).
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Third, let’s tackle symmetry. Replace x with —x: (—x)2 - y2 =9,
which 1s equivalent to x? - y2 = 9, the original equation. Thus, the
graph has y-axis symmetry. Similarly, you can show that the graph
has x-axis symmetry. In fact, the graph of the hyperbola also has origin
symmetry.

Fourth, we analyze asymptotes. Since there are no fractions in the
hyperbola formula, it appears that the graph has no vertical
asymptotes. To find any other possible asymptotes, we’ll let x — «© and
see 1f y approaches anything interesting.

Let’s construct a little x-y chart, and then choose really big values for x.
Use your calculator to confirm these results.

X y
5 +4
10 + 9.56394
100 + 99.5499
1,000 + 999.9955
10,000 + 9,999.9996

What’s going on here? Let’s look just at the positive y-values. On the
surface, it certainly appears that as x grows larger and larger, the
y-values grow larger and larger. But look more carefully: The y-value
1s actually approaching the x-value. That is, as x = o, y > x. We can
write this limit as

lim Jx2-9 =«

X —> 0
This means that as x grows larger and larger, the curve is approaching
the line y = x (a 45° line passing through the origin). Since this line is
neither vertical nor horizontal, we need a new adjective. We call this
kind of asymptote a slant, or oblique, asymptote.
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The analysis just
completed gives a
picture of the
hyperbola in the
first quadrant. It
has an x-intercept
at (3, 0), and a slant
asymptote of y = x.
Also, from the chart
above, the
hyperbola passes
through the point
(5, 4).

Since the hyperbola has y-axis symmetry, another piece of the

hyperbola lies in the second quadrant. But the pieces of the hyperbola

in Quadrants I and II have
symmetric pieces in Quadrants
IIT and IV, due to the x-axis
symmetry of the hyperbola.

We’re now ready to graph the
entire hyperbola. Note that the
dashed lines y = x and y = —x are
the slant asymptotes of the
hyperbola, and are graphed just
for reference — they are not part
of the hyperbola. Finally, the
graph should convince you of the
fact deduced earlier that the
domain is (—, —3] U [3, »). In
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addition, the graph shows us that the range of the hyperbola is R.
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Homework

1. Regarding the main example above, x? - yz = 9, explain, using
the formula, why it isn’t a line, a parabola, a circle, or an ellipse.

2. Find the slant asymptotes for each hyperbola:

a. x2—y2 = 25 b. x2—9y2=9
c. 36x%-y% = 36 d. 9x% - 4y% = 36
3. Find the domain and range of each hyperbola in the previous
problem.
4, Perform a complete analysis (including a graph) on the hyperbola
x? - y2 = 49.

O ANOTHER EXAMPLE

Graph the hyperbola y? — 4x? = 25.

First we solve for y — this will allow us to find the domain and the slant
asymptotes.

y2—4x2 =25 = y2 = 25+4x% = y = ix/25+4x2

Look at the radicand. No matter what kind of number x is, its square,
xz, 1s non-negative, which implies that 4x? is non-negative, which
implies that 25 + 4x? is at least 25. So surely the radicand can never

be negative. Thus, the domain of the hyperbola is R.

Now it’s time for the intercepts. Let x = 0; then y2 =25, ory=45. So

we have a couple of y-intercepts: (0, 5) and (0, -5). Now let y = 0; then

45 = 25 = «? =—2745 = no real solution for x. Therefore, there

are no x-intercepts.
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I'll leave it to you to verify that the hyperbola possesses all three types
of symmetry.

To find the slant asymptotes, we refer to the form of the equation
calculated above,

y = +1/25+4x2

Use your calculator to confirm the following ordered pairs (using just
the positive square root.):

(10, 20.616) (100, 200.062) (1000, 2000.006)

As x grows larger and larger, the y-values appear to be growing closer
and closer to whatever twice x is. That is, as x > o, y > 2x. We write

lim 25+ 4x2 = 2x

X —> 0
Thus, one of the slant asymptotes is the line y = 2x.

The graph goes through the intercept (0, 5) and then approaches the
slant asymptote y = 2x. The x-axis and y-axis symmetries then give us
the rest of the hyperbola in the other three quadrants. As before, the
asymptotes (dashed) are graphed for reference.

A / Last, we discuss the range of the hyperbola.

N / The y-values appear to be numbers that are

W0 f ! either less than or equal to —5, OR greater
\ . i than or equal to 5. That is, the range of the

NV hyperbola is {yeR ‘y < -5 or y > 5}, which is
Y/ (_009 _5] U [59 oo)

7 G Apollonius (Greek: 262 BC — 190 BC) gave
/| \ the hyperbola its present name. See how

\
A \ the graph of the hyperbola seems to “fly
15 \ away” in all directions? Look up the word

/ \\ “hyperbole” in a dictionary (a big book
that predates Google) and see if its meaning has any
connection to the graph of a hyperbola.
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Homework

5. Find the slant asymptotes for each hyperbola:

a. y2 —x? = 144 b. y2 ~16x% = 16
c. 9y2 —x? =9 d. 25y2 —9x% = 225
6. Find the domain and range of each hyperbola in the previous
problem.

Perform a complete analysis (including a graph) on each

hyperbola:
7. y2-x? =25 8. y2—9x2 = 16
2 2 x2 y2
. _ = R N S |
9 16y~ — 9x 144 10 6 2

11. Classify each of the following as a line, parabola, circle,
ellipse, or hyperbola:

a. 7x2—nx+2y+9=0 b. 83x+ 99y = 34

Tx2 +2y% —x = 10 d. y2+7y—x%-2x—100 = 0

o

e. Tx+99 = 400 f. 32-9y+n =0

ﬁxz+ﬁy2—ﬁx+%y—106 =0

7
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Review
Problems

Classify as parabola, circle, ellipse, hyperbola, or none of them:

a. x2+y2=—1 b. y2—x2=5 c. 2x2+4y2=7

x2—y=3 e. 2x2—ny2=\/§ f. 3y2=x2+5

e

a. Find the intercepts of 3x* — Zy2 = 2.

b. Find the intercepts of 1Oy2 ~30x% = 3.
c. Find the domain of xZ - 14y2 = 144.

d. Find the range of 9x2% - 36y2 = 41.

e. Find the asymptotes of 49x> —y2 = 10.
f. Find the asymptotes of 36y2 —4x% = 1.

g. Find all symmetries of 4x? - 9y2 = 36.

Find the intercepts, domain, range, asymptotes, and symmetry of the
hyperbola x? - yz = 4. Graph the hyperbola.

Find the asymptotes and the range of y2 —9x? = 16. Sketch the
graph.

True/False:

a. Some of the hyperbolas in this chapter are functions.

b. The domain of the hyperbola is x? - y2 = 91s [-3, 3].

c. Hyperbolas in this chapter always possess all three symmetries.
d. The slant asymptotes for 16x2 - 9y2 = larey = i%x.

e. There are no slant asymptotes for 25x% + 49y2 = 1.
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f. The range of a hyperbola may consist of the union of two
intervals.

g. Some of the hyperbolas in this chapter pass through the origin.

O To oo AND BEYOND

Find the center of the hyperbola
25x2 — 9y2 + 50x + 90y — 425 = 0

Hint: We note that the origin is the center of each hyperbola in this
chapter.

Solutions

1. Any letter squared = it’s not a line
Both letters squared = not a parabola
Different coefficients on the squares = not a circle
Opposite signs on the coefficients on the squares = not an ellipse

2. a. y=z*x b. y:i%x c.y = +6x d. y:i%x
3. a. (-, -5] U [6,x); R b. (-, -3] U [3,©); R
c. (—oo,-1] U [1,); R d. (—o,-2] U [2,0); R
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Domain = (-0, —7] U [7, ©)
Range = R Not a function
No y-intercepts

x-intercepts: (=7, 0) and (7, 0)

109-87-6-5-43-2-1 0 1234560891 Symmetry: all three
E)
lim yx%-49 = «x
4 X —>00
» Slant asymptotes: y =x and y = —x
_ _ | _ 413
a. y=z=xx b. y=+4x c. y—igx d y—igx
a. IR, (_007 _12] U [12, OO) b. IR? (_OO, _4] U [4, OO)
C. IR, (—OO, _1] U [1, OO) IR? (_OO, _3] U [3, OO)
10
8
\i/
2
0
—6—5—4—3—2—1720 1 2 3 4 5 6
-4
8\
-10
Domain = R Range = (—o0 -5] U [5, ) Not a function

No x-intercept; y-intercepts: (0, 5) and (0, —5)

Symmetry: all three

Asymptotes: y=xandy=-x
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12
8. 10 Domain = R

Range = (—OO, _4] U [49 OO)

By o

Not a function

== AN

No x-intercepts; y-intercepts: (0, 4) and (0, —4)

3 -2 -15p 1 2 3
Symmetry: all three

Asymptotes: y =3x and y = -3x

Domain = R

-4
6
-8
-10
—12
' 6
\\\\mx:fff/////wa=«wﬂua@
2

9

Not a function

0 No x-intercepts
7-6-5-4-3-2-1 p 1 2 3 4 5 6 17

y-intercepts: (0, 3) and (0, —3)

-2
/ \ Symmetry: all three
6 Asymptotes: y=1= 3x

4
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10. 6

Domain = (-, —4] U [4, ©) Range = R Not a function

Intercepts: (-4, 0) and (4, 0) Symmetry: all three

Slant asymptotes: y= i%x

11. a. parabola b. line c. ellipse d. hyperbola
e. (vertical) line f. (horizontal) line g. circle

12. a. none b. hyperbola c. ellipse
d. parabola e. hyperbola f. hyperbola

13.

£

2 3
LR fosfB)e Uiz

e. y=xT7x f. y = i%x g. x-axis, y-axis, and origin

14. (#2,0) Dom = (-0, -2] U [2,0) Rg=R asym:y=z+x
all 3 symmetries

-10
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15. y=+3x; (~oo, -4] U [4, o) 12
10
B
[

16. a. F

b.

F

6 -4 -I,0 2 4 €

"Effort only fully
releases its reward

after a person
refuses to quit."

Napoleon Hill
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CH 71 —SYSTEMS OF LINEAR
EQUATIONS, GRAPHING

Consider the system of two equations in two

variables:
x+y =717
—2x+y =1

Assuming you know how to graph straight lines,
we’re going to learn a method to solve a system of
two linear equations in two variables. Each equation
in the system above is a line; assuming the lines
intersect (and assuming they’re not the same line),
there will be one point of intersection. Since that
point of intersection lies on both lines (is that
clear?), the coordinates (the x and y) of that point
must satisfy both of the equations.

O Two LINEs

x+y =17

EXAMPLE 1. Solve the system of equations
2x+y =1

by graphing.

Solution: Each equation is a line, so let’s graph each of them
and then turn our attention to their point of intersection.

Line #1: Solve for ytogety = —x+ 7. If we let x = 3, then y = 4,
and so (3, 4) is on the line. If we choose x =0, then y =7, in
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which case (0, 7) is on the line. We'll use these two points for
Line #1.

Line #2: Solvefor ytogety = 2x+ 1. If x=0, then y =1, and if
x=-2,then y =-3. So we’ll use the points (0, 1) and (-2, -3) for
Line #2.

q The point of

6 / intersection of the

) // two lines appears to

: S be the point (2, 5).

u This means that the

3 solution of the given

2 system of equations is
1 x=2,y=5

0

Important Note: Since we’re reading points on a graph,

it’s very easy to misread them (imagine if the x- and
y-coordinates were fractions or square roots). Thus, the
graphing method yields only an approximation, but it’s a
great method when algebraic methods — for instance,

Elimination and Substitution — fail to work.
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Homework

Solve each system graphically:

1 2x+3y="17 5. x—y="1
—x—y=4 x+2y=0
3, =4 0, V=72
y=3x-8 3x—-2y=0
Solutions

Remember, these are approximations from a graph.
1. x=-9;, y=5 2. x=4.7, y=-2.3

3. x=4; y=4 4, x=-1.3; y=-2
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“THE CONTENT OF A
BOOK HOLDS THE
POWER OF EDUCATION
AND IT IS WITH THIS

POWER THAT WE CAN
SHAPE OUR FUTURE
AND CHANGE LIVES.”

Malala Yousafzai
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CH 72 — SYSTEMS OF LINEAR
EQUATIONS, SUBSTITUTION

One of the methods that’s really useful in solving
systems of equations is the Substitution
Method, where a variable is solved for in one
equation, and then its value is substituted into
another equation.

We'll start with the simplest substitution problem, which turns out to be
very useful in calculus.

EXAMPLE 1. Solve the system for x: y =3x-17
y = -9x+8

Solution:  Since the two expression are both equal to y, they
must be equal to each other:

3x -7 = -9x+ 8

— 12x = 15 By the way, we’ve just
calculated the x-coordinate
- x=1 o .
12 of the point of interection of
5 the li =3x—7 and
- X =32 e linesy =3x -7 an
y=-9x + 8.
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O FrRACTIONS NOoT NEEDED

EXAMPLE 2: Solve the system: 3x+y = 12
-5x+2y = 13

Solution: The command “Solve the system” means we must
find the values of both x and y that make both equations true.

The first step is to choose an equation and a variable within that
equation to solve for. For this system, the best variable to solve for
1s the y in the first equation. Why y? Because its coefficient is 1,
which means we avoid fractions when solving for y.

Solving the first equation for y gives us
y = 12 -3x (by subtracting 3x from each side)

Now we substitute the expression 12 — 3x into the second equation
where the y is.

-5x+ 2y = 13 (the second equation)
= -bx+2(12-3x) = 13 (since y = 12 - 3x)
= -bx+24-6x = 13 (distribute)
= -11x+24 = 13 (combine the «x’s)
= -1lx = -11 (subtract 24 from each side)
= x=1 (divide each side by —11)

Since y =12 — 3x, and we just found out that x = 1, we can solve for

y:
y = 12-3(1)
y =12-3 x=1&y=29
y =9

Notes: First, if you'd like to check our solution, substitute the
values of x and y into both of the original equations. Second, what if
none of the variables has a coefficient of 1?7 Well, you’ll just have to
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pick a variable and then deal with whatever fractions may arise. In
the real world, however, it’s probably best to solve the system using
the Elimination Method.

Homework

1. Solve each system using the Substitution Method, and be
sure you practice checking your solution (your pair of
numbers) in both of the original equations:

2x+y =5 3m—-2n = 34 -3w+4m = 6

a. b. c.
—2x+7y =19 -6bm+n = —62 -3w-m =1

O FRACTIONS NEEDED

EXAMPLE 2: Solve the system: 5x+3y = 7
4x -2y = 1

Solution: There’s no way to avoid fractions (can you see why?),
so even though we could solve for either variable in either equation,
for no particular reason we’ll solve for x in the first equation:

Sx+ 3y = 7 (the first equation)
= bx = 3y+7 (subtract 3y from each side)
= x = _3%” (*) (divided each side by 5)

Now substitute this value of x into the second equation:

4(—3y5+7j_2y 1
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~12y+38

=
5

2y =1

Multiply both sides of the equation (that is, all three terms) by 5:
—-12y + 28
> (F222)[5)-2[5] - 1[5]
—-12y+ 28
— (%j% -2y[5] = 1[5]

— —12y+28-10y = 5
— _929y = -23

_23
V=99

Sorry, but we're not done — we still need to find x, so we substitute
the value of y just obtained into the equation for x (the one with the
* next to it):

_ T8y+7

X 5

And since y = % , it follows that (hold on tight!)

_3(23)” 69, —69,7(22) 69, 154 85

_ \22)" " 99 "' 99T 99 _ 99 "9a _ 29
5 5 5 5 5
_ 8,1 _517,1 _ 5171 _ 17
22°5 = 22 5~ 22 “F T 22
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Homework

2. Solve each system using the Substitution Method:

2x+3y =7 b ba—2b = 5 2w+3z =7
& 4x—2y =11 " 4a-3b =9 “  w-3z =13
Solutions
x=1,y=3 b. m=10,n=-2 c w——%,m=1
_47 . _3 _ 3 ,_-25 _20 ,_-19
x—16, =3 b. a 7,b - c. w 3,2 9
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“There are no
shortcuts to
any place
worth going.”

— Beverly Sills, Opera Soprano
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CH 73 — SYSTEMS OF LINEAR
EQUATIONS, ELIMINATION

r I Yo solve the applications in future chapters, we
need to be able to solve a t

system of two equations in two

variables. A method that works very 4 Qo)

well in many cases is called the

one or both equations by

’ - )
Elimination Method. We multiply N) =
w I I

appropriate numbers (whatever that

means), add the resulting equations

to eliminate a variable, and then solve for the
variable that survived.

O EXAMPLES

EXAMPLE 1. Solve the system: 5x—2y = 20
3x+ Ty = —29

Solution: In the Elimination Method we may eliminate either
variable. But there’s a certain “orderliness” that comes in handy
in future math courses if we always eliminate the first variable,
so 1n this case we will eliminate the x. As mentioned above, we
multiply one or both equations by some numbers, add the
resulting equations to kill off one of the variables, and then solve
for the variable that still lives. How do we find these numbers?
Rather than some mystifying explanation, just watch — you’ll
catch on.
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bx—2y = 20 —imes3 . 15x—6y = 60
3x+7y = —29 —Umes> . _15x 35y = 145

Add the equations: Ox—41y = 205

The x’s are gone!

- _41- —4ly _ 205 - _
Divide by —41: i - i & y=-5

Now that we have the value of y, we can substitute its value of -5
into either of the two original equations to find the value of x.

Using the first equation:
bx —2(-5) = 20
= bx+10 = 20

= bx = 10
= x=2

Therefore, the final solution to the system of equations is

x=2 &y =-5

EXAMPLE 2: Solve the system: 12¢+7b = 9
-18a -5b = 3

Solution:  Notice how the numbers we choose to multiply each
equation by will accomplish our goal: They make the a’s
disappear when the equations are added.

120 +7b = 9 __times3 36a+21b = 27
~18a-5b = 3 - times2 . —36a-10b = 6

Add the equations: Oa +11b = 33
Divide by 11: b =3
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Placing this value of b into the first equation gives us
12a+7@8) =9 = 12¢+21 =9 = 12a = -12 = a=-1

We now have our complete solution to the system of equations:

Let’s use this example to learn how to check our solution. The
main theme is this: The values of @ and b must work in both of
the original equations in order to constitute a valid solution.

1st equation: 2nd equation:
12a+7b = 9 -18a - 5b =3
12(-1) + 7(3) = 9 18(-1) -5(3) = 3
12421 2 9 18-15 = 3
9=9"V 3=3VY

Our conclusion is that the values a = —1 and b = 3 work perfectly.
The solution can also be written as the ordered pair (-1, 3).

Homework

Solve each system using the Elimination Method, and be
sure you practice checking your solution (your pair of
numbers) in both of the original equations:

2c+y = 5 5a-3b = 5
2x+Ty =19 " 10a+4b = -40
—2u-3v = -16 q Tx+12y = -24
—Tu+8v = —56  6x-Ty =14
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3m—-2n = 34
-6bm+n = —62
2c—-3d =13
5c+6d = -8
—-bx—4n = -8
1llx+6n = —
2n—-3y = -2
8n—-11y = -2
5g-2h = -6
4g+2h = 3
-Bw+4m = 6
Bw-m =1

-3s-3t =
10s + 8t =

—bw —4x
20w + 3x

2wW—4a =

3w + 9a

4c+9y

-5c—-11y =

—4w + 3h
3w +4h

3a+3q =

-5a + 5q
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1. a . x=1,y=3
Complete Check:
2x+y = 5 —2x+ 7y = 19
20)+3 =5 -2(1)+7@3) = 19
2+3 =5 -2+21 =19
5=5V 19 = 19 vV
b. a=-2,b=-5 c. u=8,v=0 d x=0,y=-
e. m=10,n=-2 f.s=0,t=8 g.c=2,d=-3
h. w=0,x=5 1. x=-4,n="17 j, w=1,a=-1
k. n=8,y=6 1. ¢=-152, y=68 m. g=—%,h=%
_19 ,_23 _ 2 __ 13 __23
n. w 7,h - 0. w 3 m 1 p. a 309 =30
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OO

Tell me and |
forget, teach me
and I may
remember,.involve

me and | |é¢:rn99

| Benjamin Frankli
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CH74 — 3 x3 SYSTEMS OF LINEAR
EQUATIONS, MORE PARABOLAS

There are many problems in math, science,
and business that require more than two
variables, for example, trying to find the path of
a missile. To solve this problem, we will solve a
system of three equations with three variables.
[Note that a solution of such a system will consist of
a set of three numbers that will satisfy all three of
the equations.]

O EXAMPLE

Solve the system: 4x -2y + 3z = -14 [Equ 1]
6x+y—z =13 [Equ 2]
-x+3y-4z = 24 [Equ 3]

Start with Equ 1 and Equ 2 to eliminate the x:

4x -2y + 3z = -14 (times3) = 12x -6y + 9z = —42
6x+y—2z =13 (times -2) = -12x - 2y + 2z = -26

Add: -8y + 11z = —68 [Equ 4]

Now use Equ 1 and Equ 3 to eliminate the x:

4x -2y + 3z = =14 (leaveit) = 4x -2y + 3z = -14
—x+3y—-4z = 24 (times4) = —-4x+12y-16z = 96

Add: 10y — 13z = 82 [Equ 5]
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Solve the 2x2 system consisting of Equ 4 and Equ 5:

[Equ 4] -8y + 11z = -68 (times5) = -40y+ 55z = —-340
[Equ5] 10y -13z = 82 (times4) = 40y -52z = 328

Add: 3z = -12

= G =)

We now calculate y using Equ 4 and our newly found value of z:
-8y + 11z = -68

-8y +11(-4) = -68

-8y —44 = —-68

-8y = 24

Q=30

And lastly, we solve for x using Equ 1 and our values of y and z:

u U U

dx—2y+3z = —14
dx — 2(8) + 3(=4) = -14
4x-6-12 = -14
4x—18 = -14

4x = 4

Gz

We conclude that the solution of the system of 3 equations in 3 variables

L

1S

We could CHECK our
x=1,y=3,z=-4 solution by plugging the
values of x, y, and z into
ALL THREE of the original
equations.
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Solve each system of equations:

2x —y+3z =9
1. x+4y-z =6

-3x+2y+2z =17

2p+3q—-r = 2
3. —-p-3r+2r =5

Tp—4p—3r = 23

O APPLICATION

3a—-4b+c =
—2a —4b + 3¢

/19

9
=19

5a +3b-c = -8

Tx—2y+3z = —-12
—bSx+Ty—4z = 3

6x +3y—2z

=6

4

A missile is fired from an unknown location on the

x-axis of the radar grid. Its first three positions are 4
reported as (4, 5), (5, 8), and (6, 9), at which time the y
radar jams. Assume that the missile follows a

parabolic trajectory (path) traveling east. Calculate both

the x-value (on the x-axis) from where the missile was fired
and the x-value (on the x-axis) where the missile will hit the

ground.

Solution: Here’s a graphic of the missile’s trajectory, as

determined by the three reported positions:

-

A

Where was it

launched, and

where will it

land?

']
Slo |+ N W A o [N o |

1

1

2

3

4

5

6

7
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Our goal is to “extrapolate” (extend) this curve to a full parabola
formula, so we can deduce where the missile came from (pretty
important) and where it’s going to land (REALLY important).

Beginning with y = ax? + bx + c, we get the following three
equations, obtained by plugging each of the points on the
parabola into the generic parabola equation:

y = ax’+bx+c

(4,5: 5 = a@d®)+b@)+c = 16a+4b+c =5
(58): 8 =aB3)+bB)+c = 25a+5b+c = 8
(6,9 9 = a(6>)+b6)+c = 36a+6b+c =9

We now have a system of three equations in three unknowns,
which can be solved using the techniques of this chapter. When
you (yes, you!) solve the system you will determine that a = -1,
b=12, and ¢ = -27, from which we deduce that the parabola
which describes the trajectory is

y = —x? +12x - 27

But we'’re still not done. (By the way, we will not be blown to bits
by the missile while we wade through all these calculations. A
computer can solve the problem in a billionth of a second — but
remember: someone has to program the computer.) To find the
firing point and the landing point on the x-axis, we now calculate
the two x-intercepts of the parabola, which we do by setting y to
0:

0 = —x%+12x - 27

x%2-12x+27 = 0

x-3)x-9 =0

x—=3=0o0r x-9=0

x=3 or x=9 = The x-intercepts are (3, 0) and (9, 0).

Y
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e
o

We’re now ready to answer the

9
question at hand: 8
7
6 / \
5
The missile was fired 4 / \
3
from x = 3, and will > // \\
land at x = 9. . + %_
-‘1_10 1 2‘3 4 5 6 7 E 919/
V4
Homework
5. Solve the missile trajectory problem if the missile was spotted at

the points (4, 14), (5, 18), (7, 20) before the radar failed.

6. Solve the missile trajectory problem if the missile was spotted at
the points (7, 10), (8, 12) and (9, 12).

7. Solve the missile trajectory problem if the missile was spotted at
the points (1, 0), (3, 8) and (5, 8).

8. Solve the missile trajectory problem if the missile was spotted at
the points (3, 3), (4, 4) and (5, 3).

Solutions

1. x=1,y=2,z=3 2. a=0,b=-1,¢c=5

3. p=4,q=-1,r=3 4, x=-1,y=-2,z=-3
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5. Fired from x = 2; will land at x =11
6. Fired from x =5; will land at x = 12
7. Fired fromx=1; willlandatx=7

8. Fired fromx=2; willland atx=6

“An education isn't how much
you have committed to memory,
or even how much you know.
It's being able to differentiate
between what you know and

what you don't.”

Anatole France
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CH 75 — DIRECT AND
INVERSE VARIATION

O INTRODUCTION
I et’s start right off with an example:
Let D = number of hard Drives sold

C = the Capacity of the drive, in gigabytes (GB)
P = selling Price

Now let’s make up a formula that will illustrate the ideas of this

chapter:

_5C

D
P

® What happens to drives sold, D, when the capacity, C, is increased?
Let’s assume that the drive capacity was 200 GB last month and
the price was $100. The number of drives sold was

_ bC _ 5-200 _ .
D = 5 = 100 - 10 drives

Now increase the capacity to 600 GB; the number of drives sold will
be

_5C _ 5-600 _ .
D = 7 = 100 - 30 drives

Make sense? Increasing the capacity (allowing the drives to hold
more data) and keeping the price at $100 should increase sales.
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® Now let’s see what happens if we increase the price and keep the
capacity the same. Assume that last month the price, P, was $150
when the capacity was 450 GB. We calculate the number of drives
sold:

_5C _ 5-450 _ .
D = 5 T 150 15 drives

Let’s predict future sales if we increase the price from $150 to $225:

_5C _ 5-450 _ .
D = 5 = 995 = 10 drives

Make sense? Increasing the price and keeping the capacity the
same produced a decrease in sales.

Without going into the details, we could also demonstrate that if the
capacity, C, goes down, so will D, the number of drives sold. And if the
price, P, goes down, D will go up.

O DIRECT AND INVERSE VARIATION

Direct Variation What happens to the sale of bathing

suits, B, when the temperature, T, goes up? As the ./\.
temperature rises, so does the sale of bathing suits. We =7
say that B is directly proportional to T, or that B

varies directly as T. A formula of this type might be

B = 3T

For example, if the temperature is 80°, then 240 suits

will be sold. But if the temperature rises to 100°, then

300 units will be sold. When it gets cold again, B will decrease.
Whatever T does (increase or decrease), B does the same.

/f// \ N N
Inverse Variation What happens to the air pressure, P, /£ '
as you increase your elevation, E? As your elevation goes
up, the air pressure goes down. We say that P is '

Wilise
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inversely proportional to E, or that P varies inversely as E. An
example might be the formula
P = 2000
E
For instance, if E = 200, then P =10. But if E£ is increased to 500, then

the pressure P is reduced to 4. When you return to lower altitudes, the
pressure goes back up. Whatever E does, P does the reverse.

See the numbers “3” and “2000” in our two formulas above? Each of
these numbers is called a constant of proportionality (or constant
of variation).

In the following definitions, the letter k is the positive constant of
proportionality (or constant of variation).

y = kx isread “yis directly proportional to x,” or “y varies
directly as x,” and means: If x increases, then y increases;
and if x decreases, then y decreases. In other words, y does
whatever x does.

RIS

1s read “y is inversely proportional to x,” or “y varies

2
Il

inversely as x,” and means: If x increases, then y
decreases; and if x decreases, then y increases. In other
words, y does the reverse of what x does.

Homework

1. Consider the direct variation D = 12(). We can pretend that @
1s the quality of a car and D is the demand for that car.

a. Find the value of D if @ is 40.
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b. Double the @ to 80 and recalculate D.
c. When the quality increased, what happened to the demand?
d. Now reduce @ to 3 and recalculate D.

e. As the quality decreased, what happened to the demand?

2. Consider the inverse variation P = @. Let’s assume that S 1s

S
supply and P is price.

a. Find the value of Pif S = 10.
b. Quadruple the S to 40 and recalculate P.
When the supply increased, what happened to the price?

o o

. Now reduce S to 5 and recalculate P.

e. As the supply decreased, what happened to the price?

0 EXTENSIONS OF THE BASIC VARIATION FORMULAS

To extend the usefulness of problems in variation, we can add
exponents and square roots to our direct and inverse variation
formulas. For example, a fact of physics is that the kinetic energy of an
object (energy of motion) varies directly as the square of its velocity,
which can be written E = kvZ.

We can also combine direct and inverse variation into a single formula.
For example, a chemistry principle states, “The volume of a gas is
directly proportional to its temperature and inversely proportional to

its pressure.” This is summarized by the formula V = k?T
EXAMPLE 1. Translate each variation statement into an

algebraic formula, using k as the constant of

variation:

A. z varies directly as the cube of 7. z = kT®
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B. R is inversely proportional to the
square root of V. R =

B

C. P varies directly as the square of @,

4
D
o

=

and inversely as the square root of R. P

D.  Bvaries directly as the product of the

square root of A and the cube of C. B = kJAC?
E. y varies directly as the product of x and z,
and inversely as the fourth power of w. y = k—ﬁz
w
Homework

Translate each variation statement into an algebraic
formula, using k as the constant of proportionality:
a. b varies inversely as the 6th power of ¢.

b. n varies directly as the square root of b.

c. p is inversely proportional to the square of s.

d. v is directly proportional to c.

e. p varies inversely as the cube of x.

[}

u is directly proportional to the square of ¢.

t varies directly as the square of A.

SERE

L is inversely proportional to the cube of s.

i o

w varies directly as the 9th power of wu.

R varies directly as the product of w and y.

.
.

k. gis directly proportional to the cube of c.
h varies directly as ¢ and inversely as y.

m. x varies directly as the cube of ¢ and inversely as the cube of A.
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n. u is directly proportional to the product of ¢ and the cube of r
and inversely proportional to m.

o. y varies directly as the square of v and inversely as the cube of

d.

p. n varies directly as the product of £ and the square of d and
inversely as b.

q. m 1s directly proportional to w and inversely proportional to z.

r. A varies directly as the product of # and the square of x and
inversely as p.

s. nis directly proportional to r and inversely proportional to v.

t. cvaries directly as the cube of u and inversely as the cube of z.

O APPLICATIONS OF VARIATION

EXAMPLE 2: The number of bathing suits

sold is directly proportional

to the outside temperature

and inversely proportional to
E the selling
4 price. The number of suits
sold is 1,600 when the

temperature is 80° and the

selling price is $50. Find the
number of suits sold when the temperature
rises to 95° and the price is reduced to $40.

Solution:  We'll start by letting

B = bathing suits sold
T = temperature

P = price
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The first sentence of the problem, “The number of bathing suits
sold 1is directly proportional to the outside temperature, and
inversely proportional to the selling price,” gives us our variation
formula:

kT

B = &2

P
The second sentence, “The number of suits sold 1s 1,600 when the
temperature is 80° and the selling price 1s $50,” allows us to find
the value of k:

1,600 = % (substitute the given values)
= 80k = 80,000 (multiply each side by 50)
= kE = 1,000 (divide each side by 80)

The third sentence, “Find the number of suits sold when the
temperature rises to 95° and the price is reduced to $40,” (with
the value £ = 1,000 we just calculated) gives us all the parts
needed to compute the number of bathing suits sold under the
new set of conditions:

B = k?T (our variation formula)
= B = % (the constant & is 1,000)
= B = %00(95) (use the new values of T'and P)
95,000
B = 2270
- 40

= B = 2,375 bathing suits
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EXAMPLE 3: The period of the pendulum (the time

for one full swing) in a grandfather

clock varies directly as the square root

of its length. If the period is 507 when
the length is 25, find the period when
the length is 49.

Solution:  The first sentence gives us our variation formula:

P = kJL
Substituting a period of 50w and a length of 25 gives:

50m = k25

= 50r = 5k (the positive square root of 25 is 5)

= kE = 10xn (divide each side by 5)

Now we rewrite our variation formula using the & we just found:
P =kJ/L = P =10rJL
Finally, find the period when the length is 49:
P = 10m/49

= P = 10n(7)

= P = 70rn

Homework

The area of a rectangle is directly
proportional to its length. If the area is 247
when the length is 19, find the area when
the length is 11.

In a variation
problem, DON'T
forget “k”, the
constant of
variation.
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The circumference of a circle is directly proportional to its radius.
If the circumference 1s 40n when the radius 1s 20, then what is
the circumference when the radius is 8?

The current in a circuit varies directly as the voltage. If the
current is 336 when the voltage is 21, find the current when the
voltage 1s 35.

The area of a circle varies directly as the square of its radius. If
the area 1s 91 when the radius is 3), what is the area when the
radius is 67

The number of electrons varies directly as
the square of the energy level. If the number
of electrons is 32 when the energy level is 4,
how many electrons are there when the
energy level is 3?

The energy density is directly proportional to

the fourth power of the temperature. If the energy is 512 when
the temperature is 4, what is the energy when the temperature is
5?

The density of an object varies inversely as the object’s volume.
If the density is 22 when the volume is 18, what is the density
when the volume is 6?

The acceleration of an object is inversely proportional to the
object’s mass. If the acceleration is 9 when the mass is 19, what
1s the acceleration when the mass is 1?

The force of gravity between two objects varies inversely as the
square of the distance between the objects. If the force is 4 when
the distance is 8, what 1s the force when the distance is 1?

The period of a pendulum varies directly as the square root of its
length. If the period is 221 when the length is 121, what is the
period when the length is 49?

The velocity of an object is directly proportional to the square root
of its kinetic energy. If the velocity is 524 when the kinetic energy
1s 4, what 1s the velocity when the kinetic energy is 25¢

The potential energy of an object varies directly as the product of
its mass and height. If the potential energy is 80 when the mass
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16.

17.

18.

19.

20.

21.

is 4 and the height is 2, find the potential energy if the mass is 14
and the height i1s 13.

The fluid force on an object is directly proportional to the product
of its area and its depth. If the fluid force is 1920 when the area
1s 10 and the depth is 24, find the fluid force if the area is 23 and
the depth i1s 5.

The volume of a gas varies directly as its temperature, and
inversely as its pressure. If the volume 1s 12 when the
temperature is 9 and the pressure is 12, find the volume when
the temperature is 5 and the pressure is 16.

-

The electric field is directly proportional to the
charge, and inversely proportional to the area.
If the electric field is 13 when the charge is 13
and the area is 9, find the electric field when
the charge 1s 15 and the area is 3.

Review
Problems

Translate the variation statement into an algebraic formula,
using k as the constant of variation: “KE varies directly as the
product of x and the cube of y, and inversely as the square root of

b2

Z.

The volume of a gas varies directly as its temperature, and
inversely as its pressure. If the volume 1s 80 when the
temperature is 40 and the pressure is 5, find the volume when
the temperature is 30 and the pressure is 6.

The current in a circuit varies directly as the voltage. If the

current is 336 when the voltage is 21, find the current when the
voltage 1s 35.

Ch 75 — Direct and Inverse Variation



22.

23.

24.

25.

733

The acceleration of an object is inversely proportional to the
object’s mass. If the acceleration is 9 when the mass is 19, then
what 1s the acceleration when the mass is 1?

The potential energy of an object varies directly as the product of
1ts mass and its height. If the potential energy is 462 when the
mass is 6 and the height is 7, find the potential energy if the
mass 1s 24 and the height is 17.

The electric field is directly proportional to the charge, and
inversely proportional to the area. If the electric field is 10 when
the charge is 15 and the area is 3, find the electric field when the
charge is 12 and the area is 6.

The kinetic energy of a particle varies directly as the product of
its mass and the square of its velocity. Assume that a particle of
mass 10 and traveling at a velocity of 8 has a kinetic energy of
320. Find the kinetic energy of a particle with mass 7 and
velocity 10.

Solutions

0 b. 960 c. Itincreased d. 36 e. It decreased

b. 5 c. It decreased d. 40 e. Itincreased

b
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16.

20.
21.

22.
23.

24.

25.

3 3 2 2
h? m d? b
3
q m = k_w r A = kux S n = ﬂ t c = L
z D v 29
143 5. 16n 6. 560 7. 36n
18 9. 1,250 10. 66 11. 171
9256 13. 14n 14. 1,310 15. 1,820
3
920 17. 5 18. 45 19, E = &~
N

50
In electronics, current is denoted by the letter .

1=RV = 336=k-21 = k=16 = i=16V,
so when V=35,i=16 - 35 = 560.

a =171

E=kmh = 462 =£k-6-7T = k=11 = E = 1lmh
= E = 11(24)(17) = 4488

O
F =% k=2 F=4

E = kmv® E=350

[In physics, you'll learn that k= =]

Do

“It is never too late to be what

you might have been.”

- George Eliot
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